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Abstract. The purpose of the study is to identify the sources of the contradiction of
Zeno's Dichotomy aporia. The real instances of motion with separable parts were
analyzed. The knowledge acquired while observing the relation between the whole
movement and its parts was compared with Zeno's reasoning in the Dichotomy aporia.
Real examples of motion from the point of view of mereology (part-whole relation) and
elementary mechanics are investigated. It has been investigated that in the case of motion
analysis in the categories of parts of motion that begin with the whole motion, the
beginning of the motion of each of these parts is independent of the beginning of the
motion of other parts. In this case, the whole motion and the motion of all its parts begin
simultaneously. Similarly, it is justified that in case of the completed motion, all parts of
the motion are completed simultaneously with it, i.e. the completion of one part of the
motion cannot be a condition for the completion of the other part of the motion. It is
justified that in order to ensure the condition "before the last point of the path is reached,
the previous one must be passed" it is not necessary to break the path in steps that end
before the last point of the path. The mereological axiom about the integration of the
whole with its parts is justified, which allows, on the basis of formal approaches, to
prevent similar contradictions or eliminate them.

Keywords: aporia, Dichotomy, source of contradiction, infinite divisibility, “part-whole” relation,
mereology, axiom.

The essence of this cognitive problem lies in the following. Zeno of Elea tried to
justify the impossibility of motion. He argued that any distance the object moves is infinitely
divisible. Thus he concluded that all motion is impossible. Since such a conclusion
contradicts to everyday experience, it is important to find out the source of this contradiction.
The importance of finding the source of contradiction in any paradox, or aporia, is due to the
fact that the existence of contradictions, the sources of which have not been identified, is a
sign of the logic theory imperfection. Therefore, any unsolved paradox, or aporia, is a
manifestation of a cognitive problem, being a stimulus for seeking explanations that could
advance the theory of logic.

In more detail, the essence of this cognitive problem can be presented as follows. The
information about Dichotomy first appeared in Aristotle’s “Physics”. In such account, this
aporia calls for an explanation of at least three problems. The essence of the first cognitive
problem (the first variant of aporia) comes down to explaining how movement can start if you
cannot specify the “first distance” of it: “Zeno's arguments about motion, which cause so
much disquietude to those who try to solve the problems that they present, are four in number.
The first asserts the non-existence of motion on the ground that that which is in locomotion
must arrive at the half-way stage before it arrives at the goal” [1, P. 323].



In fact, before an object can travel the whole distance, it must travel a part of it, in
order to travel this part it must travel a part of this part. Because of the infinite divisibility of
this distance into halves, the motion cannot begin. This version of aporia is called regressive

(Fig. 1).

Fig. 1 The regressive version of the Dichotomy Aporia

According to the second version of the aporia, it is necessary to explain how the
motion can be completed if its final part cannot be specified: “... Zeno's argument makes a
false assumption in asserting that it is impossible for a thing to pass over or severally to come
in contact with infinite things in a finite time” [1, P. 315]. In this case, contrary to the
previous one, it is asserted that the motion does take place: first an object travels a part (a
half) of the distance, then, to reach the goal, it has to travel a half of the half and so ad
infinitum. Thus there occurs an infinite number of parts of the motion, which cannot be
completed at all. This form of aporia is called progressive (Fig. 2).

2 4 vs lie ...

Fig. 2 The progressive version of the Dichotomy Aporia

The third cognitive problem is formulated by Aristotle during the reconstruction of
Zeno's aporia in the previous citation: how is it possible to pass over infinite things (parts of
the path) in a finite time interval?

One of the first critics of the Dichotomy Paradox was Aristotle, who argued that the
infinite number of the diminishing parts of distance corresponds to the same infinite number
of the diminishing time intervals. This explanation is constantly criticized. Thus the
objection is that Aristotle's explanation makes it impossible to understand how an infinite
number of partial events can be transformed into a finite event: “Against this form of the
argument Aristotle quite appropriately pointed out that the time span during which Achilles
chases after the tortoise can likewise be subdivided into infinitely many non-zero intervals,
so Achilles has infinitely many non-zero time intervals in which to traverse the infinitely
many non-zero space intervals. But this response can hardly be adequate, for the question
still remains: how can infinitely many positive intervals of time OR space add up to anything
less than infinity? The answer to this question was not provided until Cauchy offered a
satisfactory treatment of convergent series in the first half of the nineteenth century”
[2,P.132].

The explanation for the lack of contradiction of the convergent 1/2" series became
popular because it has a limit that can be calculated. However, this approach has also been
criticized because the convergent series never completes, and therefore, using it, we cannot
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disprove the opinion that the motion cannot begin or end: “Usually, they try to get around the
paradox by arguing that the sum of an infinite number of these time intervals nevertheless
converges and therefore gives a finite time interval. However, this reasoning does not at all
touch one essentially paradoxical moment, namely, a paradox that can be reduced to the
following: some infinite sequence of events that follow one after another, a sequence whose
completeness we cannot even imagine (not only physically but also in principle), in reality
still must be completed”[3, P. 16].

One approach to eliminating contradiction is to accept the quantization of motion, and
consequently, of time and space [4]. There are several reasons for this approach: “On the
other hand, I believe that the theory that space is continuous is wrong, because we get these
infinities and other difficulties, and we are left with questions on what determines the size of
all the particles. I rather suspect that the simple ideas of geometry, extended down into
infinitely small space, are wrong. Here, of course, I am only making a hole, and not telling
you what to substitute. If I did, I should finish this lecture with a new law” [5, P. 166-167].

The closest approach to solving the paradox (in author’s opinion) proved to be the one
suggested by Bertrand Russel. In his work “The Principles of Mathematics” he mentioned that
“the infinite regress consists merely in the fact that every segment of real or rational numbers
has parts which are again segments; but these parts are not logically prior to it, and the infinite
regress is perfectly harmless”(5, p. 350). This statement can be interpreted in such a way: the
object can be divided into infinite number of parts, but counting the number of objects, we
cannot count parts, because they have already been counted with the objects whose
constituents they are. Russel described the part-whole relation with the help of the conceptual
instrument of a set theory. At the same time, this relation can be more naturally described
with the use of mereology concepts. Bertrand Russel did not propose some formal means of
avoiding or eliminating such paradoxes. After all, when paradoxes were elicited in the naive
set theory (and its implementation became problematic), axioms were introduced for avoiding
contradictions during the thinking process. Such activities should be also implemented in this
case. Both this idea and the need to specify the crux of the paradox have been the reason for
determining the aim of this research.

The aim of the paper is the clarification of the knowledge of the sources of the
contradiction in Zeno's Dichotomy aporia. This being pursued, the following gnoseological
activities were included: 1) the real instances of motion with separable parts were analyzed,
and 2) the knowledge acquired while observing the relation between the whole movement and
its parts was compared with Zeno's reasoning in the Dichotomy Aporia.

Let us consider, first of all, real-world examples of motion, on the basis of which the
relationship between the whole movement and its parts can be analyzed. Take, for example,
familiar motion of a passenger train. The train moves from the point of departure to the final
stop. Passengers leave at the stops located at a distance of 1/16, 1/8, 1/4, 1/2 from the departure
point. One passenger leaves the train at each stop. (The number of passengers leaving at a
stop is irrelevant in the analysis. However, let's take it for better understanding.) So the
model of motion (you can actually reproduce it) is like this. Before the last passenger leaves
at the final stop, it is necessary for a previous passenger to leave at a stop located at a half of
a distance (1/2). Before this passenger leaves, it is necessary that a passenger left at a distance
of /4 from the beginning of the motion. This should be preceded by the exit of the passenger
at a distance of I/8 from the start of the travel. And this will not happen if the train does not
pass the stop at a distance of 1/16 from the beginning of the motion (where the first passenger
must leave).

11



Let's analyze this model of motion. When passengers are traveling by train, no matter
what part of each passenger's journey, they all start moving at the same time. Moreover,
these are not different motions, but the motion of the same train. This fact is more clearly
visualized when depicting each part of the motion separately (Fig. 3). Such an image clearly
shows that each part of the motion begins simultaneously with the other parts of the motion
and with the motion as a whole. It is more accurate to say that the motion of the parts does
not begin at the same time, but that their onset is mutually identical and identical with the
whole motion (the motion of all parts and the whole occur as one motion). After all, starting
their motion simultaneously, all passengers do not perform motions that are independent of
each other (as it would be in the case of their travelling by different trains). Their motion is
the same motion of the train. Therefore, the motion of each part of the whole motion is at the
same time a manifestation of the whole motion.

l

172

1/4
1/8
16

Fig. 3 Representation of the relation between the duration of the whole motion and its parts
(from the beginning of the motion); the parts of the motion are presented as independent

We now compare the observations described with Zeno's reasoning. Let us first
consider Zeno's reasoning that there exist conditional connections between the parts of the
described motion (the next part of the motion will not happen before the part of this part first
occurs). In each part of the motion (as itis clearly shown in Fig. 3) it is possible to
distinguish its beginning, duration and termination. Obviously, there exists such a
conditional relationship between the moments of completion of any part of the motion and
the completion of the previous part of the motion. However, there is no such connection
between the beginnings of the motion of the depicted motion parts; they all start together.
Therefore, on the basis of the conditional relation between the closing moment of the interval
of motion and the closing moment of its part, it is not possible to conclude that there is a
similar connection between the beginnings of these motions. Therefore, the mere fact of
existence of a conditional connection between the final parts of the motion of an arbitrary
period of motion and the part thereof cannot be the basis for the conclusion that it is
impossible to start the motion. Any other motion can also be taken as an example. For
example, to put a letter in a mailbox at the end of the journey, a post person must first put a
letter in the mailbox on her half way. But, before that, she must put a letter into a mailbox at
a quarter of her way, and so on. However, the post person's motion for one sixteenth, one
eighth, one fourth, one second of the whole distance and her motion for the whole distance is
one and the same motion. When the second hand of the clock passes the first second, this is
at the same time the beginning of the minute, the hour, the month, the year, the millennium
etc.

The example analyzed differs from the Zeno’s motion model in that it takes a finite
number of parts. In the case of infinite division, the whole infinite number of parts of the
motion must also begin as a single motion, and therefore, the grounds for the inability to
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begin the motion should not arise. The analyzed example, in which we compare parts of the
same motion, can be presented as a model of multiple independent motions. For example, we
can make a line of archers who fire at the same time, but every time each of them fires at a
distance shorter than the goal. Similarly, the motion of a train, which is left by one passenger
at each stage of motion, can be replaced by a corresponding number of trains, each carrying
one passenger and traveling the distance twice shorter than the previous one. Similar will be
the chord with an arbitrary number of sounds, each of which lasts twice shorter than the
previous one. Hence, it must be deduced that the beginning of an entire motion is at the same
time the beginning of an infinite number of parts of this motion, in which there is no first
part (the one that cannot be halved).

However, these considerations relate not only to the infinite number of points near the
infimum, ie the lower limit of the interval, but also to the supremum (the upper limit of the
interval). This is just the reversed situation. In this case, the post person does not put the
letters in the mailboxes, but collects them and carries them to the post office. They (these
letters) move together, this is the same post person’s motion, and they will complete the
motion at the same moment with the post person's motion being completed. The same is true
of passengers: one of them boarded the train in the middle of the road, the second one at a
distance of 1/4 to the end of the journey, the third one at a distance of 1/8 and so on. They all
complete (and will complete) the motion at the final station. Therefore, arriving at the
terminal station of the passenger who was the last to board the train is not a condition for
arriving at this station of the passenger who boarded the train in the middle of the road; they
will all arrive at the same time (Fig. 4).

12
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Fig. 4 Representation of the relation between the duration of the whole motion and its parts
(before the motion completion); the parts of the motion are presented as independent

These considerations apply not only to the beginning and the end of the motion, but
also to any moment of motion during its duration. After all, at any station within the route
passengers board the train, and they will leave the train at different distances from the place
where they started their trip (the same being true about the passengers who boarded the train
at the departure station). Similarly, at each station there are passengers who leave the train
having covered different distances (from the place where they boarded the train). The fact
that the number of parts of motion that begin and end at each point in space and time of the
infinite universe is infinite (unlike the number of passengers on the train, the number of
letters with the post person, the number of mixed sounds in the chord), does not change
anything in these considerations. The duration of a second is the duration of the part of any
period (a minute, an hour, a year, a millennium etc.) that begins, lasts, or ends with this
second.

Therefore, the absence of a minimum distance, a minimum period of time (during
which the change occurs either at the beginning, in the middle, or at the end of the motion),
of the first or the last part in an infinite number of parts of any phenomenon does not
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contradict nature. Thus, in fact, Zeno's conclusion in the Dichotomy aporia about the absence
of the first or last parts of the motion does not imply impossibility of starting or ending the
motion.

In addition to the just considered objection to the alleged contradiction in the
Dichotomy aporia, other objections should be analyzed. In the case of the progressive
version of aporia, Zeno assumes that the motion has taken place (for a half path). Then there
should be no problems with traveling the whole distance. It is enough to pass the same
distance that the moving body has just passed. The linear dimension of such motion is
irrelevant. It may not be a half, but an arbitrary part of the distance (by repeating the motion
certain number of times, one can overcome any distance).

In view of the second argument, there also emerges a third objection to the aporia
analyzed. Zeno builds aporias in a similar way. All of them (including aporias about motion)
have the following structure: 1) let us assume that the motion exists, 2) from this assumption
there follows the conclusion that all motion is impossible. However, Zeno only declares that
he assumes the existence of the motion. If he really made such an assumption (that the object
is capable of moving to some distance), then the conclusion about the inability to move
would be refuted by the previously described counterargument concerning transfer of the
performed motion (and not of its part).

Another objection arises if one interprets the decrease in the distance traveled at each
subsequent step of motion as a consequence of a constant decrease in speed. At the same
time, everyone knows from school that motion can be not only slowed down according to the
laws of the convergent series, but it can also be uniform or accelerated. In the last two cases,
there is no problem with passing an arbitrary finite distance, as well as with the ability to
catch up with and overtake the object that moves more slowly.

For a more thorough analysis, let us consider the arguments for Dichotomy aporia
from the point of view of elementary mechanics. Therefore, let us compare the graphic
model of steady motion (at the level of the simple tasks on mechanical motion from
secondary school syllabi) (Fig.5) with the graphic model of the motion depicting Zeno’s
aporia.
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Fig.5. Graph of steady motion
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Fig.6. Graph of the motion according to Zeno’s Dichotomy Aporia
a) motion with the decrease in movement time periods b) motion with decrease in speed

When the motion is steady during every equal time period (they can be considered as
movement stages), the body covers the same distance. In this case this body can cover any
distance, and it does. When such a modelling of the mechanic motion is conducted, the
terminal point of every next stage of motion is by no means connected with the terminal
point of the whole movement. In other words, the condition of the end of the arbitrary
movement stage being located before the end of the whole movement is not imposed.

Let us consider the model of Zeno’s motion. The motion when the body covers the
part (a half) of the distance and each next distance is a half of the half can be realized in only
two ways: a) if the motion is steady, that is, the speed is constant; in this case constant
halving the distances can be achieved only by shortening the time intervals of movement
stages (as if the body is prohibited to move forward any longer, but the time period of the
next movement stage is shortened) (Fig.6a); b) if motion is decelerating, and the deceleration
law is the same as the law on the shortening the movement distance, that is, at each next
stage speed is halved, and the body covers the half of the previous distance (Fig.6 b).

In both cases of motion modelling shown in Fig.6, Zeno “forces” the body to move
stage by stage, and final points of these stages should be necessarily located before the end of
the whole motion. He argued that before the body approaches the terminal point, it must pass
all previous points. However, there is no obligation here, because the body will approach and



pass all previous points even if the last point of the last movement stage is the final point of
the motion.

This substitution (explanation of the non-obligatory connection as obligatory) is
another source of the contradiction of Zeno's Dichotomy aporia. Therefore, the condition that
before approaching the terminal point it is necessary to approach and pass intermediate
points does not cause the condition that final points of all next motion stages must be located
only in the boundaries between the beginning and the end of the motion. In the aporia this
second condition is used, but is not openly manifested, as well as the fact that it probably
results from the first condition.

For creating a formal instrument for preventing the occurrence of the contradictions
like that of Zeno's Dichotomy aporia, let us analyze the mereological relation between the part
and the whole. Let us assume that the distance between the beginning and the end of the
motion equals 2 meters. After the first distance division two parts are given, and their length
is one meter each. Then let us divide every meter into decimeters and obtain 20 decimeters.
The next step of the division will be dividing each decimeter into centimeters. Then
centimeters are divided into millimeters and ad infinitum.

Thereby, there are different structural division levels: the first one is a subdivision into
meters; the second is the subdivision into decimeters; the third one is subdivision into
centimeters etc. For putting the parts together into the totality (the initial total distance), their
parts should be united as 2 meters, or as 20 decimeters, or as 200 centimeters, or as 2000
millimeters (and so on while uniting the parts of the parts). As a result of each of these uniting
processes, we will obtain the initial totality. The number of the parts at each level of
subdivision which being then united will make up the initial totality will be always finite (2
meters, 20 decimeters, 200 centimeters, 2000 millimeters etc.).Total distances obtained by
such uniting will always be finite and be equal to the length of the initially divided distance,
that is, 2 meters. Therefore, though the division can be infinite, the number of parts (at each
division level) is finite and no paradox occurs during their uniting into the whole. Moreover,
in this case no problem of the search for the first movement occurs.

The paradox occurs when the totality is united with its parts. When we add the parts of
initial total distance which are two sections with the length equal to 1 meter to 20 decimeters
which are their constituents, we will not obtain the initial totality (2 meters), because uniting 2
meters into the whole, we have united decimeters which are contained in (or which contain)
these meters as well. As a result of described unification of the totality with its parts, we many
times add together the same distances (or time periods): when we united decimeters, we
simultaneously added into the whole centimeters which are the parts of these decimeters, and
millimeters which are the parts of these centimeters, and the rest infinite number of the
distances, put one into another. Exactly as a result of the unification of the whole with its
parts and parts of these parts we obtain the infinite numbers of parts (body elements,
distances, time distances) which correspond not only with one whole which was initially
divided into parts, but infinite numbers of such totalities. A reverse “mechanical’ unification
of this infinite number of parts causes the paradox.

Let us create a symbolic (and simultaneously graphic) model of dividing into the parts.
Initial whole which will be divided to the parts is lettered “o” with a sub-index “t” (the first
letter of Latin word “totius” meaning “totality”), that is, o (Fig.7), noting that in the analyzed

example the totality stands for the initial distance. Therefore, the analyzed totality consists of
two parts (two meters). Let us designate these parts as of; and of ; . Upper index marks the
distance whose parts are these parts.

Since this totality is an initial divisible distance, the upper index is ¢. The sub-index
contains two numbers. First of them designates the level of division. As this is the first step of
the division, the first number in the sub-index is 1. Since we have obtained two parts as a
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result of subdivision of the totality into parts (2 meters), the second number of the sub-index
denotes the first meter (the first part) and is equal to 1, and another sub-index denotes the
second meter and is equal to 2 (in Fig.1 the levels of subdivision are marked with a dashed
line). A zero level is a level of the divided, that is, the total object.

O £=0

Fig.7. Graphic model of the subdivision into parts

At the second level of the subdivision each of two meters is divided into decimeters.
The symbolic form of the parts of subdivision is created according to the general principle
o,:ljl, where 7 is a level of the distance subdivision which is a totality for this object; j is an
order number of the mentioned totality at the subdivision level i; & the level of subdivision
(i.e., at what step of the division the marked part is obtained); / is the order number of the
marked part at the division level 4.Fig.7 shows that the first object (the first part) of the first
division level, that is, the first meter, contains three parts at the second level of subdivision
(literally, the first meter contains three decimeters instead of ten). In the same way it is shown
that the second meter contains two decimeters instead of ten. This is the obvious distortion,
but this conditional character of depicting (beginning from the second division level) occurs
due to difficulties caused by representing a large number of parts.

Each distance of the first level of ; is a part of the total distance % (which is subdivided
into parts). At the same time, each distance of the first level is the totality in reference to its
parts at the second level. Upper indices of the part co-inside with sub-indices of the totality.
For example, the fact that the distance 0§_’11 is the part of the distance 0’ manifests itself in
the identity of the values of the upper indices (i = 2, j = 1) of marking the part of the distance
with the values of the sub-indices in the marking of the total distance (k =2, /=1).

The number of elements at each level g1, ¢2, g3, gx is a finite number (it belongs to the
set of natural numbers N and equals the maximum value of the index /, i.e. /max at each
particular level). In the analyzed example /max = 2 at the first level; /max = 5 at the second level,
Imax = 12 at the third level.
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For writing down the procedure of subdividing into parts and reverse uniting parts to
the totality, let us introduce the following symbolic signs: [ for dividing the totality into
parts, @ for uniting the parts to the totality.

The correct writing of the procedures of subdividing into parts and reverse uniting
parts to the totality.

The procedure of subdividing the totality into parts which are meters:
(initial distance) B meters = (meter;), (meters).
The procedure of subdividing the totality into parts which are decimeters:
(initial distance) B decimeters= (decimeter, decimeters, ... decimeter 20)
The procedure of uniting parts (which are meters) to the totality:
meter; © meter>= (initial distance).
The procedure of uniting parts (which are decimeters) to the totality:
decimeter; ® decimeter, ®... ® decimeter 2= (initial distance).
Incorrect writing of the procedure of uniting parts to the totality:
meter; ® meter; @ decimeter; ® decimeter, ®... @ decimeter 20 = (initial distance).

As a result of the unification of the infinite number of the parts into which any
distance or time period can be divided (on the basis of the concept of infinite divisibility), the
infinite number of the parts can be obtained. However, those parts being united, we will not
obtain the totality, but the infinite number of such totalities. In this very case the quasi-
problem of searching for the first or the last movement occurs during the analysis of the
Dichotomy paradox.

If the number of the parts obtained at each level of division is designated by the
symbol g whose index will denote the subdivision level, the paradoxical, that is, incorrect
unification of the parts to the totality will look as follows:

q1(meters) @ ga(decimeters) @ gs(centimeters) & gs(millimeters) ©... & gm(parts of distances
at the level of subdivision m, m — o) = (initial distance).
For avoiding contradictions of the analyzed type in the process of thinking, the axiom

resembling the content of the absorption law about the union of sets should be introduced to
the operations with totalities and parts. It would say that if some subset S is a subset of the set
P, after the unification of these sets we will obtain the set S, i.e. if (S < P), (S UP)=S. For
example, if the set “furniture” is united with the set “tables’ (when it is said “fables and
furniture”), it means the same as “furniture”, since counting pieces of furniture, we are
counting tables as well.

The analogical mereological axiom of absorption (that is, the axiom for the operation
with the parts and totalities) can be formulated as follows:

The unification of the totality with its parts is equal to the totality.
Formally this axiom can be written down with the use of one of such three methods:
1% o =7

a,b cd _ ab
2. Ocy ® Ocf =0cjg-
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If we assume that x is the part of y in the formula y = Px,
3.y®x=nx

For visualizing the source of the contradiction in the aporia of the infinite division into
the parts, the following example can be set. Let us assume that a tailor needs to measure the
waist of the customer for sewing a piece of clothing. Having measured the waist with the
meter, he obtained 7 dm. However, each decimeter contains 10 centimeters, and each
centimeter consists of millimeters (and so on ad infinitum). Therefore, for measuring the waist
he must add the whole number of the sections together, and, accordingly, it will be infinite.
The question poses why the tailor dos not act in this way, when he needs to measure some
dimensions.

The answer is that if we have a number of decimeters, it is not necessary to sum them
with their parts (centimeters), since all these parts have been taken into account during the
measurement in decimeters. Never the less, if we add the decimeter and its parts (centimeters)
together, the same elements will happen to be measured twice, and if the parts of these parts,
namely, millimeters, will be added to the sum, those same sections will be contained in the
sum of the measures thrice. When the number of the division levels reaches the infinity, the
total dimension will contain the infinite number of the same sections.

On the basis of the carried out research the following conclusions can be drawn:

1. Zeno's reasoning has the following structure: 1) we assume that the motion exists;
2) on the basis of this assumption we conclude that the motion is impossible. However, Zeno
only declared that he assumed the existence of motion. If he had actually assumed the
existence of the motion, he would have to start with the fact that the motion had already
taken place to a certain distance. In this case, by repeating the assumed motion an arbitrary
number of times, the object can be moved to the distance of any length (if the object is
moved infinitely, it can be moved to the infinite distance). So there should be no
contradiction.

2. In an arbitrary completed motion, it is possible to distinguish an infinite number of parts of
this motion which began with the beginning of the motion itself, an infinite number of parts
which ended together with the end of the motion, and an infinite number of events which
began, continued and ended in the period between the beginning and the end of this motion.
For the analysis of the beginning of the motion it is necessary to take the time intervals, sizes
and speeds of variable parameters being physically justified for each specific type of motion.

3. The use of the formulated mereological axiom on the unification of the parts to the
totality provides the opportunity for eliminating the contradictions of the infinite subdivision
to the parts as, for example, the Dichotomy, during the thinking process.
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ALGEBRAIC BACKGROUNDS FOR DATA STRUCTURES MODELS

Skobelev V.G.

Abstract. The main aim of the Algebraic Aggregate Theory is to present uniformly data
structures in mathematics and its applications in terms of Universal Algebra. In the given
paper are characterized three sub-algebras of the Algebraic Aggregate Theory. These sub-
algebras are the sub-algebra of ordered pairs, the successor sub-algebra and the algebra of
Semi-Boolean Systems. Some applications of the obtained results for solving mathematical
problems and software development are illustrated.

Key words: Semi-Boolean systems, data structures.

1. Introduction. Penetration of information technologies into all fields of mankind activity
caused the need to deal with a wide class of super complex applied problems. For effective
solution of the vast majority of these problems modern computers and/or clusters as well as the
development of the relevant data structures are necessary. The essential characteristics for these
data structures are that they should be accurately and uniformly characterized in terms of
mathematical models and also they must be the necessary tool for the elaboration of the effective
software. It is evident that Algebraic Systems are the most general mathematical models for data
structures, and, besides, they give the possibility to solve effectively verification problems in the
development process of IT-systems.

The development of data structures in Applied Algorithms Theory [1], as well as the
development of Table Algebras [2] and their generalizations [3], have revealed deep internal
links between data structures and classic Algebraic Systems (commutative and non-
commutative, both). These internal links are based on studying the structure of Boolean algebra,
Boolean rings and their generalizations (some short surveys of researches in this area are given
in [4, 5]). Especially, the papers [6, 7] should be noted, since they have stimulated intensive
researches of Semi-Boolean systems and their applications (see [9, 10, 11, 12, 13], for example).

During the last two decades, the theory of non-associative Algebraic Systems has been
developing intensively, primarily due to their successful application in solving problems of
information transmission and protection (see [14, 15, 16], for example). For this reason, the
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problem of construction of axioms systems for extensions of Semi-Boolean Systems intended for
efficient representation and processing of both associative and non-associative Algebraic
Systems is relevant. One of such constructions, formulated on the base of Universal Algebra, has
been proposed in [17]. Due to high complexity of this Axioms System, it is natural to carry out
its study in terms of sub-algebras defined by some of these axioms. This approach makes it
possible not only to examine in detail the properties of the Semi-Boolean System defined by the
proposed Axioms System but also, when it is necessary, to clarify and/or to detail the respective
axioms. Presentation of the results obtained in this direction is the main aim of the given paper.

2. Previous results. The Algebraic Aggregate Theory [17] assumes that we deal with some
non-empty set A4, in which some element 0 is distinguished. There are defined on the set 4 the

o9 w_»

unary operation , the binary operator “(, )”, and two binary operations “+ “an

satisfying the following Axioms System (it is supposed that a,b,c,a’,b" € 4):

a-a=0, (1
a+(b+c)=(a+b)+c, 2)
a+b=b+a, (3)
ata=a, “
(a+b)y—c=(a—c)+(b-c), (%)
a—(b+c)=(a-b)—c, (6)
a+(b-a)=a+b, @)
a+(a-b)=a, (8)
(a=b)-c=(a—c)=(b—c), &)
a—(b—c)=(a—b)+(a—(a—c)), (10)
a’=b"=a=b, (11)
(a,p)=(d",b)y=>a=d" &b=D". (12)

Axioms (1)-(12) imply that the element 0 can be interpreted as the empty set, the unary

o9

operation can be interpreted as a successor operation, the binary operator “(, )” can be
interpreted as an ordered pair, the binary operation “+” can be interpreted as the union of two
sets, and the binary operation “—" can be interpreted as the difference of two sets.

Due to this Axioms System, the relation of partial ordering “<”, and binary operations “L|”
of the symmetric difference and “-” of the intersection have been defined in [17], as follows (it is

supposed that a,he A4):

a<b<a-b=0, (13)
alb =(a—b)+(b—a), (14)
a-b=(a+b)—(aAb). (15)

It is pointed in [17] that on the base of (1)-(15) the following identities can be proved (it is
supposed that a,b,c € 4):
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a—a=b-b, (16)

a+0=a, (17)
a—-0=a, (18)
(a—b)y+b=b, (19)
a—(b—a)=a, (20)
(a=b)y—c=(a—c)-b, (21)
a=(a—b)+(a—(a-b)), (22)
a-b=a—-(a-b), (23)
a-b=b-(b-a), 24
a—(a—b)y=b—(b—-a), (25)
a—(b-c)y=(a—b)+(a—c), (26)
a—(b+c)=(a-b)-(a—c). 27)

Unfortunately, the evidence of identities (16)-(27) has not been provided in [17]. The
difficulties encountered in finding evidence of these identities have been the main reason for
analyzing the subsystems of the Algebraic System presented above.

The following inductive approach for converting the operator “( , )” into an algebraic
operation on a suitable set has been proposed in [18].

Let A= UA(“ , where 4 =4 and

n=0

n-1
A" = J{(ry)|xed” &ye A"} (neN). (28)
=0
The axiom (12) can be extended from the set 4 onto the set A as follows:
(Y%, %5, 1, 1, € AN, 1) =(6,,0,) S X =X, &Y =1,) . (29)
Due to (28) and (29), for any non-empty set A the sequence A4, A",..., 4™ ... consists of

non-empty pair-wise non-intersecting sets, i.e. A is an infinite set for any non-empty set A . Thus,
for any non-empty set 4 the A-associated infinite magma M, =(A,°) can be defined, where

xoy=(x,¥) (x,yeA). The following properties of this magma have been established:

1. (Theorem 1 in [18]). For any non-empty set A the binary operation in the A -associated
magma M, =(A,°) is a surjection o: Ax A — UA(”’ .

n=1

2. (Theorem 2 in [18]). For any non-empty set 4 the 4 -associated magma M, = (A,o) is a
cancellative magma.

3. (Proposition 4 in [18]). For any non-empty set A the A -associated magma M, = (A,o) is
not a quasigroup.

The interrelation between elements of the set A and rooted finite labeled as well as
unlabeled binary trees has been studied in [18]. The main result is that the language presented by
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all these unlabeled binary trees is some proper non-empty sub-language of the Dyck language
Ly, over the 2 -letters alphabet. Besides, it has been illustrated that the magma M, = (A,°) can
be used successively as some conceptual model in mathematics and its applications.

In [19] properties of the successor operation “°” have been studied. For this purpose, the
axiom concerning this operation has been clarified as follows (a" (a€ A;neZ,) denotes the
element (...(a°)"...)° of'the set A, such that the operation “°” is applied # times):

Axiom 1. For any element a e A the infinite sequence a,a’,a™,... consists of pair-wise
different elements of the set 4.

Axiom 2. For any elements a,b € A the following formula is true: ¢° =5 = a=5.

Axiom 3. For any element a € 4 there exists some element b€ 4 and an integer neZ,,
such that @ =5", and besides b = ¢" for each element ¢ € 4 and each integer me N .

Let

Core(A)={ac A|(Vbe A)(neN)(a#b")},
and
Cl(a)={a" |neZ,} (acA).
Then
A= {J ClL(a).

aeCore(A)

Besides, due to Axiom 1, for any element a € 4 the mapping a” —n (n€Z,) is an
isomorphism between the sequence a,a’,a”,... and the sequence 0,1,2,..., i.e. the Mathematical
Induction technique can be applied as a mathematical proof on the set 4. We illustrate the value
of this factor by the following example.

Example 1. Let G=(N,T,P,S) be the CFG grammar, such that N ={S,U,V}, T ={«a, B}
, and P consists of the following productions: S—aV|pU, U—a|aS|pUU,
V= B|BS|aVV (see [20], for example). It is necessary to prove that the language L(G)
consists of all strings with equal number of symbols & and .

We consider the following three hypotheses:

H,: S=>w <& thestring we L(G) consists of the equal number of symbols « and f.
H,: U=>w < thestring weT" consists of one more ¢ than f.

H,: V=w & thestring weT" consists of one more £ than o .

Let Core(A4)={a,b,c}, and the elements of the sets CI (x)={x"|neZ,} (x e Core(A))
are interpreted as follows:

a™ (nelZ,) is the proposition: the hypothesis H, is true for all strings we L(G), such
that d(w)=n+2 (since the minimal length of a string we L(G) derivable from S is 2);
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b"™ (nel,) is the proposition: the hypothesis H, is true for all strings we 7", such that
d(w)=n+1 (since the minimal length of a string we 7" derivable from U is 1);

"™ (nel,) is the proposition: the hypothesis H, is true for all strings we 7", such that
d(w)=n+1 (since the minimal length of a string we T derivable from V' is 1).

The basis of induction. We must prove that propositions x* (x € Core(A4)) are true.

There exist only two accessible derivations of the length 2 from S: S = alV = af and

S = BU = Ba . Thus, the proposition a™ is true. There exists only one accessible derivation of

the length 1 from U : U = « . Thus, the proposition »™ is true. There exists only one accessible
derivation of the length 1 from ¥V : V = . Thus, the proposition ¢* is true.

Inductive hypotheses. Assume that propositions x" (xeCore(A4)) are true for all
n=0,1,.. k.

Induction. We must prove that propositions x“*

(x € Core(4)) are true.

(k+1)o

Let us prove that the proposition « is true.

Suppose, that S=w (d(w)=(k+1)+2). Then either w=aw,, or w=fw,, where
d(w)=d(w,)=k+2. Thus, either S = aV =aw,, or §= U= fw,.

Since V' =w, (d(w;)=k+2), then by Inductive hypotheses w, € 7" consists of one more
p than o, ie. w=aw, consists of the equal number of ¢ and g. Similarly, since U=w,
(d(w,)=k+2), then by Inductive hypotheses w, e 7" consists of one more « than S, ie.
w= fw, consists of the equal number of ¢ and £.

Conversely, let the string weT" (d(w)=(k+1)+2) consists of the equal number of «

and B. Then either w=aw, and w, €T" consists of one more S than «, or w= fw,, and

w, € T" consists of one more & than S.
Since d(w) =d(w,)=k+2, then by Inductive hypotheses V= w, and U= w, . Therefore,

S=aV=aw and S= pU= pw,,ie. we L(G).
Let us prove that the proposition 5% is true.

Suppose, that U=w (d(w)=(k+1)+1). Since the first step of the derivation is either
U=aS,or U= pUU, we get that either U = aS=aw,, or U = pUU = fw,w;.

Since S=>w, (d(w;)=k~+1), then by Inductive hypotheses w, consists of the equal

number of & and f#,i.e. w=aw, consists of one more o than .
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Since U : w, (d(wy)<k+1) and U : w, (d(w;) <k+1), then by Inductive hypotheses
each of the strings w, and w, consist of one more ¢ than f, ie. w= fw,w, consists of one
more ¢ than .

Conversely, let the string we 7" (d(w)=(k+1)+2) consists of one more « than f£.
Then either w=aw, (d(w;)=k+1) and w, €T" consists of the equal number of & and S, or

w=pw,w; (d(w,),d(w;)<k+1) and each of w,,w, eT" consists of one more o than f.

Using Inductive hypotheses we get that U = aS=>aw, and U = pUU = fSw,w;.

(k+1)o

The proposition ¢ can be proved similarly.

This example and examples in [18] are compelling arguments that considered Algebraic
System and its subsystems can be effectively used in different Solvers and Theorem Provers.

3. New results. It is assumed that for the sub-algebra A=(A4;{0,+,—}) (|4[|>1) the
following three axioms hold:

Axiom 4. For any elements a,be A the following identities expressed only in terms of the
operation “+” are true:

a+(b+c)=(a+b)+c, (30)
a+b=b+a, 31
at+a=a, (32)
a+0=a_ (33)
Axiom 5. For any elements a,be A the following identities expressed only in terms of the
operation “—" are true:
a—-a=0, (34)
(a=b)—c=(a—c)—(b-c), (35)
0-a=0, (36)
a-0=a, (37)
a—(a-b)=b—(b—-a). (38)
Axiom 6. For any elements a,b,c € A the following identities are true:
(a+b)—c=(a—c)+(b—0), (39)
a—(b+c)=(a—-b)—c, (40)
a+(b—-a)=a+b, (41)
a+(a—b)=a, (42)
a—(b—c)=(a-b)+(a—(a—c)). (43)

Let us consider some consequences from the Axiom 4.



Due to (30)-(33), the magma (4,+) is some commutative idempotent monoid, and the

element 0 is the identity element of this monoid. The partial ordering relation “<” can be
defined on the set 4 as follows:
a<bsa+b=>b. (44)

Due to (33), the element 0 is the least element of the poset (4,<), i.e. 0<a for all a € A. The partial
ordering relations “<”, “>" and on the set 4 can be defined in the usual way.

Proposition 1. For any elements a,b,¢,d € A the following formula is true:
as<b&c<d=a+c<b+d. (45)
Proof. Since a <b then a+b=5b. Since ¢ <d then c+d =d . Dueto (30) and (31),
(a+o)+(b+d)y=a+(c+(b+d)=a+((c+b)+d)=a+((b+c)+d)=
=(a+b+c)+d=(a+b)+c)+d=(b+c)+d=b+(c+d)=b+d .

Since (a+c)+(b+d)=b+d,weget a+c<b+d.

Q.E.D.
Corollary 1. For any elements a,b,c € 4 the following formula is true:
a<b=a+c<b+c. (46)
Proof. Due to (32), ¢ <c¢ for each element ¢ € 4. Setting d =c in (45), we get (46).
Q.E.D.

The partial ordering relation “<” gives the possibility to define the following intervals on
the poset (4,<):

[a,p]={xeA|la<x&x<b} (a,be A;a<bh), 47)
(a,b]={xeAla<x&x<b} (a,be A;a<b), (48)
[a,p)={xeA|la<x&x<b} (a,be A;a<b), (49)
(a,b)={xed|la<x&x<b} (a,be A;a<b). (50)

The operation “+” can be extended to the set of all intervals on the poset (4,<). For
example, for any intervals [a,b] and [c,d] we set:

[a,b]+[c,d]={x+y|xe[a,b]&y<[c,d]}. (51)

In the case when the summands are defined by (48)-(50), or the summands are intervals of
different types their sum can be defined similarly.

Theorem 1. For any elements a,b,c,d € A the following inclusion is true:
[a,b]+[c,d]c[a+c,b+d]. (52)
Proof. Let z €[a,b]+[c,d]. Due to (51), z=x+y for some x<[a,b] and y €[c,d]. Due
to (47), the inequalities a<x, x<b, c<y and y <d are true. Due to Proposition 1, we get:
a<x&cs<y=a+c<x+y=z,

x<b&y<d=z=x+y<b+d.
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Due to (47), the inequalities a+c <z and z<b+d imply that ze[a+c,b+d].
Since z €[a,b]+[c,d] implies that z e[a+c,b+d], the inclusion (52) is true.
Q.E.D.

The meaning of the Theorem 1 is as follows. The set S of all monoids (4,+) (| 4[>1)
that satisfy to the Axiom 4 can be partitioned into two subsets S and S{", where the subset
S consists of all monoids (4,+)e S, such that for any elements a,b,c,d € 4 holds the
identity [a,b]+[c,d]=[a+c,hb+d], and the subset S " consists of all monoids (4,+) €S, such
that for some elements a,b,c,d € A holds the strict inclusion [a,b]+[c,d]=[a+c,b+d]. It is
evident that the structure of the elements of the subset S differs significantly from the
structure of the elements of the subset S{.

For any element a e 4 the lower cone a” and the upper cone a* can be defined in the
usual way, i.e.
a" ={xed|x<a}, (53)
a*={xeAdla<x}. (54)
It is evident that for eny element a € 4 the lower cone a' has the least element 0 and the
greatest element a, while for the upper cone ¢* we can guarantee only the existence of the least
element a.

The operation “+” can be extended to the set of all lower cones as well as to the set of all
upper cones of the elements of the poset (A4,<) as follows:

a" +b" ={x+y|xea" &yeh'}, (55)
a*+b* ={x+y|xeca* &yeb"}. (56)
Theorem 2. For any elements a,b € 4 the following inclusions are true:
a’ +b" < (a+b)’, (57)
a*+b" c(a+b)". (58)
Proof. Let zea” +b". Due to (55), z=x+y for some xea’ and yeb". Due to (53),
the inequalities x<a and y <b hold for any elements x €a” and y €b". Due to Proposition 1,
the inequalities x<a and y<b imply that z=x+y<a+b, ie. ze(a+b)". Since zea" +b"

implies that z € (@ +b)", then the inclusion (57) is true.

The inclusion (58) can be proved in a similar way.
Q.E.D.

The meaning of the theorem 2 is as follows. The set S of all monoids (A4,+) (| A[>1) that
satisfy to the Axiom 4 can be partitioned into four subsets S{”, S¢”, S{” and S{”. The subset

S® consists of all monoids (A4,+), such that for any elements a,be 4 the following two
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identities hold: a" +b" =(a+b)", and a*+b* =(a+b)". The subset S consists of all
monoids (4,+), such that for any elements a,be 4 holds identity a* +b" =(a+b)", and for
some elements c,d € 4 holds the strict inclusion ¢* +d* = (c+d)". The subset S consists of
all monoids (4,+), such that for any elements a,b € 4 holds identity a* +5" = (a+b)", and for
some elements c,d € A4 holds the strict inclusion ¢ +d" < (c+d)" . The subset S{” consists of
all monoids (4,+), such that for some elements a,be A holds the strict inclusion
a” +b" = (a+b)", and for some elements ¢,d € A holds the strict inclusion ¢¥ +d" = (c+d)".
It is evident that the structure of the elements of the subsets S, S, S and S is
significantly different.

Let F, ={f,},., be the family of mappings defined as follows:

fi(x)=x+a (xeA). (59)

Due to (46), any f, (a€ A) is an isotone mapping. Due to Axiom 4, for any set A
(| 4|>1) the set F,={f,},., is a commutative monoid of isotone mappings. Moreover, each
mapping f, (a € A) can be naturally extended on intervals and cones of the poset (4,<).

Let us consider some consequences from the Axiom 5.
Due to Axiom 5, (4,—) is a non-commutative magma, and the element 0 is the left zero
and the right identity element of this magma.

Proposition 2. The magma (A4,—) is a non-associative magma.
Proof. Let's assume the opposite, i.e. that (4,—) is an associative magma. Then for all
elements a,b,c € A the following identity is true:
a—(b—c)=(a—b)—c. (60)
Substituting »=0 and ¢ =a in (60), and applying (36), (37) and (34), we get that for all a e 4
a—0-a)=(a-0)-a=a—-0=a—-a<=a=0.
We get contradiction to the assumption that | 4[> 1.

Thus, the assumption that the magma (A4,—) is an associative magma is false.
Q.E.D.

Proposition 3. For all elements a,b € 4 the identity (¢ —b)—a =0 is true.
Proof. Substituting ¢ =a in (35) and applying (34) and (36), we get that for all a,b € 4
(a=b)y—a=(@—a)—(b—a)=(a-b)—a=0—-(b—a)<=(a—b)—a=0.

Q.E.D.
Let us consider some consequences from the Axioms 4-6.
Proposition 4. For all elements a,b € A4 the following identity is true:
a—(a+b)=0. (61)
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Proof. Substituting b=a and c¢=»5 in (40), we get that for all a,be 4 the following

identity is true:
a—(a+b)y=(a—a)-b.

Applying (34) and (36) to this identity, we get that for all a,b e 4 the identity (61) is true.

Q.E.D.
Theorem 3. For any elements a,b € A the following formula is true:
a+b=b<a-b=0. (62)
Proof. Let's assume that a+b=5b. Dueto (61), a—b=0, i.e. formula
a+b=b=a-b=0. (63)
is true.
It is evident that (41) can be rewritten as follows:
b+(a—b)y=a+b. (64)
Let's assume that a—b=0. Due to (64), a+b =5, i.e. that formula
a-b=0=a+b=>b. (65)
is true.
Formulae (63) and (65) imply that formula (62) is true.
Q.E.D.

Due to (44) and (62), the partial ordering “<”on the set 4 can be defined as follows:
a<b<a-b=0.
Therefore, in terms of Sets Theory, binary operations “l ”and “- ’defined by (14) and (15)
can be naturally interpreted as the symmetric difference and the intersection of sets, respectively.
It seems actual to investigate in details the following special generalization of the sub-
algebra A=(4;{0,+,—}) (|4]>1).
Let Atoms (JAtoms|>1) be some fixed finite or countable set, 7 be some fixed partition

of the set Atoms . The following sequence of sets can be defined:
X, =12},

X, ={{x}|x, € Atoms},
X, =1{S c Atoms | [S|=n & (Vx,,x; € S)(x, #x, = x; Z x,(mod 7))} (n1>2).
Let
a=Ux,.
The operation “+” on the set A4 can l;)e defined as follows. For any xe A4 we set

P+x=x+D=x. For any SI,SZEUX,. the sum S, +S, is determined if and only if

i=1

x = y(modr) forall xe§, and yeS,. Ifthe sum S, +5, is determined, we set:

5,+8,=5,US,.
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It is evident that “+” is associative-commutative operation, and it is a partial operation if
and only if 7#0.
The operation

@ _»

on the set 4 can be defined by identity:
S-S, =5\S, (S5.,S,€4).
The operation “-” on the set 4 can be defined by identity:
S:8, =8NS, (5.S,€4).
The relation < of partial ordering on the set 4 can be defined by the following formula:
S$, <8, =8 <S8, (5.5,€4).

In fact, in terms of this Algebra A =(4;{J,+,—}) (| A>1), under supposition that 4 is a
finite set, sub-algebras of the Nominative Sets Algebra have been investigated in [21]. Moreover,
it has been shown in [22] that if some linear ordering on the set Atoms is defined then quick
algorithms for implementation operations of this Algebra can be designed.

4. Conclusions. In the given paper some researches related with the development of the
Algebraic Aggregate Theory proposed in [17] are briefly presented. Examples considered in [18]
and in this paper are a compelling argument for the possibility to apply this theory as a
mathematical base for the construction and processing of data structures in mathematics and its
applications, as well as in different Solvers and Theorem Provers. The use of this theory as some
base in the study of nominative sets makes it possible to apply this theory effectively in the
development and verification of software.
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3ACTOCYBAHHS JIOTTKH IHTEHIITHOCTI
IO AHAJII3Y CYB’EKTUBHUX OHTOJIOI T

Bacwmibuenko A. A.

Abstract. Graham Priest’s logic of intentionality and Linda Brakel’s theory of primary
psychological attitudes have arranged conditions for logical and semantical analysis of
our deepest phantasies, wishes, strivings and beliefs. In this paper, I apply the logic of
intentionality to the study of subjective ontologies. Subjective ontologies are complexes
of unconscious presuppositions of agents concerning the existence and identity of their
emotionally significant intentional objects. It becomes clear that subjective ontologies
base on personal systems of internal objects and that they are built according to the
principles of the Platonist theory of ideas (gion).

Ku1rouoBi ciioBa: siorika iHTEHI[IHHOCTI, Teopist 00’ €KTHUX CTOCYHKIB, BHYTPIIIHI 00’ €KTH,
cy0’€KTUBHI OHTONOTT

Jlorika inrenuiiinocti, no6ynosana Ipemom Ilpicrom [1], a Takok Teopis MEPBUHHUX
(«HECBIZIOMHX») TICHXOJOTIYHMX YCTaHOBOK, po3pobnena Jlinmoro bpeiiken [2], ctBopuiu
HepelyMOBHU J1JIsl JIOTIKO-CEMAaHTHYHOIO aHaJli3y IHTEHLUIHHOCTI HAamKX MMOMHHUX (aHTa3iil,
OaxkaHb, IparHeHb 1 IIEPEKOHAHb 3 OLLIAY Ha iX HPOSKTUBHY IPUPOLY, NOCIIDKEHY Yy
rMOMHHIA nicuxosorii, 30kpema B Teopii 00’€KTHMX CTOCYHKIB [3-4]. ¥V wiii crarti mMu
3aCTOCOBYEMO JIOTIKY IHTEHLIHHOCTI 10 aHali3y cyO ekmueHux OHmono02iii — KOMIUIEKCIB
HECBIZIOMHX MPHUITYLICHb JI€BIIB, SIKi CTOCYIOTHCS ICHYBAHHS Ta IJACHTHYHOCTI iXHIX
EMOIII{HO 3HAUYIMX IHTCHIIHHUX 00 €KTIB.

TeopeTHYHO OCHOBOK IMiIXOAY aBTOpa /0 IICHXOJOTil IHTEHIIHHOCTI € Teopis
00’eKTHUX CTOCYHKIB (object relations theory), sika chopmyBanacs y npawsix Orro Panka,
Ponanna ®epbepna, Menani Kusiin, 1 Oyna Hagami po3BuHyTa B pobortax JloHanga
Binnikota, [)xona Boyin6i, Irnacio Marre bianko, Tomaca Orzjena Ta iHmmx [nuB. 3-4].
3rifiHo 3 TEOPi€0 00’€KTHUX CTOCYHKIB, MM BIA4yBa€MO €MOIIii HE JIMIIE II0J0 aKTyalbHO
HPUCYTHIX 30BHINIHIX O0’€KTiB, a M IIOAO HAIIMX BJIACHUX MEHTAJIbHUX YTBOPEHb,
copMOBaHMX HA OCHOBI paHillle IHTEPHATI30BaHMX 00’€KTIB HAIIOTO JOCBiTy, HANPHUKIA,
OaThKiBCHKMX (iryp Ta iHmIHMX OcCi0; 1 Te camMe MOXHa CKa3aTH MOA0 OO0’€KTIB HaIINX
(aHTa3iil i HECBIIOMMX MepeKOHaHb. MeHTalbHi YTBOPEHHS, NP0 sIKi HIEThCS, HAa3UBAIOTh
BHYTpilIHiMU 06’ektamu. Came Kpi3b BHYTDIlIHI O0’€KTH, SIKi CTAHOBIISTH KBIHTECEHI[IFO
HAILIOTO MONEePEHBOT0 JOCBILY, MU CIIPUIMAa€EMO 30BHILIHI CBIT.

Ha ocHoBi noriku inTeHuiiiHocti IIpicra B iHmuMX poGortax aBTopa Oyina mobymoBaHa
norika mpoekTHBHOI iHTeHmiiiHocTi (LPI), ska sBise Cco00I0  MyIbTHMOAAIBHY
MApPAaKOHCUCTEHTHY JIOTIKY 3 OCOOJIMBUM PI3HOBHIOM PENEBAHTHOI iMIuTiKalil (Tak 3BaHOIO



«TPUTEpHOIO IMILTIKalieto») Ta piBHicTIO [5-7]. OcHoBHI HoBOBBeneHHs LPI B Joriky
IHTEHLIHHOCTI TaKi:

1) Cepen iHTeHuiiiHux omepatopiB Ta npeaukaris LPI € opmanbHi aHAIOTH NEPBUHHUX
(T00TO, «HECBIIOMHUX») YCTAHOBOK, TaKHX sIK (haHTa3ist, «XOTIHHs» (IEpPBUHHE OaKaHH:)
TOILIO.

2) TpurepHa iMILTIKaLis MOJAEIIOE TICUXOJOTIYHY Kay3albHicTb. Ines dopmanisawii nousrae
B TOMY, L0 MEBHI NOii (HaNpuKIIa/, IHTEHIIHHI CTAHU) CHPUYMHSIOTH a00 HMPHBOJATE Y
Jif0 TIEBHI mpolecH (HANpUKIai, 3aXHCHI MEXaHi3MH), SKi NPU3BOAATH 0 IHIIHUX IO/
a00 cTaHiB.

3) Ha ocHoBi LPI noOymoBana akcioMaTH4yHa Teopis MPOEKTHUBHOI ineHTH]iKaIil, ska 1ae
3MOTY aHaTi3yBaTH ()eHOMEHH MPOCKTHBHOT IHTEHIIIHHOCTI.

B pe3ynbraTi IMX HOBOBBEJEHb, JIOTIKA IPOSKTUBHOT IHTEHLIHOCTI HA/la€ MOXKIIMBICTh
MaKCHMaJIbHO MePEOPIEHTYBATH PECYPCH MOJAIBHHUX JIOTIK 1 CEMAaHTHKH MOJKJIMBHX CBITIB Ha
JOCIDKEHHS Ta (hopMai3aiilo cXeM MepBUHHOTO (TOOTO, HECBIIOMOTO B CEHCI HAJIECKHOCTI
10 OpoiioBOi CHCTEMU «HECBIOME)) MUCIICHHSL.

1. LPI: ocHOBHi BU3HAYeHHS

3ajulsl OBHOTH BHKIAJy HABEIEMO B [bOMY DO3/iIi OCHOBHI BH3HAYECHHS JIOTIKH
MPOEKTUBHOT IHTEHLIHOCTI (AeTanbHile quB. [7]).

Po3riasHEMO  MOBY — HEpPIIOrO  TOPAAKY 3 MHOXKHMHOK — KOHCTAaHT, 71-MIiCHHUMH
npeAnKaTaMu, IHTCHUIHHMMH onepaTopamMu Ta piBHicTIO. Byaemo no3Hauaty iHTEHLIHHI
OTepaTopy MNPONUCHUMU TPEUbKUMHU Jitepamu. 3okpema, Oyaemo BxwuBath @O uis
no3HaueHHs (aHTasiil: AKwo ¢ —TepM i F — Gopmyna, O, F o3Hauae ‘¢ Gpanrasye, mo F .

Busnaunmo PI-mozens juis Hawoi MOBH siK CTpykTypy <D, B, S, Z, a, I, R, >, ne D —
o6acTh 00’€KTIiB; B — HEOPOKHSI MHOYKHMHA HOCIIB IHTEHIIHUX CTaHiB, Taka, mo B € D; §—
MHOKHMHA CHTYalliif, a00 «MOXJIMBHX CBITIB»2; Z — MHO)KHHA «PETYJIATHBHUX» CUTYalil (110
BH3HAYAIOTh Kay3aJbHi 3aKOHOMIPHOCTI), Taka, mo Z C S; a € S — Tak 3BaHa «aKTyaJlbHa
cuTyalist»; /| — MHOXXHHA «IHTEHLIHHMX CHTYyauii» (SKi MICTATh 3MICTH TPOMO3ULIHHUX
YCTaHOBOK), Take, o / € S, Z N [ =@, a € [; R € Z x U x U — TaK 3BaHEe «TPUTEPHE
BigHoueHus» (ne U = S\ I, Oynemo HasuBath U «MHOXHMHOIO PEAlTbHUX CHTYaiiiy), i 0 —
(byHKIis IeHoTallii, Taka, 11o:

—  SIKIIO ¢ — KOHCTaHTa, TO d(c) € D;

—  sxmo P — n-apruit npemukar i w € S, to (P, w) — mapa <" (P, w), 6 (P, w)>, ne 6" (P, w)
C D" Oynemo Ha3uMBaTH excmeHcionanom Py w (MHOXHMHA N-OK, Ha SKUX P iCTHHHUH y
w), a 0 (P, w) S D" Ha3BeMO anmu-excmencionaiom Py w (MHOKHHA N-OK, Ha SIKUX P
XUOHHUH y W);

— skwo Y — iHTeHuiitHmMii oneparop, To o(V) — dyHKuis, MmO BinoOpaxkae koxeH b € By
BinHomenns Cy” © S X I («BimHOMIEHHS iHTEHITHOT KOMIUIEMEHTApHOCTI»: 1HTYITHBHO,
Cy'(w,w”) sIKIIIO i TinbKK AKIIO W’ peanizye Bei P-ycTanoBku by w).

1 ®anrasis (phantasy, TepMmin 3anpoBakeHo Menani Kusiiin) — e 6a3oBa HecBizoMa KOTHITHBHA
ycTaHoBKa; auB. [2, 105-134].

> Mu BKHBAEMO TEPMIHH «CHTYAITish Ta MOJKIHBHIA CBIT» K CHHOHIME. VICThCs PO MOXKITHBI CBITH
«3 MpoBaJiaMK Ta maropdaMimy»; To0TO, Lie TaKi CTaHH pedei, SKi He BUMAraloTh BHYEPITHOCTI Y CEHCI
3aKOHY BUKJIFOUYEHOT'O TPETHOr0 Ta MOXKYTh OYTH CyIepedsIMBUMHU.
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OKpiM TOro, BUCYHEMO JBi YMOBH JI0 PEabHUX CHTYaIliil:

— sKwo P — n-apHuii npexukar i w € U, 10 6" (P, w) N 6 (P, w) = @ (B peallbHUX CUTYyaLisIX
eKCTCHCIOHA | aQHTHCKCTCHCIOHAN B3a€EMOBHKIIOYHI, TOOTO BHKOHYETHCS 3aKOH
HECYIMEepPEYHOCTI);

— Juist mpeukary icuysaunns E, skuo w € U, 1o 67(E, w) U (E, w) = D;

—  noAibHUM YMHOM, JUIs PEAUKaTa PIBHOCTI =, skuwo w € U, 1o §7(=, w) e {<d,d >: d €
D} i6"(=, w) U § (=, w) =D x D (B peabHUX CUTYyaLlisIX PIBHICTb Ta iCHYBaHHs MOBOATH
cebe KIaCMYHUM YMHOM, HPHYOMY iX EKCTEHCIOHanM ab0 aHTUEKCTEHCIOHAIM €
0JIHAKOBUMH B ycix cutyauisx w € U).

Posrimsinemo PI-monens M. Hacammepel, BHU3HAQUMMO OIL(HKY e SK BiZoOpaKeHHs
MHOKMHHM 3MIHHUX Y D. Jlaii, Bu3Ha4uMo (yHKI[iF0 JEHOTANii /Ul BCiX KOHCTAHT i 3MiHHUX:
SIKIIO ¢ — KOHCTaHTA, BU3HAYAEMO O.(C) SIK J(cC); SKIIO X — 3MIHHA, BU3HAYAEMO O¢(X) SIK e(X).
Tenep st Gy/Ib-SKOTO PeYEHHS. A MOBH MH MOXXEMO 3a1aTH NOHATTS W k" A (A icmunno B
cuTyarii w 3a OIiHKK €) Ta W k. A (A xubno B cuTyaulii w 3a OILIHKK ¢). BuzHadeHHs
ICTHHHOCTI Ta XHOHOCTi JUIL aToMapHUX (OpPMyI, KJIACHYHUX OIEPaToOpiB 1 KBAaHTOPIB
3IIHCHIOETBCS 3BUYAiiHUM 4uHOM [1, /0-11]. BusHaueHHs Ui IMILUTIKALii BiApi3HIETbCS BiJ
TIpicroBoro:

wik" A — B & weE Zianaseix v, u € S, Takux, mo R(w, v, u), ko v k" A o u IF." B
wike A— B S we Zid neskux v, u € S, Takux, mo R(w, v, u), vIke” Aiu I¥." B
BusHaueHHs JUIst IHTEHLIHHUX ONEPaTopiB TaKOX € BIAMIHHUMM Bix BU3Ha4eHs [IpicTa:
wike" W, A & s Beix v, Takux, mo Ce’® (w, v), v IF." A
wike W A © s neskux v, Takux, mo Co®® (w, v), v 1. A

Haxnanemo Ha C 10AaTKOBY BUMOTY:

— Jlns Oymb-sKOTO HOCis b, Oyb-siKoro iHTeHMiitHOro oneparopa ‘¥ i Oyap-skoi curyarii w
€ S: SKINO JUIA JIEIKOTO 3aMKHEHOTro peveHHs A w I- ™ W, A, To icHye cutyauis v, Taka,
mo Cy’(w, v) (npunyun peanizayii inmenyitinux cmanis).

Bynemo rosopury, 1m0 3amkHena Gopmyna F e saeanrvrnosnauyworo na kiaci curyauii
W, SKIo i TUIbKK SKIIO s Oyab-ikoi w € W, w k" A, Tak, 3aranbHO3Hadylla Ha MOJENI
(dopmya — e Taka, sKa € ICTHHHOO Y BCIX CUTYallisX MoJeni. 3aMkHeHY popmyny A Oyxemo
HA3MBATH KOHMUHZEHMHOIW Ha Kiaci curyauiii W, skmo i Tineku skujo asi F, ani ~F He €
3araJibHO3Ha4yIMMK Ha . Excrpanosroroun 1i ge(iHilii, MOKEMO TaKOX TOBOPUTH IIPO
3arajJbHO3HAYYIIICTh | BUMAAKOBICTH Ha Pl-moneni Ta Ha xiaci Mojerneil. AHaIOTri4HHM
YHHOM, MOYXXEMO TOBOPHTH MO 6aniOHicmbs YMOBHBOAY Yy TEBHI cuTyamii (JToKagbHA
BAJIIIHICTB), HA KJIACI CUTYyaLlii, HA MO/ i Ha Kiaci MoJeneH.

Termep MU MOYKEMO BBECTH «TPUTEPHY IMIUTIKALi10». J[ist OyIb-SKHX 3aMKHEHUX PEYEHb
A, B:

wik:" A B S wir,” A BiA, B e koHTuHreHTHUME Ha U

wike A B & wik, A— BiA, B e koutuarenTaumu Ha U
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s nediniuis Bukimroyae U-taBTouorii (yHiBepcanbHi peanbHi ictunu) Ta U-
CYyMepeyHOCTi (yHiBepcasibHi peaiabHi XuOM) 3 4YMCIa Kay3albHUX 3B’S3KIB, 10 iX MOJEIIOE
TPUrepHa IMILTIKaLis.

Ha BigHOmIEHHs R HEOOXi/IHO HAKIIACTH JIOJATKOBY BUMOT'Y:

— Jlnst Oynp-SKUX 3aMKHEHMX pedeHb A 1 B Ta Oyap-sikux cutyauiit w € Z, v € U:
axkmo w Ik " A Biv Ik A, 10 icnye curyanis u, Taka, mo R(w, v, u) (npunyun
peanizayii MONCIUBUX NPOYECB).

Slkmo Maemo R(w, v, u), TO GyaeMO TOBOPHTH, IO u € NIOCYMKOBOIO CUNyayi€io MO0
v, 1 v € cmapmosoio cumyayicio momo u.

3. IneHTHYHICTH Ta iCHYBaHHSA Yy Jiorini iHTeHUiliHOCTI

Jlorika mpOeKTUBHOT IHTEHILIHHOCTI, Tak camo sK i Jorika iHteHuiinocti Ipicra, Mae
JIBa Pi3HOBU/IM KBAHTOPIB: 30BHIIIHI Ta BHYTPIlIHI. 30BHIIIHIA €K3UCTCHIIHHNI KBaHTOp 3
BHMarae MaifHOTiaHCBKOTO TiymaueHHs: ‘Ix A(X)’ Tpeba po3yMmiTH HE SK BHCIOBIFOBAHHS
Mpo iCHyBaHHS M OYyTTS MeBHOrO 00’eKkTa 3 pucoio A, a sk TBepwkeHHs «Illock (sxumiich
00’ext) Mae pucy Ax».3 CTBep/PKCHHs ICHYBaHHS BBOJSTH SIBHO, 32 JIOIIOMOTOIO
eK3MCTeHIiiiHoro npeaukara E. Ha nojady 0 OCHOBHOI 30BHIlIHBOI KBaHTH(IKALl, mapy
BHYTpIlIHIX KBAHTOPIiB BM3HAYAIOTh HACTYMHUM uuHOM: I°x A(X) < 3Ix (E(X) A A(x))
«Jlesixuit icHyrouuit 06’ekt mMae pucy A»; i VEx A(x) © Vx (E(x) D A(X)) «Byab-skuii
icHyrounit 06’exT Mae pucy A» [1, 14].

[HIIIOIO MPUMITHOIO OCOOJIMBICTIO JIOTIKM IHTCHI[IHHOCTI € HAsBHICTb iH/ICKCOBAHHX
iHTeHLiitHNX omnepaTopiB. KoxkeH omepatop penpe3eHTye NMEBHY NCUXOJIOTIYHY YCTAHOBKY,
sKa nependayae MPOMO3MIIIHMNA 3MicT. [HIEKC omepartopa BKa3ye Ha HOCIS IHTEHI[IHHOCTI
(nmieBiyt). ToOto, sikmo ¢ o3Hawae im’s, a F — dopmyna, V. F o3navae «¢ ¥, mo F»
(nanpukinaz, «IBaH Goirbes, 10 BiH HE CKiIajie icruT», «Mapis Xode, 1100 BoHa 3BiIbHHIACS 3
poGotuy, «IleTpo BipuTh, 0 Ha Mapci € JKUTTSD TOIIIO).

Skimo 00’eKTaMM KJIACMYHOTO MAMHOHTIAHCBKOTO YHIBEPCYMY € pedi, SKi MOXHa
MOMHCIUTH a00 YSBUTH, TO YHIBEPCYM OO’€KTIB CEMaHTHKH IHTEHLIMHOCTI CKIalaeThCsl 3
peueit, pucu Ta/ab0 BIMHOIICHHS SKHX € MPOMO3ULIHUMU 3MICTaMH TCHXOJOTIUHUX
YCTaHOBOK AieBIIB. OCKIIbKM CEpell 3raJlaHuX PUC 1 BITHOLIEHb € OHTOJOTIYHI (HalpuKIIa,
IICHTUYHICTh Ta ICHYBaHHS), CEMAHTHKA IHTCHIIHHOCTI BiIKPUBAE IUIAX JO PENATUBI3aLii
OHTOJIOTII: OHTOJIOTTYHI BIACTUBOCTI PEIISITUBI3YIOThCS CTOCOBHO JIi€BIIB Ta TXHIX yCTaHOBOK.

PosrasipMo nipuikita. [pumnyctumo, 1o [BaH BBakae paHilIHIO 3ipKy Ta BEHipHIO 3ipKy
pisHuME 006’ektamu. llei (akT eKCIUTKYyeThCsi B JIOTILI IHTEHI[IHHOCTI 3a JOMOMOTOI0
HACTYIIHOTO BUCJIOBIIIOBAHHSL:

@ W Bi~(p = h),

ne B — omeparop nepexonanus, i o3Ha4ae «IBanw», p — pauiumns 3ipka (Phosphorus), h —
Beuipus 3ipka (Hesperus), @ — axTyanbHuii CBiT, I-* 03HAauae icTHHHICTH 32 OGymb-AKOT

3 MU BXKHBAEMO CIIOBO «XapaKTEpUCTHKa» abo «prcay» y 3HAUCHHI «HE OHTOJIOTIYHA BJIACTHBICTH a00
tporm». ToOTO, pUCH MOIUISIOTHCS HA «3BUYAWHID» Ta OHTOJNOIIYHI; 1O APYroi IpyIH HaJeKaTb,
HANpUKIaJ, aKTyaJbHO iCHYBAaTH, OyTH MOXJIMBHM, OyTH abcTpakTHUM ToIo. Jlorika iHTeHIiHHOCTI
1mo0yI0BaHa TAKMM YHHOM, IO XapaKTEPHCTUKU B Hiil 3a3BHYail BUPaXKAIOThCS TIPEIHMKATAMH, TOJ K
OHTOJIOIYHI BJIACTUBOCTI BU3HAYAIOTHCS CIELiaIbHIMHU JIOTIKO-CEMaHTUYHUMU 3aC00aMH, HAIIPHKIIA]]
KBAaHTOPAMH, OIIEPATOPaMH TOLIO.



oninky. CeMaHTHYHO 1€ BHCJIOBIIOBAHHS O3HAyae€, [0 pPaHINIHSA Ta BEYIpHS 3IipKU €
BIZIMIHHUMH y BCIX CBITaX, SIKi peayli3ytoTh epeKoHaHHs [BaHa:

y Gy/Ib-KOMY CBiTi W, Takomy, o Cg/(@, w): w IF* ~(p = h),

ne Cp' — BiHONIEHHS iHTeHUiHHOT KoMmeMenTapHOcTi: CB/(@, W), AKIO # TUIbKH AKIO W
peaitisye BCi lepeKOHaHHs [BaHa B aKTyalbHOMY CBITi.

TakuMm 4YMHOM, MOPSJ 3 IICHTHYHICTIO (YacOIpPOCTOPOBHUX) OO €KTIB B aKTyaJIbHOMY
cBiTi a00 B 1Oro KOHTP(HAKTUYHHMX aJbTEPHATUBAX, CCMAHTHKA IHTEHIIHHOCTI Hajxae
MOJKJIBICTb TOBOPHTH IPO IICHTUYHICTh y PI3HUX MOXJIMBUX CBiTaX, TOOTO pPO3IIIsIaTH
JI0JIATKOBI <UIOKAJIbHI» IIEHTUYHOCTI, KOXKHA 3 SIKMX I1OB’S3aHA 3 KOHKPETHHUM Ji€BLEM 1
KOHKPETHOIO MPOTMO3ULIHHOIO YCTAHOBKOIO.

TloniOHO iI€HTHYHOCTI, B CEMaHTHL IHTEHLIMHOCTI PEJSATHBI3YeTbCS W ICHYBaHHS.
Hanpukiaz, [lepnok XoaMc He iCHYe B akTyalbHOMY CBITi, OJIHAK BiH iCHY€ B ysiBi unTada
Mukounn. Skuto s — lepiok Xoame, m — Mukoina, E — npeaukar icHyBauss, I — onepatop
ySIBH, TO BUCJIOBIIIOBAHHSI IIPO iCHYBaHHs X0JIMCa B ysiBl MUKOJIM 3alUIICThCS TaK:

@ IF* Ly E(s).
AGo0, B TepMiHaX IHTEHLIHOT KOMIUIEMEHTAPHOCTI:
y Gy/b-sIKOMy CBiTi w, Takomy, 1o Ci"(@, w): w IF" E(s).

[HmmMMu cnoBamy, Buciosioanus «lllepiaok Xonme icHye» Oy/e iCTHHHIM B yciX THX
MOXJIMBHX CBITaX, sIKi peati3ytorh ysiBy MUKOJIH.

TakuM 4MHOM, TOPSAZ 3 ICHYBAHHSAM YacONPOCTOPOBUX OO’€KTIB B aKTyaJbHOMY CBITi
4y B HOro KOHTP(aKTHYHUX aJbTEPHATHBAX, CEMAHTHUKA IHTEHLIHHOCTI 1ae 3MOTy FOBOPHTH
Mpo iCHYBaHHS Y PI3HMX MOXJIMBHX CBiTax, TOOTO PO3IJISANATH JOJATKOBI <«JIOKAJIbHI»
PI3HOBHMIM ICHYBAaHHS, KOKEH 3 SKMX IOB’S3aHMH 3 KOHKDETHHM Mi€BLEM i KOHKPETHOIO
MPOTIO3HIITHOIO YCTaHOBKOIO.

4. ®anrasii Mipanau: Ipexpacuuii IIpuny Ta inmi

PensituBizaiiss OHTOJIONIYHUX TPEAMKATIB y CEMaHTHUI IHTEHLIHOCTI Jae 3Mory
3aCTOCOBYBATH JIOTIKY IHTCHIIHHOCTI Ul eKCIUTIKalii Ta aHaTi3y KOMIUIEKCIB HECBITOMHX
OHTOJIOTIYHUX TPHIYIIEHb AIEBLIB — Cy6 €KMUGHUX OHMONO2IN. 3 CEMAHTUYHOIO TOTJISY,
Cy0’€KTHBHI OHTOJIOTII — IIe YMOBH, SIKi 0OMEXYIOTh Bapiallii 00’€KTiB, iX pHC Ta CTOCYHKIB y
MOXJIMBHX (IHTEHLIHHO JOCSHKHMX) CBITax.

JlokasnbHa iICHTHYHICT MOKE BiJirpaBaTH 3acaJHU4y POJb y CBITOCIPUMHSTTI 0cOOH,
JKIIO BOHA IOB’sA3aHAa 3 eMOIIMHO HABaHTAKEHUM IpeIUKAaTOM. ImeHTudikamis 3a
npequkaroM (auB. Hamp. [8, 68 ff]) € onniero 3 (hopManbHUX O3HAK HMEPBHHHOrO (TOOTO,
«HECBIJOMOr0») MHCIEHHs, MOPs i3 3aMillleHHSM 30BHINIHBOI PEaTbHOCTI MEHTAIBHUMU
o0pa3amu, 3ryLIEHHSM, 3MIIIEHHSIM, HasBHICTIO CYNEPEYHOCTEH Ta BIICYTHICTIO 4acOBOTO
BuMipy (muB. [9]). InenTudikamis 3a eMOLIHHO HABaHTAXKEHUM MPEIUKATOM IOPOKYE
npoekmueHy anmasito (6a30Ba NMEPBHHHA KOTHITHMBHA YCTAHOBKa, auB. [2, [05-134]) mpo
BHYTpIlIHIA 00’exT. PaHTa3is Mpo BHYTPIlIHINA 00’ekT — 1e GoHOBa (aHTA3is MMOJANBIINX
MPOCKIIIH.
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PosrimsapMo npuxian. YsapiMo cobi MipaHy, pOMaHTUUYHY AIBUMHY, SIKa KOXAa€ CBOTO
HapedeHoro EnBiHa, oToTokHIONO4YM Horo 3 IlpekpacHum IlpuHuEeM, SIKHii € BHYTpIlIHIM
o06’ektom Mipanau. Ilpeaukar «Oyru HapedeHum (Mipanau)» Biirpae posb eMOLiitHO
HaBaHTAXXEHOI MificTaBu ifneHTH(IKAlil; MOIOHI peanKaTH, SKi aKTHBI3YIOTh (aHTa3i0 PO
BHYTPILIHIN 00’€KT, HA3MBAIOTHCS «MITKOBUMI». BHYTpilIHIi 00’€KT MOXe MaTH AEKiTbKa
MiToK; Hanpukiaz, Mipanaa Moxke BoJHOYAC 0TOTOXKHIOBaTH 3 [Ipexpacuum Ilpumiem cBoro
cyciza ApTypa 3a MpeJuKaToM «rapHMil i 00’ s3Huit». CKiIaJ0BUMH YacTUHAMU (aHTasii
PO BHYTPIIIHINA 00 €KT € TaKOK HECBIJOME YSBJICHHS PO iCHYBaHHs BHYTDILIHBOIO 00 €KTa
Ta HOro yHiKajabHicTh. CeMaHTHYHO (aHTAa3ist K MPOTMO3KIIHHA YCTaHOBKA O3HAYae, 110 BCi 1T
KOMIOHEHTH (Ipomno3uLii) OyayTh iCTHHHUMH B yCiX MOMIIMBHX CBITaX, sIKi Peali3yloTh IO
(aHTa3zio.

TIpoananizyemo cutyaiito MipaH/y 3a J0OMOMOTO0 JIOTiKH IIPOCKTUBHOT IHTEHIIIMHOCTI.
3riHO 3 TEOpi€r0 MPOEKTUBHOI ifeHTU(IKALIl, 3 KOXXHAM BHYTPILIHIM 00 €KTOM IOB’s3aHa
[eBHA CYKYIHICTh PUC, IPUIHCYBAHHX L[bOMY 00’€KTy MEPBHHHHM IIPOLECOM, i CYKYIHICTh
yCIiX TaKuX pUC BU3HA4Ya€ 00’ €KT 0HO3HauHO (mB. [7, 208-209].

Skmo m — Mipanga, P — mpemukar, 110 MO3HAYae IOBHY CYKYIHICTb PHC,
[PUNUCYBAHUX MEPBUHHUM IIpouecoM Mipanau BHyTpimHbOMY 00’ekry «[Ipexpachuii
Tlpunny», a @ — oneparop danTasii, To (aHTa3is MPo iCHyBaHHSA BHYTPILIHBOTO 00’€KTa
Mipanau Mae Take GOpPMYITIOBaHHS:

3X Oy (E(x) A P(X)). (EIO)

Lle BuCnOBIIOBaHHA onucye (aHTasito, 1m0 iCHye BHyTpimHii 006’ext (IIpexpacHuii
Tpunn), sikuii Mae Bei pucu 3i ckinany P. O6’ekr, sikuii Bu3HavaeTbes ¢anrasieto (EIO), mu
Ha3MBAEMO M-BHYTPITHIM P-06’ekTOM i Mo3HauaeMo ob,".

OJIHO3HAYHICTh BHYTPIIIHBOTO 00’€KTa, 30KpeMa, O3Hayae, M0 y «cBiTi (aHTas3ii» €
TUIBKH OJMH TAaKHH 00’€KT, TaK IO BHKOHYETHCS MPUHYUN CUHSYIAPHOCHI GHYMPIUHbO2O
00 ’ckma:

Vx @ (P(x) = (X = 0bu")), (SIO)

Jie = — 1e MarepiajbHa eKBIBAICHIIISA. 3 0JJHO3HAYHOCTI BHYTPIIIHBOTO 00’€KTa HE BUIIUBAE
HeCyNepewmBiCTh #oro puc. Hanpuknan, MoxHa GpanTazyBaT Mpo «Kpyrivil KBagpar» abo
(OKMBHX MEPI[BY.

Busnauumo iHTeHUiitHMH omepatop cy0’ekTuBHOTO crpuiiHATTA. Cy0’€KTHBHE
CHPUIHATTS — L€ IHTEerpajbHa IEPLENTHBHA YCTAHOBKA: BOHAa 00’eqHye QparMeHTH
(aHTa3il, ysBy, IEPEKOHAHHS i 3HAHHS, BPAXOBYIOUHM MPH [[bOMY IHAMBIAyaIbHICTh Cy0 €KTa
— HampHKIaJ, OCOOWCTI NPHIYLIEHHS, YHNEepeMKeHHs Ta umo3il. Ines cy0’ekTuBHOTO
CIIPUHHATTA MOIITa€ B TOMY, IIO KOXKEH CHpHiiMae pedi y cBilf BracHmil cmoci6. Jlus
JIOBUTBHOTO Ccy0’ekTa s 1 JOBUIbHOT hopmynn F, BBeneMo no3HaueHHs IIF «s cy0’eKTHBHO
crpuiimae, mo F».

Sk Mu BKe 3a3HaYaiy, NPOCKTHBHY iIeHTH(DIKALIIO PUBOJITH B /0 «MITKOBI» PUCH,
abo mapkepu. Ha Bigminy Bin cykymHocti P, sika He 00OB’SI3KOBO € HECYNEPEUIMBOIO Ta
NPUAATHOIO 0 aKTyali3awil, MiTKa MiJAJAa€TbCs CIIOCTEPEIKEHHIO B aKTyaIbHUX 00’ €KTax;
BIJIMOBIJIHO, MITKM MalOTh OyTH HeCymepewIMBUMH. Teopis MPOEKTHBHOI imeHTH]IKaIil
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MOCTYIIIOE NPUHYUN NPOEKMU6HOT (panmaszii, 3riTHO 3 SKUM Juisl Oyab-sKkoi MiTkoBoi pucu T
(HampUKIIaz, «rapHUil Ta JT00'I3HUI 1 11 Oy/b-KO1 peryIaTHBHOI CUTYaIliis

rIE VX (T T(X) = O (x = 0bu” A E(0bu) A Yy (P(Y) = (y = 0bn")))). (PP)

Tle#t npUHIMIT CTBEP/UKYE, IO CIPUAHATTS MITKOBOI PHCH MPU3BOAUTD 0 aKTHUBI3aIlii
KOMIUIEKCHOT MPOEKTHBHOI (paHTa3il, yacTHHAMHM K0T € 30KkpeMa (aHTasii mpo iCHyBaHHS Ta
CHHTYIISIPHICTh BHYTpilIHBOTO 00°eKkTa. Hacninkom (PP) € HacTynuuit npunyun npoexmusnoi
i0enmucixayii (3a IPEIUKATOM):

7 IET VX (T T(X) ¥ @y (X = 0b)). (PD)

To0T0, CIPHUIHATTS Cy0’€KTOM MITKOBOI PHCH CBOT'O BHYTPIIIHBOTO 00’€KTa B IETKOMY
30BHILIHBOMY 00’€KTi IPOBOKYE (haHTa3it0 MPO TOTOXKHICTh MK LIUMH JIBOMA 00’ €KTaAMH.

5. Cy6’extuBHa onToJoris Mipanau: Ipexpacuuii Ipunn ta inmi

Tpunuun npoexrusHoi danTasii (PP) ceMaHTHuHO 03HAuae HacTynHe: BCi 00’€KTH, SIKi
MaloTh CIUIBHY MITKOBY PHCY i3 T€BHHM BHYTPIIIHIM 00’€KTOM, Y MOXIIHMBHX CBiTax
(anTa3iii Ai€BLS OTOTOXHIOIOTHCS MK co0or0. SIkmo B jeskiit cutyanii w Mipanna
crpuiiMae EBiHa sIK CBOrO Hape4eHoro, TO B il CHCTEMi HECBIIOMOTro BHHHKAE (aHTa3is, 1110
BHyTpilHiit 06’exT Ipekpachuii Ilpunn icHye, mo Exngin e Ilpexpacuum Ilpuniom i mo
inmoro Ilpexpachoro Ilpmana nemae (EnBiH € €IMHEM HOCiEM YCiX XapaKTePHCTHK
Tpexpacuoro Ilpunia). 3 iHmoro GoKy, cnpuidHATTS MipaHmol0 ApTypa sSK «rapHOTO i
1100’ 13HOT0» MOPOJLKYeE aHANOTIuHy (aHTasito npo e, mo [IpekpacHuit [IpuHL icuye, Apryp
e Ilpekpacuum IlpuHuom Ta iHmoro IpekpacHoro Ilpunia Hemae. Skumio ui aBi ¢anrasii
aKTUBYIOTbCA BOaHOYAc, Mipanaa danrasye, mo EnBiH i ApTyp «HacmpaBui» € ojHi€0 it
Ti€r0 5K 0c00010. 3BICHO, 11 CYNEPEeUnTh PEaIbHOCTI, ajne (aHTa3ii He MalOTh y3roUKYBaTUCS
3 PEaNBHICTIO.

Pamgme, y (aHTa3iax CTBOPIOIOTBCSA YABHI adbTEPHATHBH AaKTyadbHOMY CBIiTY —
anbrepHaTHBHI oHTOJOrIT. CripoGyeMo rimbiie po3idpaTuch y TOMY, SIKY OHTOJIOTIO CTBOPIOE
MpoeKTUBHA (aHTasis MipaHu.

(1) 3-momix ycix 00’ekTiB, 1O MaoOThb MiTKOBI pucu IIpekpacnoro Ilpunua, muie
Ipekpacuuii Ilpunn icnye y ¢anrasisx Mipanan ta B ycix cBirax i HepBHHHHX
ycranoBoK. EfBin i Apryp, Oe3mepedHo, MaiOTh akTyajlbHE iCHYBaHHs, ajle y CBiTax
MEPBUHHUX YCTAaHOBOK MipaH/i BOHM iCHYIOTb TUIbKH siK [Ipekpacunii ITpunir.

(2) Yci 06’exrH, 110 MarTh MiTKOBI prcu [Ipekpacuoro IlpuHia, y dhanTasisx (a oTxe, y BCix
CBiTax NMEpBUHHUX YCTAaHOBOK MipaH/1) BHSBISIOTBCS OJHIEI0 i Ti€lo  ocoboro. J{ms
HAac, HEHTpaIbHUX CIOCTEpIravis, [0 MELIKAIOTh B aKTyaJdbHOMY CBiTi, ExBiH i ApTyp —
pi3ui momu; «ExBin» i «Apryp» — TBepai aecurHaropu, a «IIpekpachuii IlpuHiy —
M’SIKMIl IGCKPHITOD, SIKMA MOYKE XapaKTepu3yBaTH DI3HUX JIOACH y pPi3HUX CBiTax. 3
OISy NEPBUHHOIO MucieHHs Mipanau, HaBnaku, «ExBin» i «ApTyp» — Le aBa iMeHi
oJtHi€T i Tiei sk ocobu, [Tpexpacuoro [puHia.

4 Jlns minmeil aHamizy IICHXOJOTIYHMX YCTAHOBOK JOCTaTHBO po3risgatd Pl-moxeni 3 opHiero
PETYJISITUBHOIO CUTYAIli€l0. PeryisTUBHA CHUTYallisi MIiCTHTB TIEBHI Kay3allbHi 3aKOHOMIPHOCTI, SIKi €
HE3MIHHMMH Ha BCiif Mojeli; To0TO, BOHA BH3HAYa€ Kay3albHUH MOPSIOK, IO JEKUTh B OCHOBI
TCUXOJIOTTYHHX TIOiH, 1[0 iX MU IparHemo mnpoaunatizysaru [7, 207].
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(3) Byznp-sika miTkOBa puca (HAaPUKIAA, «TAPHUH 1 00 S3HUN») 3 MOIVBTY 30BHIIHBOTO
crocrepirada — He Oinblre, HX npocto puca. IIpoTe y danrasii Mipanmu € ymiie oxuH
00’eKT 13 Takor Xapakrepucthkoro — IIpekpachuii [Tpuni. ToOTo, y cBiTax MEpPBUHHUX
ycTaHOBOK Mipannu 1ieit onuc (yHKIIOHYE K TBEpIHil 1eCHTHATOP.

M#  pO3IISIHYIH  OCHOBHI  OCOONHMBOCTI ~ OHTOJNOTI], BH3HAYEHOI IIEPBUHHUMH
ycraHoBkamu Mipanan, 0a30By poisib cepesl sIKMX Mae (haHTasis sIK KJII0UOBa KOTHITHBHA
yCTaHOBKA CHCTEMHM HecBinomoro. OJHAK HE MEHII BayKIMBO IIPOAHATI3yBaTH OHTOJIOTIO,
CTBOPEHY BTOPMHHUMH YCTAHOBKAMH, CEPEJl IKMX KIIOUOBOIO € Cy0’€KTHBHE CIIPUHHATTS. SIK
MH BXKe 3a3Havaiud, (aHTasil € CKIAZOBOI0 YACTUHOIO CyO’€KTHBHOTO CHPHITHATTS; OJHAK
BOHH JIOMIHYIOTb HaJ{ CIIPUMHSATTAM JIMILE TOJI, KOJIM JIIO/IMHA BTPAYa€e MOYYTTs PEalbHOCTI,
HANpHKIAJ] yBi CHI Ta y NCUXOTWYHMX craHax (muB. [7, 209]). 3a3Buuaii xe QaHrasii €
OUIBIIIOI0 YU MEHIIOI MIpOI0 MPUCYTHI y CBITOCHIPHHHATTI, aje BOHH HE KEPYIOTh HAMH.
BpaxoByroun 1e, MpoaHAIi3yeMO OCOOJMBOCTI OHTOJOTII Cy0’€KTHBHOTO CIPUIHATTS
Mipanzoro Exngina ta Aprypa.

(1) V cBirtax cy6’ektuBHOTO CcripuidHATTss Mipanau IIpekpacuuii IIpuHi| BojHOYac icHye
(3rigHo 3 (aHTa3iero Npo BHYTPILIHII 00’€KT) 1 He iCHYe (3TIIHO 3 MOYYTTAM PeaabHOCTI).
Ipu npomy, sikio Mipanaa He BTpayae 3B’sI30K i3 pEAIbHICTIO, BIH pajile He iCHYe, HDK
icuye. IIpote danTasis npo IlpekpacHoro IlpuHiia, Xou Ou it y BUTICHEHOMY BHIJISII, BCe
OJIHO 3aJIMILIAETHCS NPUCYTHBOIO NMpPUHAKWMHI Ha nepudepii cy0’eKTUBHOTO CHPUHHATTS.
ITpu upomy IpekpacHuit [TpuHi y 1iit GpanTa3ii 3aBAsSKK 3TYIICHHIO MOXe Ha0yBaTH pHC 1
Engina, i Aprypa, i B TAKOMY BUIJIS/II 3QJIMIIAETHCS TPUCYTHIM Ha nepudepii cipuiiHaTTs
B CHJIy CBO€T eMoliiiHOi 3Hauymocti. Haromicts EnBin i Apryp, siki Tak caMo BOJHOYAC i
ICHYIOTB, i HE ICHYIOTb, PaJillie iICHYIOTh, HiXK HaBIaKH.

(2) Tak camo ExnBin i Apryp, sKi 3riIHO 3 NOYYTTSAM PEaIbHOCTI, NpUTaMaHHOMY MipaHai,
CHpUUMalOThes SIK Pi3HI 0cOOM, BCe K, B CHIy mpucyTHOCTI (hanTtasii nmpo IIpexpacHoro
IMpunna Ha nepudepii cyd’eKTUBHOTO CHPUIHATTSA, MAlOTh y CBITaX 1€l yCTAaHOBKH LI0Ch
CriIbHE (X04a B PEAbHOCTI MOKYTh OyTH 30BCIM I HECXOXKHMH OJMH Ha OJIHOTO): BOHU
ob6uBa ynMock cxoxi Ha IIpexpacuoro IlpuHma.

(3) Cnmparounch Ha CBOE MOYYTTS peajbHOCTi, MipaHaa cCrnpuiiMae MITKOBI pucH
Ipexpacuoro Ilpunna (Hanpukian, «rapHuil i 1100 SI3HUI») LUIKOM PEATiCTUYHO — K
M’siki ieckpuntopu. IIpote B cuily HeoQMiHHOT neprdepiitHol npucyTHocTi danTasii npo
IpekpacHoro IpuHua, 1i pucK 3aIMIIAIOTHCS LIHHICHO HaBaHTakeHUMHU. MipaHia Moxke
rnoMivaty, 1o peasbHi ocobu ExaBiH 1 Apryp € He HACTUIBKH JTOCKOHAIUMH, SIK
Ipexpacuwuii [TpuHIl — MEPIINE TOMY, 10 BiH HE € TAPHUM 1 JII00 SI3HUM, a APYTHid TOMY,
mo BiH He € HapedeHuM Mipanau. I Tinbku cam IIpuHL, NONpPH HEpPEANBHICTb, €
JIOCKOHAJIHM HOCIEM YCiX CBOIX XapaKTEPHCTHK.

(4) TMouyrrs Ta 6axanHs MipaHau MOXyTb OyTH CIIPSMOBaHI i Ha 30BHILIHI, 1 HA BHYTPIlIHI
00’ektH. Ko, sk ne tparusieTsest, Mipanna BiqdyBae n06oB 10 Ensina abo Aprypa
yepe3 3MILIEHHS 3 BHYTpilIHBOro 006’ekta, TO IIpekpachuii IlpuHI Mae He Jjuiie
OHTOJIOTIYHY NEPIIICTh Y (aHTa3isX, a i npuBiiei Oy nepBUHHUM 00’ €KTOM il HOUYTTIB
Ta O0axans [7, 211-212].

SIkuo Mipasaa MEeBHOIO Mipoio ycBimomitioe cBoi (anTasii Ta sKIIO, MOHAJ Te, BOHA
3Ha€TbCA Ha noesii um (inocodii, — BOHA JErko Moke AaTh coOi paxy y BHCIOBJICHHI
OHTOJIOTII CBOTO CBITOCHIPUIHSTTS. BodeBnap, pe3ynpraToM Oyje rapHa KiacuuHa Teopis, B
sikiit TIpexpacuuii [IpuHI] Mae BCIO MOBHOTY OYyTTS B ifeaqbHOMY CBiTi, a EaBin i ApTyp —
nuire Tii abo HeyockoHani konii [TpuHia. BUsBIS€THCS, TEPBUHHE MUCIICHHS, OCHOBY SIKOTO
ckiaqaTh (aHTasii, HaKWIae Ha Halle CBITOCIPUUHATTS crapy A00py IUIaTOHIBCBKY
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KapTUHY, B SIKIH BHYTPILIHI 00’ €KTH € elocaMH, a peaibHi pedi Ta 0cOOM MOCTAIOTh IXHIMH
OUTBII YN MEHII BIATHMH eK3eMIUTi(ikaismu.

6. BucHoBku

CeMaHTHKa IHTEHI[IHHOCTI, PO3IVISIHYTa B OHTOJIOTIYHIM MHEPCIEKTHBi, Jae 3MOTy
YTOUHMTH MEHTaJIbHUI croci® OyrTs sik «OyITs B IHTEHLINHO MOXJIMBOMY CBiTi». Mu
MOJKEMO aCOIIIOBATU 3 KOXKHUM CY0’€KTOM 1 KOJKHOIO IIPOIO3ULIHHOIO YCTAHOBKOIO OKPEMHIL
croci6 OyrTs, Hanmpukian «OyTTs y danrasisx Mipanau». Y MOXIMBUX CBITaX CEMaHTHKH
IHTEHLIHHOCTI OyTTS TIYyMAa4uUThCs SIK BJIACTUBICTb, BHpaXKeHa (HOPMAJIbHUM IPEIUKATOM
iCHyBaHHS, 1 JIMIIE B aKTyalbHOMY CBiTi OYTTSl TOB’S3aHO 3 aKTyaJlbHHM ICHYBAHHSM,
03HAKOI0 SKOTO € YacOHmpOCTOPOBAa BTUIEHICTh. BHyTpimrHi 00’€KTH — 1€ CYKYIMHOCTI
BJIACTHBOCTEH! 1 TPOIIB, SIKi «ICHYIOTB) JIMIIIE B MOKJIMBUX CBIiTax; X04a y CIPHUIHATTI Ai€BIIB
BOHM MAIOTh CTATYC MApPTUKYJSAPIH, B AifICHOCTI BOHM € Cy0O’€KTHMBHMMHU («IIPHUBATHUMMNY)
YHIBEpCalisMu.

Ha npuknani ¢panrasiit Mipanan My po3risiHYJId, sIK JIOTIKa IPOSKTUBHOT iHTEHI[IHHOCTI
3aCTOCOBYETHCS, 3 OISy HAa TEOpil0 O0’€KTHHX CTOCYHKIB, 10 aHami3y Cy0’€KTHBHHX
oHTOJIOTH. Mu 3’sicyBanu, 10 CyO’€KTHBHI OHTOJIOTIi 0a3yroThCs Ha IHIMBIAyaJbHUX
cHCTeMaX BHYTPIIIHIX 00’€KTiB i OyAyrOThCS 3TiJHO 3 NMPUHLIHUIIAMH IUIATOHIBCHKOT Teopil
eiociB.
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KOHIIEMIIISA TEOPIi JIOT'TKH BITHOIIEHD
13 CYB’EKTHO-ITPEJUKATHHUM 3AIIMCOM BUCJIOBIB
Irop Jyusx

BukoHaHO OCHIDKEHHS, 3 METOI0 MOOYJI0BH KOHIIEINIIT Teopii JOrikM BiHOIICHD, SKa
MaTUME CHUHTAKCHC MAKCHMAJIbHO HAOMKEHMH 10 CHHTAKCHCY HPHPOAHOI MOBH.
[ToOymoBaHO KOMIIOHEHTH 3a3HAueHOl Teopii, 10 MaloTh Taki 0coOIMBOCTI. 3a OCHOBY
noriyHoi Teopii B3ATO KOMOiIHOBaHY JIOTiKy KiaciB, 10 jaae 3Mory: 1) ¢opMaibHO
BHKOHYBATH BUBOJIM, SIKi IPYHTYIOTCS Ha BIIHOLICHHSAX MK MHOXKHHaMy, 2) 30epirat y
(dopmansHOMY  3ammMCi  CTBEP/KyBAaJbHHX  BHCIOBIB  HPHPOTHOI  MOBM  iX
Cy0’€KTHO-TIpEAMKATHY CTPYKTYpYy. Ha BinMmiHy Bij JOTiKM mpeankatiB, KBaHTH(DIKYIOTh
He 11i1y GopmyIty, SKOIO 3alHCYIOTh JIOTI4HYy CTPYKTYPY CTBEpKYBAJILHOIO BUCIOBY, a
nuIIe Ti BEpa3W, SKMMH TO3HA4YeHO Cy0’eKT i mpemukaT BucnoBy. Komm indopmamiero
npo 00’€KT € sKeCh BHM3HAYEHE HOro BiJJHOIICHHS 10 IHIIOro (iHIMX) 00’€KTiB, TO
(dopManbHUIl 3aIMC 3TajaHOTO BiJHONIGHHS Mae TaKy (OpMy: 3aMiCTh CHMBOJIA
BIIACTHBOCTI B OJHOMICHOMY TpeauKaTi (TyT TepMiH “HpeauKkaT” B CEHCi JIOTiKM
TIPeJIMKATIB) 3aMUCYIOTh BUPA3, KMl MICTHTh CHMBOJ BIJHOIICHHS i CHMBOIH, SKHMH
N03HAYAIOTh HAa3BU 00’€KTIB, 0 AKUX € Iie BinHOmeHHs. [Toka3aHo, 10 I BUKOHAHHS
BHBOJIB Ha ITi/ICTaBi BiHONIIEHb JOCTaTHBO (JOPMATLHOTO anapaTy JIOTiKH KIaciB.

KoarouoBi ciaoBa: Jorika BifHONICHb, Cy0’€KTHO-IIPEIMKaTHA CTPYKTypa BHCIOBY, KOMOiHOBaHa
JIOTiKa KJIaciB, MOBA JIOTIKH.

CyTh mi3HaBaIbHOI MPOONEMH, pe3ylbTaTH IOCITIDKEHHS AKOI BHKIAJCHO B I
nyOuiKaii, nojsrae y CrBOpeHHI KOHLEMIT Teopil JOriku BiJHOIIEHb, MOBa sIKOT 30epirana 6
Cy0’€KTHO-IIPEUKATHY CTPYKTYPY pEUCHHsS, a BIJHOIICHHS JIOTYHOTO BHUILIMBAHHS
rpyHTyBagocs O Ha iHCTpymeHTapil Teopii MHOkuH. Taka ¢opmanbHa cucrema Oyna O
JIOCTYIHIIION Ul He(axiBLIiB 3 JIOTiKH, BOJAHOYAC il MOXkHa Oyno 6 BUKOPUCTOBYBATH i is
ABTOMAaTH3aIlil MipKyBaHb.

T'o/10BHOIO MIACTAaBOKO [UIsl JOCHIDKCHHS, PE3yJbTaTH SKOrO BHKNIAJICHI B i
nyOnikanii, crajga IOMITHA HEBIANOBIAHICTh CHHTAKCHCY MOBM JIOTIKM HpEIUKATIB
CHHTaKCHCOBI IPUPOTHOT MOBU. AHaIi3 BiIHOIICHHSI MK HUMH (CHHTAaKCHCaMH) MaB Ou OyTH
TEMAaTHKOI OKPEMOr'0 HAIpsMY JOCITIKEHb IIPUHAMMHI Yepe3 Te, 110 NPUPOAHI MOBU MAKOTh
BIJIMIHHOCTI Y IpaBHJIaX CHHTaKcucy. Aje, B OyIb-sSKOMY pa3i, IPUPOHA MOBA CIIPSIMOBaHA
Ha MMO3HAYCHHS 1 COPUIHATTS came JIOTTYHHMX 3B’A3KiB. 3Ba)kalouu Ha e, CII0)KUBAYEBI 3HAHB
3 jioriku Oyno 6 Hali3pyuHile, KO O CTPYKTypa JIOri4HUX (hopMai3MiB Oyj1a MAKCUMAJILHO
MOJKIIMBO HAOIKEHOIO 10 CTPYKTYPH IPHPOIHOMOBHHX CHHTAKCHUHHX 3B’ A3KIB.

ITincraBy UL TOCTIIKEHb MOXKHA JETANi3yBaTH HU3KOIO MipKyBaHb. CyThb Iepmioro
(He B MOPAIKY SIKOICh BXKJIMBOCTI, UM XPOHOJIOTIT) MIPKYBaHHSI [10JISIra€ B TOMY, 4 MOTPIOHO,
06 JIOTiYHA CTPYKTYpa CTBEP/UKYBAIBHOTO BHCIIOBY BiJIIOBifalia TeMa-peMaTH4Hil (TOOTO
MOBHIl) CTPYKTYpi peueHHs. Y TpaauLiiHill cuioricTHL, SK i B HAHOUIbII HAOIIKEHOMY /10
Hel cy4acHOMY KOMOIHOBaHOMY YHCJICHH] KJIaciB (IIPAKTUYHO HE3aCTOCOBYBAHOMY BHACIIIZIOK
MEHIIMX BUPAKAIBHUX MOXIMBOCTEH BiJ JIOTIKM NpeIMKAaTiB), Taka BiANOBIIHICTH Oyua.
Axe cy0’ekT BUCIOBY (T€, NPO IO CTBEP/UKYIOTb) BIANOBIZAB TEMi PEUEHHS, a MPEIUKaT
BHCJIOBY (T€, IO CaMe CTBEPKYIOTh MPO 00’€KTH MO3HAYCHi Cy0’€KTOM BHCIOBY) — pemi
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pedeHHs. Y JIOTili NpeauKaTiB BiAMOBMIIMCS Bij 1i€i BIANOBIAHOCTI CHHTAaKCHYHOI OyI0BH.
Torno6 @pere Tak OOIPYHTOBYBaB JAOLUIbHICTH Takoi BigMoBu. Peuenns “TIin Ilnaresmu
IPEKU TNEPEMOINIM HepciB”, Ha HOTo AyMKy, Mae OJHAKOBMH 3MicT sk 1 peuenns “Tlig
[Inatesimu epen Oy mepemoskeni rpekamu”. Ha mgymky Totmo6a @pere Toii 3micT, sIKuit
Tpeba GopmarizyBaTH B X PEUCHHSX, € OAHAKOBHUM, a, OTKE, BIATBOPEHHS BiJHOIICHHS MK
Cy0’€KTOM BHCIIOBY 1 IPEAMKATOM BUCIIOBY (1100 BIZPI3HUTH TEPMIH npeduxam TpajuLiiHOT
JIOTIKM Bijl TepMiHaA npeduxam JOTIKU MPEANKATIB, MEPIINil 3 HUX Ha3UBATHMEMO NpPeouKam
6UC106Y) HE € ICTOTHUM JUIst JIoTiuHOro anaiizy. Jaii [o1106 ®pere 3a3Ha4MB, 1O [I0YATKOBO
BiH HamaraBecs CTBOPUTH (DOpMaibHY MOBY, B sKiii CyO’€KT i IpEAMKaT BUCIOBY Oynu O
(hopMasbHO PO3PI3HIOBAHUMH, OJIHAK, L€ TIEPEIIKO/PKAIO JOCSITHEHHIO HOro BIacHUX IiIei. 3
MipkyBanHsaME [om06a @Dpere 100 HEAKTYalIbHOCTI BIATBOPEHHS Cy0’ €KT-NPEAMKATHOT
CTPYKTYPH CTBEP/DKYBAJIBHHX BHCIOBIB IIPHPO/IHOT MOBH y MOBI JIOTT4HOTO YHCICHHS BaXKKO
noroauTHch. Hacammepes, 1e yCKIaJHIoe CIIPUIHATTS JIOTIMHOTO arapaTy CIOKHBaYaMu, SKi
He € daxiBIsiMu B Taiysi joriku. Kpim Toro, 3rizHo 3i 3pazkom npukiany mnpo [lnarei moxna
CTBEpJ/UKYBATH, 10 BUCIIB “A € KepiBHUKOM B’ € TOTOXXHHUM BHCIOBY “B € mimierium 47,
Toxi sk ne € BuBiA. IlomibHO 1O 1BOro, BiKMAAIOUM CYO’ €KT-NIPEIUKATHY CTPYKTYPY
BHCJIOBY, MH BIIKH1a€MO Ge3IocepeiHi BUBOIH TPAIHIIIHHOT JIOTIKH.

Jlpyruif aprymeHT IoJ0 JOLUIBHOCTI MOIIYKY JOCKOHamimoi ¢opmu Teopii
BIIHOLIIECHD € TAKUM. Y NPUPOJHOMY MOBJICHHI, a, OTKE, i MOBJICHHEBOMY MUCJICHHI, JIFOIMHA
He GOpMYITIOE TyMKY B TAKOMY BUIJISi, B SIKOMY ii OyayrOTh y JIOTilli IpeaAnKaTiB. 3araibHa
CTPYKTypa BHCJIOBY B JIOTIIi MpeauKkaTiB € Tako. CrovaTky Ha3MBalOTh KUTBKICTh KOKHOTO
BUJIy 00’€KTiB, IIPO BIJHOIIEHHS MDK SKHMH CTBEp/UKYBaTHMETHCS y BHCJIOBI (HAIIPHKIAL:
JUISL BCIX X, JUISL ISKOT KUTBKOCTI ¥ 1 T. J1.), @ HICJIsl IbOTO PO3TAIIOBYIOTH BHpPA3, B SKOMY
3a(hiKCOBAHO BiIHOIICHHS MK LMH 00’ ekTamMu. OTKe, KiIbKICTh (3adikcoBaHa KBAHTOPAMM)
CTOCYETBCSI BCLOTO BHUCIIOBY Y HABITh IOCIITOBHOCTI BUCIIOBIB, TOOTO LIIOr0 MipKyBaHHs. B
pealbHOMY MOBIICHHI MU He OyayeMo JyMKy BIiANOBiZHO 10 Takoi cTpykrypi. KinbkicTh
00’€KTiB, PO SIKIi MM CTBEP/PKYEMO, [I03HAYAEMO PAa30M i3 Ha3MBAHHIM IKMX 00’€KTiB, TOOTO
KBAaHTOPH PO3MillleHi OUIs TOHATh, a HE Nepel PeYeHHSAM (YW HHU3KOI0 pedeHb). OkpiM
YCKIIQJJHEHHs. KOPUCTYBAaHHS TakuM (hopMmanizMOM KopucTyBauamH-He(haxiBLAMHU, LE
BUKJIMKAE TAKOXK 3allepeUeHHs B 3B’A3KY 3 OOMEKEHHMH BHPaKAIBHUMH MOMKIHBOCTSIMHI
Takoi JoriyHoi mMoBu. 3okpema, [lanienb BoneBak Big3HauMB, O mHpodieMa KOPEKTHOI
kBaHTH(IKalli HE HAJCKHUTH JO PO3B’SI3aHUX 1 € OJHIEIO 3 TMpobieM cydacHOi Joriku. Bin
HaBiB YMMAaJO MPHKIAIIB CTBEP/UKYBAJbHUX PEYEHb 3 PI3HUMHU BapiaHTaMM KBaHTH(iKail,
KOPEKTHUI JIOrYHUI 3amuc sSKuX BUKINKae TpyaHomi. Cepex TakuX — BHUCIOBH, SIKI Ie B
XIV cr. ananizysaB bypinan, Hanpukiazn: “YKojna nroanna He 6a4uTh KoskHOro ocna”, “Kinb
A e OinbmuM Big KoxxHOT soaunn” [2, P. 83]. ¥V 60-x, 70-x pokax XX cT. yBary Oaratbox
JIOTIKIB TIPUBEPHYIM PO3rajly’KyBaHi KBAHTOPM, KOPEKTHMIl JIOIIYHMI 3aluC SIKMX TaKOXK
BHKJIMKAE TPYAHOILI, SIK 1€ €, CKa)XKiMO, B peucHHi: “JIizep Bi KOKHOTO IJIEMEHI 1 KarmiTaH Bij
KOXHOTO T0JIKY 3yCTPUIMCh Ha MUPHIK koHpepenwii” [2, P. 112].

Ille omuH apryMeHT s IOOYIOBH JIOTIKH BIJHOIICHb y BHIJILAL IITY4HOT MOBH (Y
BHPa3ax SKOI BIITBOPIOETBCS Cy0’€KT-NPeIUKaTHA CTPYKTypa PEUeHHs IPUPOJTIHOI MOBH) €
takuM. Komm Mu GopmynoeMo pedeHHs, TO BIACTHBICTh IIO3HAYAEMO K MHOKUHY. BuHnkae
IUTAHHS: YOMY MU HE MOXKEMO IIO3HAUHTHU SK MHOXKHHY TakoxX i BigHomieHHs? CBoro yacy
Binbsim MiHTO 3ayBakuBs, 110 i B CepeHboBiuYi, 1 B floro yac iHTeprperanis Ha3B O3HAK SIK
HA3B KIACiB BUKIMKAna AUCKycil (Xoda sl NMpPaKTHKM BHBCICHHS LI JKOAHOI poii He
Binirpae) [3, P. 5]. PosrmsHbMO npukinaj. SIKI0 MU Bi3bMEMO Ul aHaiidy pedeHHs “Bci
KaBYHH € AIT0JaMu”, TO 1 KagyHu, i 1200u — 11€ HA3BU MHOXKHUH 00’ €KTIB, 1 TAKUH BUCIIB MOXKHA
QHAII3yBaTH B KATEropisix BiJHOIIEHb MDK MHOXHHamu. OfHak y pedeHHi “Bei kaByHH €
3CMICHUMHU”, CJIOBO 3eleHi € Ha3BOI0 O3HAKW, a He MHOXHHH 00 €KTiB. ParfioHambHEM €
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BHCHOBOK IIPO  JOLUIBHICTb HE3HAYHOrO CIOTBOPEHHS — Ha3By O3HAaKH Tpeba
MPOIHTEPIPETYBATH K MHOXHHY 00’€KTiB 3 II€I0 O3HAKOIO 1 B TaKOMY pa3i BCi mojiOHi
PEUEHHSI TAKOK MOXKHA aHAJIi3yBaTH B KATErOPisX BIZIHOIIEHb MK MHOKHHAMHU (LI€ BJIACHE i €
MOBCIOIHOIO MTPAKTHKOO JIOTIKIB). OJHAK, BUHUKAE MTUTaHHS, SKIIO B pedeHHi “Bcei kaByHn €
srogamu” (B sIKOMY 1 Ha3By 00’€KTa kagyH, 1 Ha3By 00’€KTa s200a MM IHTEPIPETYEMO SIK
MHOKMHM) TICJISl 3aMIiHU CJIOBA s200u HA Ha3By O3HAKU (3eqeni), MU BCE OJHO MOXEMO
IHTEpIIpeTyBaTH HPUKMETHHUK SIK ITICTaBY I BUOKPEMJICHHS MHOXKHHHU, TO YOMY MH He
MOKEMO 3POOUTH TaKe K I1iCJIsl 3aMIHH CII0BA £200a Ha Oinbuuuil 6i0 02ipka (K Lie € B peUeHH1
“Bci kaByHM € OUIbIIMME Bin OripkiB” (y ceHci maromb Oinbwiuii 06’em)). Ilo3uTnBHA
BIINOBIIb HA [1¢ MHUTAHHS € JOCTATHBOIO IMiACTABOIO JUIS TOTO, 1100, PO30YIOBYIOYH MOBY
(OpMaNbHOrO YMCIIEHHS, 3alMCYBAaTH B CUMBOJIBHOMY IIO3HAUEHHI BiIHOILIECHb TUIbKH Ha3BY
BiZIHOIICHHS (6inbuue) 1 Ha3By 00 €kTa/00 €KTIB, 10 SKOTO/SKUX BCTAHOBIICHE 1€ BITHOLICHHS
(ocipxu) (IHTEPIIPETYIOUH YBECh LieH BUpa3 (6inbuii 6i0 0cipkie) TAaKOXK SIK MHOXKHHY). Takuit
(hopManbHuii 3aMmic MOBOKO JIOTIKM BiANOBiaB OM CHHTaKCHCY IPUPOAHOT MOBH, a, OTXKE, OyB
Ou GaxkaHUM.

Ille opnuiero mincTaBoro JUI IOMIYKY CHOCOOIB MOOYIOBM TeOpii BiJHOLIEHB,
IPYHTOBAHOI Ha CYO €KT-NPEAMKATHIM CTPYKTYpi CHMBOJBHOTO 3aIlUCy CTBEpPKYBAJbHHX
peueHb NPUPOIHOT MOBH, € TakuM. Y apyriii monosuni XIX cromirts, Konm 0coOnuBo
AKTYaJIbHOIO CcTaja npobiieMa (hopMalbHO-JIOTIYHOTO 3aIMCy BUBOJIB HA MiJCTaBI BiIHOILEHD
(i B cepeoBHIL MaTeMaTHKIB, 1 B cepeoBHILi (GiTocOPCHKUX JIOTIKIB), Ha0yIa MOMIMPEHHS
iZies, MO0 B OCHOBI BMBOJIB Ha MiJCTaBi BIIHONICHb JICKUTH MPUHIMIT TOTOXHOT 3aMiHH.
Mperbes mpo BMBOIM, B AKHX NPEIMKATOM BHCIOBY B OJHOMY 3 3aCHOBKIB € BIIHOIICHHS 0
SKOTOCh 00’€KTa (BUY 00 €KTiB). SIK MPHKIIa] MOXKHA HABECTH TAaKHH BUBI:

3acHOBKM: YCi KaByHM € OLIbLIMMM Bin OripkiB. Bci oripku € 4acTHHON 3€l€HUX ILIOJIB
OBOYIB.

BucnoBok: Yc¢i kaByHH € OUIBIINMH Bijl YaCTHHU 3€JICHHUX IUIO/IIB OBOYIB.

VY npyromy 3aCHOBKY HaBEICHOTO BHBOJY BCTAHOBJICHO TOTOXKHICTH BCIX OTIPKIB i
YAaCTHHH 3eJIeHMX OoBO4iB. Ha Iiif mizcraBi, BHACTIZIOK 3aMiHM B HEPIIOMY 3aCHOBKY CIIOBa
02ipKu Ha Yacmuna 3e1enux 0604ig, OTPHMAHO BHCHOBOK. CIIpaBi, CyTh BUKOHAHOTO BHBOJLY
[oJIArae B 3aMiHi Ha3BM MHOKUHH 00 €KTiB, 0 SIKOi BCTAHOBJIEHE BIJHOLICHHS B IEPIIOMY
3aCHOBKY, Ha Ha3By TOTOXKHOI MHOXKHHH 00’ekTiB. OJHaK, Jaii HeKIapyBaHHsS IPUHIUITY
TOTOJKHOCTI K OCHOBM BUBOJIB CIpaBa He Miuuia — He Oyno po3podieHo (GopmanbHOro
IHCTPYMEHTApItO /ISl BUSIBJICHHS BiHOLICHb TOTOXHOCTI, @, OTXKe, i (hOPMAaIbHOr0 METOy
BHUKOHAHHs BUBOZAiB. BoxHouac, HaGyma po3sutKy pospobiena Iotno6om ®pere, [lxysenme
Tleano, beprpanom Paccenom Teopist J0riku npeaukaris, B Ky OyJa IHKOPHOpPOBaHA JIOTIKa
BinHOmEHb ABrycra ge Moprana. ToMmy, JOCTIKEHHS B HONEPEJHBO 3TraJaHOMY HAIPSIMKY
noOynoBu Teopii BigHOImIEHb HpunMHWINCh. CydacHUH PIBEHb PO3BUTKY MaTEeMaTHYHOTO
IHCTPYMEHTApilo JIOTIKH Ja€ MiICTaBU Ul NPHIYIICHHS, IO 3ajada, sIKy CTaBHIM Iepej
co6oro soriku XIX cromirrst (00rpyHTYBaHHs (POPMAIBHOTO TiIXO/Y /10 BUKOHAHHS BHBO/IIB
Ha IiJCTaBi BIJHOIIEHb HA OCHOBI NPHUHILMIY TOTOXHOI 3aMiHM), € po3B’s3HOI0. TOXK,
BHUHHKAE TyMKa, YoMy O He cripoOyBaty 1i po3B’si3aTh.

Ha migcraBi BHKOHAHOTO aHAN3y CTaHy JOCHI/DKEHb IIOJ0 3aJCKIapOBaHOT
Hi3HaBaIbHOI TpoOiieMl MOkHA COPMYITIOBAaTH TaKy METy JOCHIDKEHHs: 3’sCyBaTH
MOXJIUBICT TOOYIOBH (DOPMANBHOTO MiIXOAy JUIS BHUKOHAHHS BHBOJIB Ha IIiICTaBi
BiZIHOILICHb, KEPYIOUMCh HMPHHIMUIOM TOTOXHOI 3aMiHu. JlocarHeHHs wiei met (y BUIIISII
crienu(idHOro PO3MUPEHHs Teopii CHIOTICTHYHHX BHBOJIB, BHKOHYBAHHX 33 JOIOMOIOIO
IHCTpyMEHTapito ~ KoMOiHOBaHOT ~ JOTiKM  KiaciB) gamo O 3mory  30epertu
Cy0’€KTHO-IIPEIMKATHY CTPYKTYpPY y CUHTaKCHCI pOpPMYIT OTPUMAHOT JIOTIKH BifHOLIEHb. Jljist
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JIOCSATHEHHS TIOCTABJICHOT METH BUKOHAHO TaKi Mi3HABAJIBHI JIii: 1) BUSBICHO BUIU 3aCHOBKIB,
st AKkux TpebGa oOrpyHTYBaTH (popMalibHI IpaBHJIa BHBOJIB Ha IIICTAaBi BiJHOIICHB;
2) 0OrpyHTOBAHO 3rafaHi (JopMabHi MpaBuUIa BUBOAIB HA MiICTaBi BIMHOWIEHD (JUISl YACTHHHU
BH/IiB BUBOJIIB).

Hacammepen BHKOHAiMO mepiie 3aBAaHHS — 3’sICYyHMO BHM 3aCHOBKIB, ISl SIKHUX
MaroTh OYTH BHSBIIEHI BiJHOIIEHHS JIOTIYHOTO BUILIMBAHHA. 33 OCHOBY BI3bMEMO CTPYKTYpY
CHJIOTICTHYHOTO BHBOJY. Lleil BHBIiN moJisirae y BCTAHOBIICHHI BIiJHOLICHHS MDK JBOMa
MHOXXMHAMH Ha I1iICTaBi BiIHOIIEHHs KOXKHOI 3 HUX 0 TpeTboi. CTPYKTYpy TaKHX BHBOJIB
MOJKHA TIONATH Yy BHUIVIILL: S—m, m—p & s—p (HAOPUKIAM, YCI KAGYHU MAIOMb YepEOHY
M AKOMb; YCi 02IPKU MAIOMb 3€NleHy M SAKOMb; omoice, 6Ci KagyHu He € ocipkamu). CUMBOJIAMH
S, M, p CHPOLIEHO IT03HAYEHO MHOXKUHU 00’ €KTIB, BUOKPEMJICHHX 32 BIIIIOBIIHUMH O3HAKAMU
(e MokHa Oyno O aeraspHimie 3amucatu Tak: S(x), TOOTO 00’€KT x 3 03HAKOI S; MOMIOHO
M(x), P(x)).

KosxHy 3 MHOXHH (BHOKPEMJICHHX 32 O3HAKOK) y BHCJIOBI MOXKHA 3aMIiHHTH Ha
MHOJKHMHY, BHOKPEMJICHY 3a BIJHOIICHHSAM JIO0 SKMXOCh 00’ekTiB. Hampukian, y BHCIOBI
JKooen kasyn ne € oeipkom (y CUMBOJBHOMY BMIJIALI CIPOIIEHO L€ MOXHA 3alMCATH
s He € m) 3ahiKCOBAHO BITHOLICHHS MDK J[BOMa MHOXKMHAMH, KOKHA 3 SKHX BHUOKPEMIICHA 3a
BiacTuBicTio. BoaHouwac, y BucinoBi Koowcen kagyn ¢ Oinouwium 6i0 ocipka (Y CUMBOJIBHOMY
BUIJISI CHIPOLIEHO 116 MOKHA 3anucaty s € Rm, e R € cumBosioM BinHOmIEeHHS) 3a(hikKcOBaHO
BITHOIICHHS MDK JBOMa MHOXXHHAMH, OJIHA 3 SIKHX BHOKPEMJICHA 3a BIIACTHBICTIO (), a iHmra
— 32 BIIHOILEHHAM 10 MHOKMHU 00’€KTiB (R/71), BHOKpEMIICHHUX 3a BIACTUBICTIO (/).

BinmosigHo 10 Toro, mo B hopMyIax 3aCHOBKIB KOJKHA 3 MHOMKUH, BHOKPEMIICHHX 32
BJIACTUBICTIO, MOXKe OyTH 3aMiHEHa HAa MHOXKHHY, BHOKPEMIICHY 3a BiXHOLICHHSM,
OTpUMyeMO Habip BCIX MOJKJIMBHX 3aCHOBKIB (@ OT)Ke W BMBOJIB), SIKi PO3NOAUINMO Bifpasy
Ha TPU TPYIIH:

1. BuBoay, 11 BUKOHAHHS SIKMX JIOCTaTHBO IHCTPYMEHTApil0 KOMOIHOBAHOI JOTIKH
kiaciB. Ile pi3HOBMAM 3aCHOBKIB CHJIOTICTUYHHX BMBOJIB — BCI BOHM MIINaAAIOTh IIif
ne(iHilio CHIOTICTHYHOTO BHBOAY (Y 3aCHOBKAX BiJHOIICHHS KOXKHOI 3 JIBOX MHOXHUH JI0
TPETHOT; Y BUCHOBKY MMOBUHHO OYTH BiHOIICHHS MDK IIMMH JBOMa MHOYKHHAMH ).

1.1 [s=m,m—p. 1.5 | s—Rm, Rm—p.
1.2 |Rs—m,m—p. 1.6 | Rs —Rm, Rm —p.
1.3 | s—m,m—Rp. 1.7 | s —Rm, Rm —Rp.
1.4 | Rs—m, m—Rp. 1.8 | Rs — Rm, Rm — Rp.

2. BuBoaM Ha MiACTaBi 3aMillleHHs BJIACTHBOCTI y BiJHONICHHI (3aMIlllEHHS Ha3BH
MHOKHHH 00’€KTiB y BUpa3i BiIHOIICHHS Ha MiICTaBi NPUHIKUITY TOTOXHOCTI). Hanpukiazn, y
pasi 3acHOBKiB 2.1 (s — Rm, m — p) y Bupasi BiiHoueHHs Rm MOXHa 3aMIHUTH m Ha p (SKILO
JOTPUMAHO MPUHIMITY TOTOXKHOCTI, popMasbHIi IPOsIBH SKOTO, BlacHe, Tpeba 00IpyHTYBaTH).

2.1 | s—Rm,m—p.

22 |s—mRm—p

2.3 | Rs—Rm, m—p.

2.4 | s—m,Rm—Rp.

3. BuBoau Ha nifcTaBi koMno3uii BinHomeHb. Lle BUBOAM, BUKOHYBAHI 3a IPABHIOM
TPAH3UTUBHOCTI, YH IHIIMMH MOYIMBUMH MOAIOHUMH IIPABUIIAMU.

44



3.1 | s—Rm, m—Rp.

3.2 | Rs—m,Rm—p.

3.3 | Rs—Rm, m—Rp.

3.4 | Rs—m, Rm—Rp.

Tlepia rpyna 3aCHOBKIB HE CTOCYETHCSI BUBOJIB Ha MiACTaBi BiHOLICHb. OTpHMaHHS
BHCHOBKIB y pa3i 3aCHOBKIB TPeTbOi IPYIH ONHMCYEThCS 3aKOHOM TPaH3UTHBHOCTI. Tomy,
MPEIMETOM JICTATBHIIIOTO JOCIIUKeHHS TOBUHHI CTAaTH HacaMIiepe]| BUBOIM APYroi IrpymnH, a
JUIs [bOTO JJOCTaTHBO OOIPYHTYBaTH (JOPMaIbHI NpaByiIa i OJHOTO JOBUILHOTO 3 BapiaHTIiB
3aCHOBKIB (iHIII BapiaHTH MOKHA OTPUMATH BHACIIIOK 3BHYAIfHOT 3aMiHU CHMBOJIIB).

BizbMeMO JUIs TIOJANIBIIOTO aHAJi3y 3aCHOBKM y BMIJsAmi s — Rm, m — p. Tpeba
BHOKPEMHTH Di3Hi BapiaHTH IIUX 3aCHOBKIB, [UI1 KOMKHOIO 3 SIKUX HOTpIOHE OOIPYHTYBaHHS
MOJKIMBOCTI OTPUMAaHHS TOTO YW iHIOIOrO BHCHOBKY. Hacammepen inerscs Hpo
kBaHTU(IKALII0 MHOXHMHE 00’exTiB m. Ilepen cumBoiom m (i B mepmomy, i B Apyromy
3aCHOBKY) MO>ke OyTH KBaHTOp “Bci”, “yacTuHa”, “dKach KiIbKiCTh, TOOTO yacTHHa abo BCi”,
KiIBKiCTh, BupakeHa ynuciaoM. OCKUIBKM pe3yibTaTH BUBEIEHHS i3 3aCHOBKIB, SKi MICTATH
KBaHTOP “‘IKach KUIbKICTh (uacTMHA ab0 BCi)”, € TO€AHAHHSAM pPE3yNbTaTiB BUBOJIB i3
KBAaHTOPOM Y 3aCHOBKY ‘‘4acTHHA” 3 pe3yJbTaTaMH BHMBOJIB i3 KBAHTOPOM Y 3aCHOBKY “BCi”,
TO, HacaMmIlepesa JOUUIBHO MPOaHa i3yBaTH BHBOAM 3 KBaHTOpamH ‘dactmHa” i “Bci”. V
TaKOMY pa3i MaeMO YOTHPHU BapiaHTH 3aCHOBKIB:

l.s—=RVm,m—p. 2.s=RVm,dm —p.
3.s—Rdm, m—p. 4.5 —Rdm, dm —p.
I3 X YOTUPBHOX BapiaHTIB 3aCHOBKIB BI3bMEMO JIJIsl aHANI3y MEPLINii:

3acHOBKH: g— RV m

m—p
BucnoBok: s—R7%

Cyrb HacTynmHOI Mi3HaBaIbHOI 3ajadvi, sKy Tpeba po3B’si3aTh, IOJSrae B!
1) oOrpyHTyBaHHI —4M MOKHA IIOCh BUBECTH 3 LIMX 3aCHOBKIB, 2) SKILO MOXHA BUBECTH, TO
1o came, 3) 3HaXO0/DKeHHI (JOPMaJIBHOTO METO/y BUKOHAHHS JIBOX HOIEPEHIX 3aBIaHb.

VY mopjanemomy BuUKIani Tpeba Oyae BKMBAaTH PIIKO BHKOPHCTOBYBaHi OyieBi
¢ynkuii. ToMy BBeIeMO Taki Mo3Ha4deHHS. SIKINO, A1 NMPHUKIANy, BHIMCATH TMOCIIZOBHO
3HAYCHHS ICTUHHOCTI KOH IOHKIIii BiJMOBiZHO 10 3Ha4eHs aprymenrie 11, 10, 01, 00, To,
orpumaemo psn uucen 1 0 0 0. TIpoiHTepnpeTyemMo IO MOCIIZOBHICTh 3HAYCHBb SK OJIHE
YUCIIO B JBIMKOBIil CHCTEMI YHCICHHS 1 IIepeBeseMO HOro B JECATKOBY CHCTEMY YHCICHHS —
orpumaemo 8. ITo/i0HO, cribHa 113 FOHKILISE BUSBUTHCS (DYHKITIEIO 3 iHIGKCOM 6, 13’ FOHKILis
— 3 iHAeKkcoM 14, QyHKIs, sSKa B yCIX YOTHPHOX BHUIAJIKAX MOEJHAHD 3HAYCHb HE3AICHKHUX
3MIHHHMX Mae€ 3HaueHHs 1, Matume injexc 15 (takum 4yuHOM Bei 16 1BOapryMeHTHUX (DyHKIIIH

KpyXXaJIbll€, HAIIPUKIIAT KOH FOHKIIIO MTO3HAYaTHMEMO CHMBOJIOM ‘

Ilin yac aHamily Opyroro 3aCHOBKY MH BCTAQHOBIIOEMO BIJHOLIEHHS BCHOTO 0OCATY
MHOXHHH m 10 O0CSATy MHOXHHH p. BigHomieHHs MK JBOMa MHOXHHamMu (m 1 p)
OTIUCYIOThCS JBOAPTYMEHTHUMHU OyneBuMu (QyHKIissMUA. [I’STHaAISTHOM JBOAPTyMEHTHUM
OyneBuM (QyHKIISM (LIICTHAAUATa — 1€ CYNEPEYHICTh) BIJINOBiNA€ II'ATHAMUATH BHIIB
BIJIHOIIEHb MDK JIBOMa MHOXKHHAMH, 1, BIAMOBIZHO, I’ ITHA/IISATH CTBEP/UKYBAJILHUX BHCIIOBIB
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PUPOAHOT MOBH. 3-IOCepe]] HUX aKTYaIbHHMHU U1 aHaTi3y (Lie BUIIAIKU, KOJIM XKOJHA 3 IBOX
MHOKHH HE € MOPOXKHBOIO) € AecsTh. LIi BuCIOBH (10OJaHO aBa BapiaHTH (HOPMYIIOBAHb) i
BiANOBiAHI M OyneBi QyHKUIT mojaHo HIbKYE (BIAMNOBIAHICTH MDK BHCIOBaMH, OyJIeBUMH
(YHKIISAMH 1 BITHOIICHHSIMH MK MHOKMHAMH 3PYYHO MPOCTEKUTH Ha JliarpamMax Benna):

Lo, @p
Yeim=VYcip Ycim iTineku m € p

2.\ p

30 m @ p
VYcim = Yacruna p VYcim, ajne He TUIbKH m, € p

L P

. . > | m®p

Yactuna m = Ycip YactuHa m 1 TUTBKU m € p

6 Imap

T\ m® P
Yacruna m = Yactuna p | YacTuna m, ane He TUIBKH m, € p

8 | P
VYcim =Yactuna p Ycim iTineku m He € p 9. |'m @p
Yeim=VYcip VYcim, ane He TUIBKYU m, He € p 10. | ,, ®p

Ha mincraBi aHani3y BiJHOILIEHb MDK MHOXHMHAMU /m 1 p y JPYroMy 3aCHOBKY
3po0JIeHO BHCHOBOK NP0 BHJI KBaHTOpAa Iepel p y MHIyKAHOMY BHCHOBKY. MoxkHa
c(hOpMyITIOBAaTH TPH MPaBUIIA:

L ((m Np)=2) — (s © RVYm), (Vm @ p) E D),

e ® e {®...®}, O e {®©, @}

2.((m Np)#D A (mNp)# D) — ((s @ RVm), (Vm @ p) = (m O RVp)),
e ® e {®...0}, D e {®,0, D, B}

3.(((m Np)£D) A((m N p) = D)) = (s © RVm), (Ym @ p) E (m O RIp)),
ne® e {®...0}, D € {©, D, ®, ®}.

BukoHaHe J0CIIDKEHHS MIITBEP/PKYE MOXKIIUBICTH CTBOPEHHS TEOPIl BIIHOIICHD, SIKa
IPYHTYETbCS HA aHaNi3i BiAHOIIEHb MDK MHOYKMHAMHU 1, BOJHOYAC, BHKOPHUCTOBYE MOBY
CHMBOJIIB i3 CHHTAKCHCOM, OJIM3BKHM JI0 CHHTaKCHUCY CTBEPJUKYBAJIbHUX BUCIIOBIB MIPUPOIHOT
MOBH.

1. Frege G. Begriffsschrift und andere Aufsétze. — Hildesheim, Ziirich, New York: Georg
Olms Verlag, 1993. — 124 s.

2. Bonevac D. A history of quantification / Handbook of the History of Logic. — Vol. 11.
Logic: A History of its central Concepts. — Amsterdam: Elsevier, 2012. — P. 64—127.

3. Minto W. Logic, Inductive and Deductive. — New York: Charles Scribner's Sons, 1915. —
373 p.

46



Kpuswuit Cepriit JIyk’stHOBUY, TOKTOp (i3HKO-MaTeMaTHIHUX HAyK, IIpodecop

Kuiscokuil nayionanvnuii ynieepcumem imeni Tapaca Illesuenxa, Kuis, Yxpaina

e-mail: sLkrivoi@gmail.com

Torepuak I'puropiii IBanoBu4, actipant (akyjibTeTy KOMII'IOTEPHUX HAYK Ta KiGepHEeTHKH
Kuiscoruii nayionanvrnuil ynisepcumem imeni Tapaca Llesuenka, Kuis, Yxkpaina

e-mail: gogerchak.g@gmail.com

JIOI'IKA B MATEMATHUII I IHOOPMATHIIL

Kpuswnii C.JI., T'orepuax I'.1.

Anomauin. TIpONoOHYeTbCSI KOPOTKHIl OIVIAA 3aCTOCYBAHHS METOAIB MAaTEMaTHYHOI JIOMiKH B
MateMaThli Ta iHpopmaTuii. 30Kpema, JIOriuHi npobaeMu 3 BUKOPHCTAHHAM aKcioMu BUOOPY B
MAaTeMaTHIli, Ta MPOONEeMH 3aCTOCYBaHHS METOIiB MaTeMaTH4HOI JIOTikM B iH(opMaTHIL.
JletasnpHile po3risiAacThes 38°130K JIOTIKH Ta aBTOMATIB 3 JCMOHCTPALIEI0 TAKOrO 3B’sI3Ky Ha
npuxnag. Apupmernkn IIpecOyprepa. Koporko mpezncraBieHo 3acTocyBaHHs JONIKH 10 3ajad
Bepudikamii mporpamMHoro 3abesmedeHHs, MPoOIeM YIpaBiiHHA Oa3aMH [aHHX Ta 3HaHb,
BHKOPUCTAHHS JECKPUNTUBHUX JIOTIK U1 iX HPOEKTYBaHHS, PO3IApajelioBaHHS IIPOrpam Ta
Teopii irp

Abstract. A short survey of applications of logical methods in mathematics and informatics is
presented. In special case the problems in mathematic deal with using of Choice Axiom and using
logical methods in informatics. More details are considered connections with finite automata and
logics with demonstration of application automata to Presburger’s arithmetic..A short survey the
applications of logics methods to verification of programs, control in data bases and knowledge
bases and using description logics for their developing, parallelization of programs and game
theory.

Knrwouogi cnoga: norika, noriyHi npooaeMu, aBTOMaTH, 0a31 JaHUX Ta 3HAHb, JTIHIBICTHKA.

Beryn. TpaauuifiHuM 3acTOCYBaHHSIM MAareMaTM4HOI JIONIKM SK MeETaMOBH OyIlo
OOIpyHTYBaHHs aKcioMaTHKH Teopii MHOXUH. [li3Hile, B 3B’S3Ky 3 PO3BUTKOM HAyKH IIPO
0OUMCIICHHs Ta KOMIT'FOTEPHOI TEXHiKH, NOTpedM B METOJaX MaTeMaTHU4YHOI JIOTIKH CTalu
nepuomiaHoBuMy. Lli motpebu crpusiy iHTEHCUBHOMY PO3BHUTKY SIK KJIACHMYHOI JIOTIKM
(IpOMO3ULIIHOT JIOTIKM Ta JIOTIKM NpPEJUKaTiB), TaK 1 HEKJIACHUYHOI JOTiKM (AMHAMIYHOTL,
MOJIJILHOI, TEMIOPAIbHOT Ta IHIIMX JIOTIK). B pe3ynbrari HbOro po3BUTKY BUHMKIIA BEIMKA
KUIBKICTH  pI3HOrO poay JOriK, sKi € abo y3aralbHEHHAMM BIIOMHUX JIOTiK, abo
Mo diKaisIMU KX JIOTIK.

B naniit po6oTi NPONOHYeTbCS KOPOTKUIT OIIIs) CTaHy clipaB B 00NAacTi 3aCTOCYBaHb
MaTeMaTHYHOI JIOTIKY i, 30KpeMa, B MaTeMaTuli i B OUIbLil Mipi B iHpopMaTULi.
1. Jloriuni npod;1eMn B MaTemaTHui

HeoOxiaHicTh aKciOMAaTHYHOTO OOIPYHTYBAaHHS OCHOB TEOpPii MHOXHH CIPHYMHUIIO
MOsIBY aKCIOMaTHYHOI CUCTEMH, BiZIoMOT Iij Ha3Boo akciomaruku Liepmeno-®penkens (LID).
15 akciomaTnka JaBana cTpore OOIPYHTYBAHHS T€OPil MHOKHH 3 OJJHOTO OOKY 1 CIpHUYMHIIA
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mIaNeHy KPUTUKY 1, HaBiTh, HECHPUHHATTS JCIKUMH BIIOMHMH MaTeMaTHKaMH L€l
akciomaTuku. JIMCKycii Ha 110 TEMY cepe/] MaTeMaTHKIB IPOJAOBKYIOTHCS 1 /10 11b0ro yacy [1].

OcHOBHUM 00’€¢kTOM KpHTHKM B akciomatuui I[® crama axcioma BuGopy Ta
eKkBiBaJIeHTHI il axciomu noenoi ynopsiokosanocmi (teopema Llepmeno) i icHysamms
MaKCuManbHo2o0 J1anyloea B YACTKOBO YHOPsAKOBaHili MHoxuHI (1ema Ilopma). Bymo
BCTaHOBJICHO, 0 akciomaTuka [[® He moBHA, OCKUTLKM BOHA HE JaBaja BiAMOBIAI HA TaKi
MPOCTi TMUTAHHS SIK ICHyBaHHs HEBUMIpHHMX 3a JleGeroM MHOXHH [ifCHHX 4YuceN , SIK
HOBHICTIO YHOPSIAKYBaTH  KOHTHHYYM, SIKE MiCLe KOHTHHYyMY B IIKali IOTYKHOCTEil
(ane¢is) i T.i1. Kpim Toro, akcioma BUOOpy Bu3Basla KpUTUKY B 3B’3KY 3 11 Haciigkamu, sKi 3
Hei BumnmBaroTh. IIpHKmagom Takoro Hacmiaky € mo0pe Bimommil napadoxc bBanaxa-
Tapcvkoeo, 3rifHO 3 SIKUM KyIist pajiiyca R po30MBa€eThCs Ha CKIHUCHHE YHCIIO YAaCTUH, 3 SIKUX
6e3 MepeTHHiB i MMyCTOT MK YaCTMHAMM CKJIAJIAl0ThCS B KyJIi TOro % pajiyca R [2].

B pesynbTaTi mUX AMCKYCiif Ta KpUTHKH HOSBHJIACS aKciomu 0emepminosanocmi, Ky
3anpornonyBaiau Muuenbebkuidl 1 Iltelinrays y 1962 poui. Hacminku miel akciomu, sk
MpaBUIIO, CyIepeyarh akciomi BHOOpPY, aje BOHM OiIblIe Y3TrO/DKYIOTBCS 3 MPUPOIHOIO
iHTyinmieto. 19 akcioma nana MOXIHBICTH pO3B’si3aTH  0arato Takux mnpodiem, ski He
MiJJIaBaJIiCs PO3B’A3aHHIO 3a JIONOMOrow akciomu Bubopy. s GopmyitoBaHHs akciomMu
JIETePMIHOBAHOCTI HOTPIOHO BBECTH JIESKI MOHSATTSL.

Hexaii A - MHOXHWHA, sKa CKIaga€ThCsd 3 HECKIHYEHHHMX IOCITITOBHOCTEH
a=(ap,aj, ...ay, ...) HaTYpaNIbHUX uucen. KoxkHa Taka MOCIIOBHICTh BU3Ha4ae rpy G4 ABOX
rpasuiB I i 11, ska Mae Takuii BUTIISL

_ rpaBelb | muire cBoe HaTypalibHE YUCIIO dy;

_ rpasenpb 11, 3HaIOUH Xifl @y, MHIIE Y BIAMOBIIb CBOE YUCIIO d;;

_ TpaBelb I, 3HAIOUM Xi{ ¢;, NHIIE y BiANOBIIb CBOE YHCIIO d):

_rpaBenp II, 3HaKOuUM Xig @, NHIIE Yy BIINOBIAP CBOE YUCIO a3 1 TaKk Jali 10
HECKIHYEHHOCTI.

B pesynbrati rpi OTpUMY€EMO HECKIHYCHHY MOCTIZOBHICTh Q. SIKIIO IS TIOCIiJOBHICTD
HAJISKUTh MHOXHHI 4, TO rpaBelb | mepemarae B rpi, iHaKIe mepeMorKIieM I'pi CTae TpaBellb
11

Cmpamezieio 6 epi Tuny G4 Ha3UBA€TbCA JOBUIbHA (YHKIIIA f, BU3HAUEHAa HA MHOXKUHI
BCIX CKIHYEHHHX IOCIIZOBHOCTEHl HATypalbHUX YHUCEN ([0 SIKMX BIZHOCHTBCS 1 IycTa
nociigoBHicTh 1oBxUHY 0), 31 3HAYEHHSAMU B MHOMHI HarypanbHuX umcen V. Crpareris f
HA3MBAETBCS BUSPAWHOIW O 2pasys I, KMo f*a; € A Juisi JNOBUIBHOI IOCHIIOBHOCTI
HATYpaJIbHUX 4YHcen oi=(a;,as,as, ...). OTKe, cTpareris f BUTpalIHa uis rpaBus I, Ko BiH
Mae BHTPALIHY CTPATEriio 3a JOBUIBHOI IpH cynepHuka. Muoowcuna A i epa G4 Ha3UBAIOTHCS
JleTepMiHOBaHMMHU, SKIIO OJMH 3 rpaBuiB I a6o II mae Burpamny crpateriio B rpi Gu.
TIpukinagaMu JETEpPMIHOBAHMX MHOMKHMH € BCI CKIHUCHHI 1 3J1iYCHHI MHOXHHH, OEpiBChKI
MPOCTOPH, OOPECBCHKI MHOKHHH.

Axkcioma  jgerepmiHoBaHoCTi. Koowcna — muooxcuma — muny — MHOMCUHU A
demepminosana.

Kopuctyrouncs axciomarukoro I[d He BmaeThes moOymyBaTH HeAETEPMiHOBAaHOT
MHOHMHM 0€3 3acTOCyBaHHs akciomMM BHOOpPY. A 3 JOIOMOIOK aKcioMu BHOOpPY TaKy
MHOXKHHY MOXKHA IOOymyBaTH. SIKy 3 IHX JBOX aKcioM HOTpIOHO NPH3HATH 3a OCHOBHY,
JIOTiKa BIMOBI/I HE A€ 1 IUCKYCIST IPOIOBKYETHCS.
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2. Jlorika B inpopmaTuui Ta npodJemu ii 3acTocyBaHHs

Mertoau MaTeMaTHU4HOI JIOTIKM B iH(opMarTuii i, 30kpeMa, B IpOrpamMmyBaHHi, MalOTh
LIMPOKE 3aCTOCYBaHHs (IUB. Hanpukiaz, [3]). OCHOBHMMM 00NACTSIMH 3aCTOCYBaHb JIOTIKH B
iH(OpMATHIl BUCTYNAKOTh:

—meopis iep ma aeemmuux cucmem (3aCTOCYBaHHS pI3HOTO THI JOTIK JUISL
(dopmanizanii npaBun rpu, il cTpaTerii, apeHu, Ha sKiil BigOyBaeTbcs Ipa, Ta aHali3 rpu 3
METOI0 IOLIYKY BHUIPAIIHOI CTpATerii, a B TeOpil MyJIbTHATCHTHUX CHUCTEM 3a JONOMOIOIO
JIOTIKM ONUCYEThCS MOBEJIHKA 1 B3a€MO/Iisl CyKyIHOCTI areHTiB B cucremi) [27, 28];

—cneyugixayis i éepugpixayis  npoepamnoco 3abesneyenis (JIOrika BAKOPUCTOBYETHCS
JUIsL OIKCY OYiKyBaHOI IOBEIIHKM IporpaMu Ta (yHKIIOHYBaHHS caMoOi HPOTrpamu,
YIPaBITiHHS POLECOM BUKOHAHHS nporpamu) [4,5];

—po3nooineni i napanenvHi npoepamu ma npoyecu ynpaenints (HEKIaCU4Hi JIOTIKH, AKi
BPaxoBYIOTh Yac Ta PO3ralTyKEeHICTh Yacy, a TaKoX OIHUCYIOTh HPOLECH, IO B3aEMOJIIOTH
MDK co6010) [6,7];

—cucmemu ynpaeninns 6azamu oanux (IepeBipka HECYNEpeuHOCTI 0a3u JaHHX Ta
JIOTIYHOTO CITiTyBaHHs 3anuTis) [8];

—po3pobka 6a3 3HaHb HA 0CHO8I 102IK (po3poOKa Ta MoOyI0Ba HAa OCHOBI 1IUIOT HU3KH,
SIK TIPaBUJIO, HEKIIACHYHUX (IECKPHUIITHBHUX) JIOTIK KOPEKTHUX 0a3 3HaHb JUlsl 300pa)eHHs
OKpEeMOT MPeAMETHOT 00JIaCTi YM JIEKIIBKOX MPEJMETHUX OOJIaCTei, MaHIIyJsllis TAKUMHU
6azamu) [9];

—npoexmysanns xaposepa I pospodka enekmponHux Mmepedc (onuc i Bepudikaris
KOPEKTHOT MOBEIHKH eIeKTPOHHMX cuctem) [10,23];

—eKkcnepmui cucmemu ma cucmemu wimyuno2o inmenekmy (po3podka Ha OCHOBI JIOTIK
MPaBWI Ta JAHHUX JUIsS TAKHX CHUCTEM, SKi 3/IaTHI KOHKYPYBAaTH 3 CHCTEMAMH HATYPaJbHOIO
inrernexry) [11];

—ananiz ma 06po6Ka NPUPOOHUX MO8 ma NPUPOOO MOGHUX meKcmie (CMHTAaKCHYHUN Ta
CeMaHTHYHUI aHasi3 PeuYeHb NPUPOIHOI MOBH, IPEACTABICHHS CCHCY [IUX PEUCHb Y BUIILIL
(dopmMya miAXoAAImioi JOTIKM YW JIOTIK, BHUSBJICHHS CYNEPEYHOCTEH B HPHUPOJO MOBHHX
TEKCTaX, 3aCTOCYBaHHs B JiHrBicTHui) [12,29];

—n02iuHe npocpamyeanHsi (JIOTIYHE NPOrPaMyBaHHS € OYCBHIHUM 3B’SI3KOM MK
KOMIT'FOTepPHUMH 00YMCIICHHSIMHU Ta JIOTiK010) [25].

2.1. Jlorika, aBTOMaTH, irpu, Bepugikanis

Oco6unuBHii eekT JoTiKU B iHHOPMATHII TPOSIBUBCS B 1l 3B’5I3KY 3 TEOPi€r0 aBTOMATIB.
Tleit 38°30K OyB HACTINBKU MEPEKOHIMBUM, 10 iCHYBala JyMKa IPO TE, IO 3a AOTIOMOTOI0
JIOTIKM 1 aBTOMATIB MOKHa PO3B’si3aTH 1pobiieMy Bepudikailii mporpaMHOro 3ade3rneyeHHs.
TlincraBoto Oyn0 Te, MmO MpoOIeMy BUKOHYBAHOCTI (OpPMyIN NESKMX LIMPOKO Y)KMBaHHUX Y
NporpamMyBaHHi JIOTIK, 30KpeMa, JIHIHHUX TeMIOPAJIbHUX JIOTIK 1 JIOTIK PO3rayKeHOro Jacy
MOJKHA 3BECTH JO IIPOOJNEMH aKuenTamil CKiHYCeHHHMM aBTOMATaMH CTPYKTYp, Ha SIKHX
BUKOHYIOTbCS (JOPMYIIH LIUX JIOTIK. BakIMBOIO 0COONMBICTIO TAKOTO B3a€MO3B 3Ky OyJI0 Te,
110 MOJIENIb, Ha sIKil IepeBipsiiacs BUKOHYBaHICTh (GopMyi i cami Gopmynu 300paxyBanucs
OJIHMM 1 THM CaMHM THIIOM aBTOMATiB. A TMepeBipka BUKOHYBAHOCTI (OPMYI 3BOJHIACH /10
HEpeBIPKU IyCTOTH MOBH, K4 AJITOPUTMIYHO PO3B’A3yBaHa [UIs CKIHUCHHUX aBTOMATIB,
MPHIOMY IS TIepeBipka BHKOHYBaJacs B aBTOMATHYHOMY PEXHMi. 30KpeMa, [T JOBUIBHOI
(dhopmynu miHiliHOT TemnopansHOi joriku (JITJI) MoxxHa moOyayBaTH CKiHUECHHHI aBTOMAT,
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SIKAI aKIenTye BCl NIUIIXM (HECKIHYEHHOT OBXKUHMU), Ha SIKUX BUKOHYETHCS 1aHa (hopMysia.
Teit 3B’5130K CKJIazia€ OCHOBY CHCTEM TecTyBaHHs Ha Mozeni (model checking). ITi3wime Taxi
cucTeMu Oy/n po3poOiIeHi JUIsk BUPA3HIINX TeMIOpaibHUX Jorik [13,21,22].

IikaBuil i 3BOPOTHHI 3B’SI30K, KM Mae Miclle MK JIOTIKOK0O i aBroMaTamu. bararo
BJIACTHBOCTEHl JIESIKUX JIOTIYHMX MOB Oyl BCTaHOBJICHI 3a JIONOMOTOI0 aBTOMATIB.
Hanpuknan, poBeneHHs po3B’sa3yBaHOCTI MOHAAMYHOI JIOTIKM HEpIIOro IOPSAKY Ta
TEMIIOPAJILHUX JIOTIK BUKOHYBAJIOCS 32 JOTOMOTOK0 CKIHYCHHHX aBTOMATiB (aBToMariB broxi,
Mronepa, aBromariB Haj aepeamu). Lli BiractuBocti Oyiau BcTaHosieHi me B 60-70 poku
MuHysoro crouirts [19,20].

BHKOpHCTOBYIOUH 3B’A30K TEMIOPaAbHHX JIOTiK 3 TEOpi€l0 aBTOMATIiB, CTAlO
MOXJIMBUM CTPOro crienuikyBaTu irpu Ta MPOBOJUTH IX aHAJI3 3 METOIO MOIIYKY BUTPALIHOT
cTparerii B Tpi. 3a OCHOBY TaKoro THILy irop 6epeTbcs omucana pumie rpa G4 IBOX yJaCHHUKIB
3 TIEBHUMH 0OMEXKEHHAMHU. TUmoBHMU 0OMEKECHHAMHI € YMOBA CKiHUCHHOCTi I'pu ab0 yMoBa
ICHYBaHHSI BUI'PAIIHOI cTpaTerii s 0JHOro 3 rpaBLiB, a0 ICHyBaHHsI BUI'pAIIHOI cTpaTerii
IUTs1 KOXKHOTO 3 rpaBuiB. [TogiGHUM YHHOM BHKOPHCTOBYIOTHCS MOJAJIBHI JIOTIKU ISl OITHCY
KOPEKTHOT ~ MOBEIIHKM areHTiB B  MyJbTHareHTHid  cuctemi. Haituactime Tyt
BUKOPHCTOBYIOTbCS JUHaMi4yHa Jiorika Ta temnopainpHi joriku LTL i CTL, cum6io3 sxkux
JT03BOJISIE TIOB’SI3aTH MK COOOT0 JIil 1 4ac, MPOTATOM SIKOTO areHTH B3aEMOJIIOTH B CHCTEMI.
Ie Takox nae MOKIIMBICTb 3aCTOCOBYBATH aJIrOPUTMH MEPEBIPKU Ha Mozeli st Bepudikanii
MPaBUIIBHOCTI B3aeMopil areHTiB. s imroctpanii HaBexemo mpukiaj dopmanisaiii rpu 3
BHKOPHCTAHHAM JIOTiKO-aBTOMATHOTO TTiIXO.y.

IIpuknao 1. Apena epu. Hexaii P={1,2} — MuoxuHa rpaBuiB, X={a;,a,...,ay} — CKIHUCHHA MHOXHHA
Apena cpu. l 5

X0AiB (i), sIKi MOXKYTb POOUTH rpaBIii.

ApeHoto rpu HasuBaeThes ckinuennnii rpad G=(W', W2 R,so), 1e W' MHOXHHA [103HILii rpaBLst i B Ipi, i

p P p: Tp: p1,

€P.

Hexaii W=W'uU W2 BiJHOLIEHHS Tlepexo/iiB R: WXX—W € yacTkoBol0 QYHKIIi€I0, IKa HA3UBAETHCS
d)yHKLuelo XOIiB, @ §) — MOYATKOBA BepiunHa rpu. [lo3HauNMO MHOXHHY Oe3mocepeHix Hamauxm BEpILIHHH §

€ W sax s ={s" € W | (sas") € R ana seaxoro a € X}. BeaxaeThbcs, 110 Bci no3uuii s i S HE € IyCTUMHU
MHOXMHAMH, BCiX MO3MLiH Ha apeHi CKiHUEHHe YHUCJIO, ajle IUKJIAM /I03BOJIIETHCA MOBTOPATH OJHY i Ty
caMy MO3HUIiI0 HeCKiHYeHe YUCJI0 pa3iB i cTpaTerielo nepenbayeHo 36epexxkeHHs: iHGopManii Ipo YucIo
MOBTOPEHb MO3MIii.

Ha apeHi rpa Burisggae sk nokJ1agaHHsa QIUKH y BEPIIHHY S). SIKIO rpaBellb / Mae MO3HULIIO S,
(TobT0 S9 € W), TOo nami BiH BHOMpae Xix a, sSsKMid HOMY IIiJXOAWTh, i BUKOHYE Liell Xil. BukoHnaHHs X0y
o3Hauae, w0 ¢ilka 3 MO3MLiTI Sy IEPEHOCUThCS B IO3MLi0 8 Taky, o (sp,a, s’) € R A gani rpa
NPOJOBXKYETbCS 3 nosuuii s’. dopmanbHo rpa Ha apeHi G sBase cOO0I0 HECKIHUCHHE peOpo, sKe €
TO3HAYEHUM IIIAXOM  S0,30,812 ..., JI€ (S},aj, Sj+1) € R.

LikaBumu € ymosu nepemocu B rpi. Hexait Plays o03Hauae MHOXHMHY BCIX TpaBlLiB Ha apeHi G.
Binnowenns < (Plays x Plays), sixe e noBanM GiHapHuM ped)ieKCHBHHM i TPAH3UTHBHUM BiJIHOLIEHHSM,
O3HaYa€ BiHOLICHHs mepesarn rpasist i € P. Tofi nepeBarn rpasiiB MPeJCTABIAIOTECS y BUIIISL CKIHUCHHOTO
aBromarta Mionepa M=(A,fry), a BUKOHAHHS TAKOTO aBTOMATA OIHCYE EBOJIOLIIO IPHU 1 BiHOMICHHS IepeBaru
TakuM 4uHOM. Hexail inf(@) o3Hauae MHOXHHY CTaHIB aBTOMATa, SIKi HECKIHYCHHO 4aCTO MPOXOITHCS HA @,
TO6TO @ =T10,1... , Ae 1; € A. Hexaii 0 =rpagra;...1 P =rg,a0,81n ... — aBi Tpu, Toxi 0 < P’ Toai i Tinbku

tomi komu inf(@) £ inf(@), ne @ =rtoxy..., @ =101 ..., a £ < B(A)XB(A), B(A) — Gynean MHOKHHK
CTaHiB aBTOMaTta, 10 SIKOrO HE BXOAUTH ITyCTa MHOJKHHA.

Jlam BuOMpaeTbCst MiAXOMAIIA JIOTiKa, B TepMiHAX SKOI (hOPMYNIOIOTHCS YMOBH 3aKiHYCHHS IDH,
BUTpAlIHI CTpaTerii, MaToBi CHTYyaIlii TOIIO.

Kpim cucrem mnepeBipku Ha Mozeni (YeKepiB) PpO3BHBAIOTHCS CHCTEMH TOLIYKY
JIOBEIEHb B JIOTIYHMX MOBax (npyeepu). Jlekinbka Takux cucteM Oynam noOymoBaHi IUist
Joriku mpeaukariB neproro nopsiaky (cucrema CAJl B Incruryri kibepnermkn HAH
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Vkpainn, cucrema VAMPIR B yniBepcureri M. Manuectep Ta iHui). OCHOBHUM IPaBUIIOM
BUBEJICHHS B LIUX CHCTeMax Oysi0 MpaBWIIO PE30JIOLii, MPoCTOTa pearizaiii SKoro crpusia
HOro MIMPOKOMY 3aCTOCYBAHHIO. 3aCTOCYBAaHHS NMpaBHJIa PE30JIOLIH BUMAaraao po3B’si3aHHs
npobiemu yHidikalii aprymMeHTiB B IpeJuKarax, a Is mpobiieMa [Uisi HalOUIbII y)KUBaHUX
aCOIIaTHBHO-KOMYTaTUBHHX TEOPii NEepHIoro MOpsIKy 3BOJHMIACS IO PO3B’A3aHHSA CHCTEM
JHIAHKX 1i0(GaHTOBUX PIBHSHb Hajl MHOKMHOK HaTypaibHuX umcel. [Ipobiema nolymoBu
PO3B’SI3KIB TaKMX CHCTEM (a, oTxKe, i mpobiema yHidikaiii B IiJIOMy) HaJeKUTh Kiacy
cxnagaocti NP. Ls ckiagnicts 0OMexye cdepy 3acTocyBaHb IPYBEPIB.

2.2. Jlorika, aBTOMATH, JIiHiliHi 00MeKeHHsI

Jlna imroctpamii  B3aemonii JOrikM i aBTOMATiB PO3IIAHEMO PO3B’SI3aHHS 3amadi
BHUKOHYBaHOCTI (opmyn apudmernku IIpecOyprepa. B 1pomy BHIAAKy 3a KOXHOIO
aToMapHO (HOpMyJI0r0 OyayeThcs CKiHUCHHHMI aBTOMaT 0e3 BUXOMIB, SIKMil akuenTye BCi
mozeni wiei Gopmynu. Apudmernka ITpecOyprepa (AIl) siBiasie co600 JIOTIYHY MOBY ISt
(OpMyIIIOBaHHS BIACTHBOCTEH LUIMX HATYPalIbHUX YHCEN, SIKI BUPAXKAIOTHCS JIHITHUMH
00MEKEHHAMU.

B oznavenni AIl BukopucTtoByeThest andasit 3sminuux X = {x,y,..., z, X;, V2,...}, OBl
koHcranTu 0 1 1 (HyabapHi onepauii) i GiHapHa omnepallis 101aBaHHS +.

Osunavenns 1. Tepmom AIl nasusacmocs
a) 0oginvra sminna iz X i konemanmu 0, 1;
6) saxwo t; it; mepmu AIl, mo t; + t; meoc mepm AIL

Amomapnoro popmynoro  AIl  Hazusacmvcsi  pisHicms  ab0 HEPIGHICMb MidC 080MA
mepmamu, mobmo supasut=tabot <t oet, t’—mepmu AIL

Dopmynoro AIl nazusaemocs

6) 0oginvra amomapna popmyna AIl,

2) aikwo Ci C' popmynu AIl, mo CAC', Cv C'— gpopmynu AIl;
0) axwo C popmyna AIl, mo —C,3IxC, VxC — ghopmynu AIL

Hanpukian, Bupasu x + 2y =3z + 1 i 2x + 1 <y — aromapni popmynamu Al Tlepma 3
nux Gopmya Moxke Oyru 3anucana sik x +2y - 3z - 1=0.

BinbHi i 3B's3aHi 3MiHHI y (opmynax AIl BH3HAYAIOTHCS CTaHAAPTHUM CIIOCOOOM:
3MiHHA X Ha3UBA€ThCS 363anoi0 y ¢hopmyni C, KO BOHA 3HAXOMUTHCS B obmacti il
KBaHTOpa iCHyBaHHs a00 3arajpHOCTI. B TPOTHIECKHOMY BHIAAKy 3MiHHA Ha3MBAETHCS
BIIBHOIO.

Obnactio intepnperauii Gopmyn AIl e MHOXMHAa HarypaiabHMX umcen N, B sKiil
cumBosn 0, 1, +, =, < MaioTh CBIiif 3BHYaitHuil cenc. Poszs’szkom abo modennio gopmyau
C(xy, ..., X,) HAa3UBAETBCA BEKTOP € =(cj,...,¢;) € N9, sikuid 3afgoBonbHse popmyni C (To6TO
dopmyna C(cy,...., ¢,) ictunna). Sxmo mis 3amanoi Gopmynmu AIl  C icHye po3B's3oK, TO
roBOpATh, W0 Us (popmyna BukoHyerbes. Hexait C(xj,...., x;,) — atomapna dopmyma All,
BiIbHI 3MiHH] sIKOT HanexaTh MHOXKUHI X = {x/, ..., X;}. [Ipu moOynoBi CKIHUEHHOTO aBTOMAaTa
A= (A, X,f, ap, F), mo akuenrye po3s'ssku ¢opmyan C, BHKOPHCTOBYETbCS JBIHKOBE
MOJIaHHSI HATYPAJILHUX YUCeN, TOOTO 300paxkeHHs uuces cioBamu B aidasiri {0, 1}.

Hampukiaz, gucino 13 B takoMmy nojaHHi € jagilikoBum cioom 1011, a mapa (13, 6)
HaOyBa€ BUTIISLY

1011
0110.



CuMBonM BXiIHOro andasiTy aBTOMaTa — L€ MOPO3psAAHI JBIHKOBI BEKTOPH, 3 SKHMX
OyayeTbcs IBifiKOBE MOMAHHA n-KM HaTypaubHUX umcen. Tak s mapu (13, 6) cumBonamMu
andasiry Oyayts Bekropu-croBmumku z; = [1,0], z = [0,1], z3 = [1,1], zz = [1,0].
KopucTyrounch oUM NOJAHHAM, HaBEIEHHU HIDKYE AITOPHTM U JOBLUIBHOI aTOMapHOL
dopmynu All, sxa € miHillHMM OoOMexeHHAM a;X; +...+ aux, < b, Oyaye ckiHueHHuii
nerepminoBanuii aBromat (JICA) 6e3 BUXOIB, SIKMil aKIENTye PO3B'SI3KU 1ILOr0 OOMEXEHHS.
Ile oOMesKeHHs 3aIMCYEThCS B CKOPOUEHOMY BUTLI (@,x) < b, ne (a,X) 03Ha4ae CKaIApHUH
N00YTOK BEKTOPIB a=(ay, ...,aq) 1 x=(Xy, ..., x,).

AIIL-JICA((a,x) < b)
Bxio: atomapna opmyia (a,x) < b Hax N.
Buxio: ICA A=(A,X,f,a,F), sixuit akuentye Bci poss'szkn Gopmynn (a,x) < b,
Memoo:
A £ F:=D;a:= {b};
W= {b};
while W# & do
pick s from W;
add sto A;
if s> 0 then add sto F;
for all z from {0,1}* do

= |1/ 2(s—(a.z)) |

if j ¢ A thenaddjto W;

add (s,z,j) to f;
fi
od
od
return((A,X,f,ao,F)).

TepmiHaneHicTh i npaBuibHICTH anroputMy AII-JICA, a TakoX HOro 3acCTOCYBaHHS /0
piBHsIHb, MOXKHA 3HaiiTH B MOHOTpadii [14].

Ipuknao 2. Cxinyennuii X-aBTOMaT, KM aKIENTye PO3B'A3KM JiHIHHOTO OOMeKeHHs 2X - y < -1, Mae
andait z,= [0,0], z, = [0,1], z3 = [1,0], zs = [1,1], mouatkoBwmii cran -1, 3axmounuii cran 0. OyHKIisA MEpexoiB
aBTOMaTa 3aJa€ThCsl TAKMM Tpad)oM TepexoiiB:

21,2y /Z.EZ‘\‘. Z_’ _
RO ENC)) QP
Z3 * Z3, 74

Puc. 2. ABToMmar, sikuit akuentye po3s sk Gopmymn 2x —y <-1.

IloGynoBanunii apromar Oyne 4YacTKOBMM 1, B pa3i HEOOXiJHOCTi, HOro MoXKHa
[EPETBOPUTH JI0 TIOBHOTO JICTEPMIHOBAHOTO aBTOMATa.

Takuii aBTOMAT Jla€ MOXJIMBICTH PO3B’s3aTH 3a/auy PO30OUTTS 3aJaHOi MHOXHMHH N-
MIPHUX BEKTOPIB V BIHOCHO TillepIuIoOlinHy, 3a1aHoi GopMynow (a,x) < b, npudomy ie
PO3OUTTS BUKOHYEThCS B JIHIMHOMY 4aci 3a JOBXKHHOIO JIBIHKOBHX CIiB, SIKi 300paKyroTh
KoopauHaTH BekTopis [30].

3. Jlorika B 6a3ax JaHUX, 3HAHB,JIHIBicTHI
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Ha Bukopucranns soriku B cydacHux 0Oaszax manux (BJ]) e nexinpka npuumn. Ili
NMpUYMHKA TOB’si3aHi 3 BBeACHHsAM B bBJ[  wacoBux 3amexHocteil. Ilpm  mpomy
BUKOPHUCTOBYIOTHCSI TEMIIOPAJIbHI JIOTIKH, sKi 37aTHI onucyBatu eBououito bJ[ B waci.
Hanpukoiaz, Ha mijcTaBi 4acoBO-3aJIKHUX MpaBuiia OHOBIeHHs B/I, a00 feskux riao0aabHUX
0OMEKEeHHSIX, OB’ I3aHUX 3 YacoM. BBeaeHHs Ta 00poOka yacoBo-3anexHoi indopmariii B BJ]
noTpebye BHOOPY XOPOIIOT TEMIOPAIbHOT MOBH, 5IKA A€ MOMIUBICTD IIPEJCTABIATH 4aCOBO-
3alIe)KHi 3HAHHS, JOCTYII JO TAaKHX 3HAaHb Ta 1X ocMHCIeHHsA. OCTaHHE BHMAarae po3BHTKY
JOrikM Jii B 4aci Ta moOyl0BH HOBMX MOB HPOTpaMyBaHHs. SIKIIO 4ac BKJIIOYAETbCS JIO
CHCTEMH IITYYHOTO IHTENEKTY, TO Ie IPHBOAUTH N0 HE MOHOTOHHOCTI JIOII4HOrO aHalizy
cHUTyalill B poueci (yHKIIOHYBaHHS TaKOT CHCTEMH i JUISl TPABMIIBHOCTI 11 QyHKIIOHYBaHHS
noTpibHa TEMIIOPAJIbHOT 0a3H 3HAHb.

OcTaHHIM 4YacoM, 3aBISKH CYTTEBHM JIOCSTHCHHSM B INTY4HOMY iHTENeKTi Ta
MareMatuyHiil ninrBictuni [15,16,17], akTHBHO pO3BHMBAIOTBCS chcTeMH 0a3 3HaHb. Lleit
PO3BUTOK TAKOX CTHMYIIOETHCS MOTPeOaMHU JIHIBICTHKH Ta IPOOIEMaMH aHANi3y HPHUPOIO
MOBHHX TEKCTiB 3 MeTOI0 JOoOyBaHHS 3 IUX TEKCTiB 3HaHb. Ha IbOMy HUIIXy BHHHKIH i
novany po3BuBatcs deckpunmusni noeiku (J1JI), ki ABIsIOTE cO0010 1ie ciMEHCTBO JIOTIK.
I[i noriku MawTh nHeBHy creuudiky i 3[4aTHI PO3IIMPSTHCS, BUXOIJSIYA 3 MPOCTHX
PO3B’sI3yBaHHX JIOTIYHUX MOB. JlocsirHeHHs B oOJacTi JAECKPUNTHBHHUX JIOTIK Ta iX
3aCTOCYBaHb JICTAJIILHO OnucaHi B MoHorpadii [9]

OCHOBY, 3 5IKO{ TIOYNHAETHCS PO3MIHUPEHHS ISCKPUNITHBHEX JIOTIK, CKIANA€ ampubymua
mosa (AL), 3a JIOIIOMOTOIO SIKOi OMHCYIOThCS TaK 3BaHi aToMapHi KoHmenTH. Ilepmmm
PO3IIMPEHHSM 1ie] MOBH € MOBa, sika J0o1a€ 10 AL aromapHi GiHapHi BigHOwwIeHHs (poJti), sKi
BU3HAYAIOTHCS HA MHOXKHHI KOHIIENTIB, ormcanux Ha MoBi AL. Ilonanbine po3mupeHHs MOBH
AL BinOyBaeTbes IIIXOM JI0JJABaHHSI KOHCTPYKTOPIB 3arepedueHHst 1 00’ €JHaHHS KOHLENTIB,
pa3oM 3 KOHCTPYKTOpaMH YKCIOBHX 0OMEXeHb Ha poiii. B pesynbrari gicrarors moBy ALC,
sKa PO3B’sA3yBaHa I TOMY Ma€ aJrOPUTMIYHY OCHOBY. Jlaii ilyTh YUCIICHHI PO3IIMPEHHS L€l
MOBH B HAIIPSMKY 3POCTaHHs il BUPA3HUX MOMIMBOCTEH 3i 30€pe:kEHHSAM PO3B’sI3yBaHOCTI
npobiemMu BUKOHYBaHOCTI (popmys. Ha 0CHOBI Takux JIOTIK OyayroThCs 0a3u 3HaHb, HA SKHX
3acobaMu Ti€l, 4nm IHIIOI 3 JIOTIK IEpEBIPAETbCS HECYNEpPedHiCTh Takol 0a3u 3HaHb Ta
peaiizailis CHCTEMHU JIOTIYHOTO BHBEJCHHS HACHIJKIB 3 TMOOYIOBaHOI TaKMM YHHOM O0a3u
3HaHb. HaBememo ocHOBHI o3HaueHHs J{J1.

Cunmaxcuc mogu AL BU3HAYa€ThCS TAKMMU CUHTAKCUYHUMHU npaBuiaMu: Hexail C i D
JOBiIBHI KOHLENTH 1 R aromapHa pouib (GiHapHEe BiHOIICHHS) Ha KOHIEITaX, TOIi
C, D ::= A (aToMapHWUii KOHIIENT),
& T (\top) (yHiBepcanbHHIl KOHIIEMNT),
& L (bot) (mycTuii KoHLENT),
& — A (3amepedeHHsT aTOMapHOTO KOHLEIITa),
& CN D (neperun),
& V R.C (oOMexeHe 3HaYCHHS),
& 3R. L (oOMexeHuUit KBAHTOP iCHYBaHHS).

HaBezneHuil CHHTaKCHC IPYHTYETHCSI HA TEOPETHKO-MHOKHHHINA MOZEIl CEMaHTUKU:
Hexall O — jesika Hemycra ob6nacTh iHTeprperanii I, sika KOXKHOMY aTOMapHOMY KOHIICNTY
HPHCBOIOE MHOXKHUHY 3HaueHb A' 3 o0nacti iHreprperauii O.

CimeiictBo  AL-MOB  yTBOPIOETbCS — LIIAXOM JojaBaHHs 10 AL-moBuM  Takux
KOHCTPYKTOPIB.

3anepeuenns OBIILHOTO KOHIENTa 3 iHTepnperanicio —C' =0\ C'.

06'conanns xonnentis 3 inTepuperauicio (C U D)'= C' u D',



Tosnuii keanmop icnysanns 3 inrepnperanicio (IR.C)' = {a € 0'|3(a,b) € R"'Ab €
chy.

Yucnosi obmesicennss  >n R(ne menme) i <n R (ue Oinbwe), ge n € N, 3
IHTepIpeTaliero

>nR'={a€0':b: {(ab)eR|2n}i<nR'={a€0"|{b:(ab) ER}| <n}

BIIMOBIZHO. 3 TOYKM 30py CKJIAQHOCTI BHBEJICHHS HPHITYCKAETHCS, 10 300paKeHHs
yucna n € 1BilikoBuM. PosmupeHHs AL-MOBH SKOI0 HeOy/Ib ITIIMHOKHHOIO KOHCTPYKTOPIB
J1a€ KOHKPETHY MOBY. SIKIIIO /10 MOBH AL /101a€ThCsi KOHCTPYKTOP JAOTIOBHEHHS KOHLIETITA, TO
nicraemo soriky ALC. Sk 3a3aHauanocs BuIe, s JOriKa sBIsie OO0  SIPO BCHOTO
ciMelicTBa AECKPUNITHBHUX JIOTIK.

Ipuknao 3. Hexait MHOXHMHY aTOMApHAX KOHIENTIB i aTOMAapHHX POJIeil MaloTh BUTTIST
CN = {yniB, ¢axr, kad, cryaenty, xin-ct}, RN = {maey, maed, maexd, maect}.
Toni konuenramu ALC Gynyth

{maey.daxr, maed.xad, Maekd.crynentn, maecr.[cryxentu | —xin-cr]}.

CyTTeBUM IPU BUKOPUCTAHHI JECKPUIITHBHUX JIOTIK € T€, 10 BOHU BUKOPHCTOBYIOTh
TepMIiHOJIOTII0 aHoi npeameTHoi obnacti (TBox) pasom 3 mHoxuHOW0 (dakris (ABox), sxi
npejcTaBieHi B Il Tepminosorii. Ll oOcTaBHHA @€ MOJKJIMBICTH TOUHILIE OMHCYBATH i
HPECTABIATH MIPEIMETHY 00JacTh. A 1ie MOJIETLIy€e MPOLEC aHali3y Takol 001acTi Ta Horo
JIOCTOBIPHICTb.

4. MMincymkn

TligBosIuM MiACYMOK 3a3HAYMMO, IO HA JaHUH Yac METOAM MATEMATHYHOI JIOTIKH B
iHpoOpMaTHII  PO3BHBAIOTHCS B HANPSAMKY 3aCTOCYBaHb, J€ BHHHKAIOTh DI3HOIO POy
Moaudikanii BKe ICHYOYMX JIOTiK. AJjie HE JMBISYMCh HAa TOW BIUIMB 1 TO3MTHUB, SKHIl
BHOCMJIA 1 BHOCUTb MaTeMaTH4Ha Jiorika B iHpopmartuky, cdepa 3acrocyBanp ii MeToniB Mae
obOMexeHHil Xapakrep. OCHO6HOI0 HepeutKo00l0 NUPOKOTO 3aCTOCYBAHHS MAaTEMATHYHOI
norikn B iHpopMaTuui € ckiaagHicte ii aaropurmie [18]. Hanpuknan, nepesipka
BHUKOHYBAHOCTI HpOcTOi (JOpMyJIM JIOTIKM BHCIOBIIOBaHb 3 TPbOMa 3MIHHMMH HAJICXKUTb
Kiacy cknagHocTi NP, ckilaHICTh epeBIpKH BUKOHYBAHOCTI (QOPMYIT IECKPHIITUBHOT JIOTIiKH
ALC nanexuts kinacy ckiagsocti PSPACE. HaBiTh sIKIIO CKIaAHICTh aJrOPHUTMY HEBEIIHKA,
TO CKJAJHICTh IPOrPaMM YH CHCTEMH MOXK€ MAaTH BEJHKi pO3MIpU i Ile CTa€ CyTTEBOIO
MepenIKoI0I0 Ha NIIAXY NIMPOKOTO BUKOPHCTaHHS JIOTTYHMX 3ac00iB. Ll mpobiema € oxHieio
3 BaXJIMBUX MPoOJeM iHPOPMATHKH, sIKa Mae Ha3By MPOOIEMH KOMOIHAMOPHO20 6ubyxy. 3
I[i€10 MPOOIEMOI0 HaMarajHcs 1 HaMaraloThCsi GOPOTHCS PIBHUMH 3aC00aMH, aJle 0CTATOYHOTO
11 pO3B'sI3aHHS [0 LBOTO Yacy HEMAE.

Cnig 3a3HAa4YMTH, 110 IHTEHCHBHICTh JOCTIKEHb B 00JIaCTI MaTeMaTHYHOI JIOTIKH
OCTaHHIM YacoM modvana cragatd. IIpo e CBiTYMTh 3MEHIICHHsS KUTbKOCTI myOsikariif, a
TaKOX Te, 1O Cepe]i MAaTeMaTHYHUX MpoOIeM 21-ro CTONITTS He Mae XKOJHOI NpoOneMu, sKa
BigHOCHIIAcs 6 10 06IacTi MaTeMaTu4HO1 JToTiku (uB. [24]).

TleBHMIt Mporpec B pO3BUTKY METO/IiB MAaTEMaTHYHOI JIOTIKH CIIOCTEPIraeThesi B 001acTi
HEYITKUX MHOXUH Ta HewiTkol joriku. Ils oGiacTh OCTaHHIM 4acoM JOCHTH IHTEHCHBHO
PO3BHMBAETHCS 1 ICHYIOTH CIPOOH 3aCTOCYBAaHHS METOMIB KIACHMYHOI JIOTIKM UIsl JOBEICHHS
TBEP/KEHb B HEYITKIH JOTrili. 30KpemMa e CTOCYEThCSI METOY pesodttowii [26]. CxiuaaHicTs
BIIPOBAJPKEHHS METO/IIB KJIIACUYHOT JIOTIKH B HEUITKY JIOTIKY IIOJISITAa€ B TOMY, 11O B ILiif JIoTiii
METOAM MATEMATHYHOI JIOTIKM MOXYTh MpPAIIOBATH JIMIIE TPH CYTTEBUX OOMEKEHHSIX,
OCKUIbKY 0€3 HaKJIa[aHHS TAKUX 0OMEXKEHb BOHH HE JAIOTh NIPABUIIbHUX PE3YINIbTATIB.
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A new class of program-oriented logical formalisms is investigated — first-order logics with extended
renominations and predicate complement composition. Composition algebras and languages of such logics
are described; their semantic properties are investigated. For these logics, a number of logical consequence
relations is proposed and investigated, in particular, the logical consequence relations with undefinedness
conditions. Properties of these relations form the semantic basis for further construction of sequent-type
calculi for the proposed logics.
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Amnapar MaTeMaTHYHOI JIOTIKH € OCHOBOIO Cy4aCHHX MPOTPaMHHX CHCTEeM (AuB., Hamp., [1]).
JUisi 1pbOro 3a3BHYail BUKOPHCTOBYEThCS KIAaCH4YHA JIOTiKa MpeauKaTiB Ta Oa3oBaHi Ha Hil
crienianbHi soriku. BogHouac kiracuyHa jorika Ma€ HU3KY NPUHIUIOBHX OOMEKEHb, IO yCKIaJ-
HIOE ii BUKOPUCTaHHS B iH(OpMATHIli i IporpaMyBaHHi. BoHa HEOCTAaTHRO BPaXOBY€E YaCTKOBICTb,
HEIOBHOTY, iH(popMarii, ii cTpyKTypoBaHicTh. TOMY BeJIbMH aKTyalbHOIO CTae mpodiema modyio-
BHU HOBHX, IIPOrPaMHO-OPi€HTOBAHMX JIOTTYHUX (opMaiizMiB. TAKUMHU € KOMIIO3UIIIHHO-HOMIHATHB-
Hi goriku (KHJI) yacTkoBUX KBa3iapHHX IpeiuKaTiB (AUB., HAMp., [2,3]). BaximuBum pizHOBHIOM
IPOrPaMHO-OPi€HTOBAHHX JIOTIK, SIKi YCITIIIHO 3aCTOCOBYIOTHCS B CHCTEMaX BepHdikawil mporpam, €
noriku Dunoitna-Xoapa [4,5]. Lli J0riku BHKOPHUCTOBYIOTH TOTAIbHI INEpEl- Ta MiCIS-yMOBH
(mpeauKaTH), TOMY MOCTana mnpobneMa iX PO3IIMPEHHS Ha BUMAJOK YaCTKOBHX IPEAMKATIB.
ITpoayKTHBHIM HANPSMKOM TaKOTO PO3IIMPEHHS € BBEACHHS CIeNialbHOI omepamii (KOMITO3HIIi)
npeaukatHoro jonoBHeHHs [6]. KHJI 3 xommosuui€ero npeJukaTHOrO IONOBHEHHS IO€IHYIOTb
moxnBocti KHJT kBasiapuux npenukaris ta sorik ®noiina-Xoapa, Taki HOBI joriku HazBaHo LC
[7]. LC npomnosuniiiHoro piBHs BuByaiuck B [7], peHominatusHi LC — B [8]. CemaHTHYHI BIacTu-
BocTi nepuonopsaxkoux LC nociipkeHo B [9].

MeTo10 PONOHOBAaHOT POOOTH € JOCII/PKEHHS! HOBUX KJIaciB IPOTrPaMHO-OPI€EHTOBAHHX JIOTIiK
— upcTuX TepmonopsaakoBux LC. XapakTepHoro iX OCOONHBICTIO € BUKOPHCTaHHS PO3IIMPEHUX
PEHOMIHAI Ta CrienialbHUX MPEANKAaTiB-iHANKATOPIiB HAsBHOCTI 3HAYEHHS 11 3MiHHUX. OnucaHo
KOMIIO3HMIIIHHI anreOpy Ta MOBM TaKMX JIOTIK, JOCII/PKEHO IX CeMaHTH4Hi BiIacTHBOCTI. JUist mux
JIOTIK 3aMpOIIOHOBAHO Ta JOCIIPKEHO HU3KY BiJHOIICHb JIOTIYHOrO HACIIAKY, 30KpeMa, BiJHOLICHb
JIOTIYHOTO HACII/IKY 32 YMOB HEBU3HAYCHOCT.

Jani B wiit po6ori KHJI i3 po3mmpeHrMH peHOMIHAISIMU Ta IpeJuKaTaMH-iHIUKaTOpaMU
HasIBHOCTI 3HAYEHHs Ut 3MiHHUX Oyaemo HasuBatu LKHII, ckopoueto L. Ha unctomy meprmoro-
psaxoBoMy (kBanTopHOMY) piBHi KHJI ta 1KHJI 6ynemo nasusatn UKHJI Ta (UKHJI, 6ynemo ix
takox rosnayaru LC ta L1, 1KHJT 3 KOMIIO3HMIIiEI0 IPEINKATHOTO HOMOBHEHHs Ha3BeMo LLC.

Ha kBantopromy pisni 1LC nosnauatumemo L1 €.

TonsTTs, SIKi TyT HE BU3HAYAEMO, TIIyMadnMo B ceHci [3, 7].
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1. Po3mmpeni penominauii
JUnist HOJIeTIeHH s YUTAaHHS HaraJaeMo OCHOBHI BU3HAUCHHSL.
Jnst onHosHaunux (yukuiit mumemo fid), sximo 3Hauenns f{d) BusHauene, Ta f{d)T, skuio

3Ha4yeHHs f{d) HeBU3HAUEHE.
Hexaii Vi 4 — MHOXMHH, sIKi OyIeMO TPAKTyBaTH K MHOKHMHY MPEIMETHUX iMEH (3MIHHHUX) i

MHOXXHHY TIPEIMETHHX 3HAYCHb.
V-A-imenna mHouHa (V-A-IM) — e oxHo3HauHa QyHKIs BUrisiny d: V—A.
IM nonaemo sk [vik>ai,...,va>an,...], ie Vi€V, ai€A, vi# v; Ipu i #j.
Mmuoskuny Beix V-4-IM noznauaemo V4.
st IM 3agamo oneparito ||-x BUJalIeHHs KOMIIOHEHTH 3 iMeHeM X: d ||« = [vi> aed|v#x].
Onepalito BUAaJICHHs KOMIIOHEHT 3 iMeHaMu Z C V' 3aaeMo tak: d||z= {vi>aed|veZ}.
Oneparito po3urupenoi peHoMinamii '™ >4 V4 V4 Bu3HAUMMO TaK:
[VIFX] sV 90, Uy 5 Lty > L] _
o ' (d)=d|l, Vv = d(x),.v, P d(x,)]-

L,

eV sl sl }
Tyt yci vi, xi, uj € V; cnenjianbuuid cuMBol L ¢ V' 03Havae BiACYyTHICTh 3HAYEHHSL.
SIkimo Tyt d(x;)T, TO KOMIIOHEHTA 3 IMEHEM V; BiCYTHS.

Taky onepatgito "7 bt >4 pagi cTrcno Mo3HAYaEMO T

U] sl

x
3okpema, Maemo 1, (d)=d||_, .
PenomiHalis r 3 BiACYTHIMU NapaMeTpaMH Jii€ sIK TOTOXHE BioOpaxkeHHs: r(d) =d.

eV o]

BBe/IeMO IS Y1,..., yu TO3HAUEHHs ¥ . Toxi samicTh 1)) nuuemo .

Tpanuuiiina onepatist penominanii rl [2] € OKpeMUM BUNAIKOM onepartii .

Tlopsiok map iMeH B O3HAYeHHI Onepanii peHOMIHALIT He MAE 3HAUEHHS.
vty

Hanpuxman, 2", 7%, t'}"" — ue pisni nosnauenns oowuiei i miei o oneparii.

Posinpena peHoMiHallisi MOHOTOHHA: SIKIIO d1 C d2, TO r}L d)c r;j (d,).

Onepattist pO3MKPEHOT PeHOMIHALLT acoI[iaTHBHA Ta HEKOMYTaTHBHA.
JU1st po31IMpeHoi peHOMIHALLT MaeMO eNTiMIHAIII0 TOTOKHUX NepeiiMeHyBaHb:

AR

MocnifoBHe 3acTocyBaHHs JABOX onepaitii ry )"

Jlnis koxHOTO de Y4 maemo rg i

3a[a€MO TaK:
V;» AKWO X, =V, WA IEIKOTO v, € {V},
;> AKWO X, =S5, JUIsl IEIKOTO §; € {5},
P, =1X;, Ko X, ¢ {V,5,Z,t},
1, sxmo x;, =z ' AIISL I@SIKOrO Z; € {z},
L1, AKwmo x; =t nns neaKoro 1€ {t};

Vs AKWO a, =V, JUIs 1esiKoro v, € {v},

q,, SIKIO @ =, JUIs IESKOr0 s, € {s},
q; =14, 9KWo a, ¢ {v,s5,z,t},

1, sxmo a, = Z; JUIsl A@SIKOTO Z; € {z},

L, axmo @, =¢; s neskoro ¢, € {t }.



Tak BU3HAueHy ONepalilo peHoMiHamii 12>

3" Ha3BEMO 3TOPTKOIO Omepariii peHoMinarii

227 (BHyTpimHsL, ii 3aCTOCOBYEMO mEpuIO0) Ta rL

' (30BHILUH, 3aCTOCOBYEMO APYroio); i

03HAYAEMO Ts

"' . Omxe, nns koxknoro de’A rl

2. Komno3uniiini aaredpu LYKHJI

Iin V-A-xBaziapHUM NPEIMKATOM PO3YMIEMO YaCTKOBY HEOJHO3HAYHY (YHKIIIO BHUIIAILY
P:VA—{T, F}. Tyt {T, F} — MHOXMHA iCTHHHICHUX 3HAYCHb.

MHOXHUHY BCIX 3HAu€Hb, Ki HEOJHO3HAUHUH NpeIuKaT P MOXe NMpPUHMAaTH Ha apryMeHTI
(nanomy) de”A, nosmauaemo P[d].

B wiit po6oTi po3risiiaeMo HEOIHO3HAYHI (HEACTEPMIHOBAaHI) NPEANKATH PEISL[IHOTO THITY —
R-npezmkaty. IX TpakTyemo sk BinnoBinHocti (BiaHomenus) mix "4 Ta MHoxuHOW0O {T, F}.

Kosxuuit R-npepukar Q MOXKHa OJIHO3HAYHO 33/1aTH 32 JOIMOMOTOI0 2-X MHOXHH. Lle:

— obnacte ictunHocti T(Q) = {d | TeQ[d]};

— obuacte xubHocti F(Q) = {d | FeQ[d]}.

OonacTb HeBU3HAUYEHOCTI R-npeaukara Q BuzHadaeTbes uepes 7(Q) ta F(Q) Tak:

L@ =TOQVUFQ)=T(@QNF(Q).
Jas T(Q), F(Q), L(Q) BxuBaeMo Takox Ha3Bu 7-001acTh, F-001aCTh, 1-001aCTh.
R-npeaukat Q MOHOTOHHHH, sKIIO: d1 Cd2 = Q[d1] < O[d2].
R-npeaukat Q aHTUTOHHHUI, sKkWo: d1 < dx = O[d1] 2 O[d:].
R-npeaukat P:
— 4aCTKOBHMI OJTHO3HAYHUH, a0 P-npenukar, skmo 7(P)NF(P)=J;
— ToTabHui, a60 T-npenukar, skuo T(P)UF(P) ="4; Toni 1L(P) = &;
— TOTaJIBHUH OJIHO3HAYHMIL, a60 TS-penukar, axmo T(P)NF(P)=Q ta T(P)UF(P) ="4;
— HECIIPOCTOBHUI (YaCTKOBO iCTHHHUIA), sikmto F(P) = J;
— BUKOHYBaHUi, sikuo 7(P) = J;
— ToTOkHO icTunHui (mo3u. T), skio T(P) = "4 ta F(P) = &,
— toToKHO XMOHHIT (mo3H. F), sxmo F(P) = "4 ta T(P) = &;
— BCIOJIM HEBU3HAUCHHH (1IO3H. A ), sxmo T(P) = F(P) = J;
— ToTaIbHO ambiBanenTHHIT (03H. Y), saximo T(P) = "4 ta F(P) ="A.
V Bunagxy P-npenukariB MaeMo 7(Q) = {d | Q(d)i= T}, F(Q) ={d | Q(d){=F}.
Maemo 4 konctanthi R-npeaukat T, F, A, Y. BoHu BiAMOBigal0Th MHOXHHAM 3Ha4YeHb {7},

{F}, D, {T, F}, aixi R-npequKar Moxe IPUHHATH Ha KOHKPETHOMY JTaHOMY.

Ipenuxatu T, F, A, Y MOHOTOHHI i aHTUTOHHI, Tpy boMy T, F, A onHO3HAYHI.

Kunacu V-A-xBasiapaux R-npeskatis Ta P-npeaukartis nosuaunmo Pr’ ta PrP",

Knacu V-A-xBasiapuux T-npeaukartis Ta TS-npeaukaris noznadumo Pr7" ta Pr7S".

Knac PrTS" no nesnoi Mipu BupoikeHHuii, yci TS-peiuKaTH, 33 BAHATKOM KOHCTaHTHHX T
Ta F, HEMOHOTOHHI i HEAHTHTOHHI.

Cnenianehi 0-apri komnosuuii — npedukamu-inoukamopu Ez — BU3HAYalOThb HASABHICTb Yy
BXIiZIHHX JIaHUX KOMIIOHEHTH 3 BinoBinHuM z€ V. [Ipenukaru Ez 3a1aeMo TaK:

T(Ez)={d|d(z)}}; F(Ez)={d|d(z)T}.

Ipenukaru-inankaropy £z TOTanbHi, 0JHO3HAYHI, HOMOHOTOHHI, HEAHTUTOHHI.

Koxne xe V Take, o x # z, HeictoTHe a1 Ez.

Maemo Exv—Ex=T, Ex&—-Ex=F.

Taxum ynnoM, B 1KHJI MOXHa BUAITHTA KOHCTAHTHI NPEUKATH.

CemanTiana ocroa KHJI — kommosumiitni npeaukatwi cuctemu surnsny (“A, Pr'™, Cg), ne
Cp — MHOXMHa 0a30BMX komnosuuiid. KokHa Taka cucrema 3ajgae ABi anreOpu: anredpy AaHHX
("4, Pr") ta xommosuuiitny anre6py npemmkatis (Pr' ™, Cp).
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Ommmemo 6a3o0Bi kommosumii 1YKHITL.
Kommo3unii mpomno3uIifHoro piBHA TPaAHIiifHO Ha3UBAIOTH JIOTIYHHMH 3B’sI3KaMH. BoHu €
aHaJIOraMH CHJIBHUX 3B's130K KutiHi, ToMy iX HasuBatoTh KitiHieBUMH.
3a 6a30Bi JIOT14YHI 3B’I3KK R-TIpeANKATIB Bi3bMEMO — Ta V, BOHU 3aal0ThCS TaK:
I(—=P) = F(P); F(=P)=T(P);
T(PvQ) = T(P)VT(Q); F(PvQ)=F(P)NF(Q).
Tloxiani koMno3uuii —, &, <> BUPaXKAIOTHCS Yepe3 0a30Bi KOMIO3HUILT — Ta V:
P&O = —(—Pv—=0); P>0=—-PvO; P—~0=(P>0)&(QO—P).
Komnosuuis posupenoi penominayii RLY : Pr’™— Pr'~* sanaetbest ymosoo:
REL(P)NA]=P[r ()]
R;ﬁ MO>KHA BU3HAUUTH uepe3 o0JIacTi iCTHHHOCTI Ta XUOHOCTI IpeiKaTa R;ﬁ (P):
v, — Vv v .
TRZL(P)={de’A| ry'[ (d) eT(P)};
v _ Vi v
FRIU(P)={de’A]| 17| (d) eF(P)}.
Sk 1 1 onepanii peHOMiHaLil, HOPSIOK Map iMeH B MO3HAYEHHI KOMIO3HULIIT peHOMIHawLil He
Mae 3navenns. Hampurotag, R, R, R*Y| — pisHi nosnadenns onmiei i Tiel sk kommosuuii.
Kommo3suii peHomiHamii Rz € OKPEMHM BHUIAJAKOM KOMITO3HILi it Rgf_ .
Penominarist R 6e3 mapameTpiB Jie sk TOTOXHE BimoOpaxkenus:: R(P) = P.
TepronopsKoBi JOriKM XapaKTePU3yIOTbCS HAsBHICTIO 1-apHUX KOMIO3HLIH KBaHTH(DiKaLiT
3x Ta Vx. 3a 6a30By Bi3bMeMO KOMIIO3HILit0 Jx, TOJi KoMIo3uLis Vx € noxionoiw: VxP = —3x—P.
Kommno3uuis 3x 3anaeTbes Tak:
TExP)= {d |dVx+>aeT(P)}; FExP)=({d|dVx+>aec F(P)}.

aed aed

Jnst obacti HEBU3HAYEHOCTI OTPUMYEMO:
1L @ExP)=T(@ExP)NF@xP)=({d|dVxi>ae F(P)u L(P)}n U {d|dVx>ael (P)}.
acAd aeAd

Jlnst P-pennkatis Tomi Maemo L(IxQ) = {d |Q(dVx—> a)=T} N J{d |dVx>ael (P)}.
acA acA

ToMmy juisi P-TIpeiNKaTiB OTPUMYEMO:
IO(d)T & O(dVxt—=>b)T s nesikoro beA ta Hemoxuuso IxQ(d) = T.

BusnauaneHo ocobnuBicTio LC € HasBHICTB cHelialbHOI HEMOHOTOHHOI 1-apHOi KOMITO-
3uLlii npeduramnoz2o donogrenns ~ . KOMIo3uIiito ~ 3a1aeMo Tak:

T(CP)= L(P)=T(P)UF(P), FCP)=9.
Touni maemo L (TP)=T(P)UF(P).
Jlnst P-npenyikatiB KOMIIO3UIII0 ~ MOXHa 3a1aTH [7] Tak:
CPXd) = HeBHZ};a‘fg}III;? sfrjc(;ligT,P(d)l

Kitac P-nipejuKaTiB 3aMKHEHHH 1100 KOMITO3HLIH —, V, =, &, R‘;‘z, dx, ~.
BoaHovac koMmo3uiist ~ He 30epirae TOTaJbHICTh R-peanKariB.
Teepmkenns 1. Jlns koxnoro Qe Pr' maemo ~Q € PrP";

s koxuoro Qe PrT" maemo ~Q = A.
Hacainok. Knacu T-nipenukatis ta 7S-npeauKariB He3aMKHEHI 010 ~ .
Ile o3nauae, mo pist 7-npeaukaris ta 7S-npeaukatis LC He MaloTh cMuciy.



B cuny nesamkaenocti Pr7S"™ ta Pr7’ mono ~, a Takox BpaxoByHOUHM AyalbHicTh [2]
knacis PrP" it Pr7" i Bupomxenicts Pr7S" KopeKTHo posrsnaru aume LC R-npenukatis Ta
P-nipenkaris.

B 3araipHOMY BHIJKy R-TIpEIMKATiB JOLLIEHO PO3MISAIATH JIOTIKH YMCTOTO TIEPIIOTIOPSIKO-
Boro pisas L1¢ ta L19€. Y Bunanxy P-npenukatis MaeMo Binnosiani noriku L1 ta L1927,

JIyist 1IMX JIOTIK MaeEMO TaKi MHOKUHH 0a30BUX KOMITO3HIIIN:

—Cip={=,Vv,RIT, 3x, Ex} noa L1, L9,

—Cioc= {—,V R; ', 3x, Ex,” } ans L19€, L,9¢P,

Maemo yucmi nepuionopaokosi komnosuyitini cucmemu R-nipemuxatis (A, Pr', Cip) Ta
(VA, PrViA, CLQC);

BiamnoBinsi vucmi nepuionopsaokosi KoMno3uyitini KOMno3uyiliHi anzebpu R-npenukaris:

—A19= (P, Crp);

— A19€ = (P, CLoo);

Knac P-npenukatis 3amMkHeHuii mogo 6asosux kommnosuuiii Cip Ta Croc. Tomy B 419 Ta
A.9€ puninstemo taki mifanreOpu — YUCTi MEPIIONOPSIIKOBI KOMITO3HLiHHI anreOpu P-IpeAnKaTiB:

—A19P = (PrP", C1p);

— A19P = (PrP", C1oc);

OCHOBHI BJIaCTHBOCTI NPOIMO3MIIMHUX KOMIIO3MIIiH aHAJOTi4HI BIACTHBOCTSAM KIACHYHHX
Jsioriyanx 3B’s130K (auB. [10]). Lle koMyTaTHBHICTD Vv Ta &; acCOLiaTHBHICTh V Ta &; AUCTPUOYTHUB-
HICTB Ul V Ta &; iIEMIOTEHTHICTh V Ta &; 3aKOHM NOTJIMHAHHSI; 3aKOHM Jie MopraHa; 3HATTS
MO/IBIHOTO 3allepeyueHHs; 3aKOH KOHTPAO3HMIIii.

Maemo tpaauuiiini (zuB. [10]) BracTrBOCTI KOMIIO3HUILIH KBaHTH(IKALT: KOMYTaTUBHICTh OJI-
HOTHUITHUX KBAHTOPIB; 3aKOHH Jie¢ MopraHa Juisi KBAHTOPIB; HEICTOTHICTh KBaHTH()IKOBaHHX IMEH:

Tepxenns 2. Komnosuuii —, v, R‘;’{, JIx 30epiraroTh TOTAIBHICTh, MOHOTOHHICTB i AHTHU-
TOHHICTB MTPE/INKATIB.

Teepkenns 3. Hexaii ze V neictotne st P. Toni R} S (P)=RIT(P).

Teepmxenns 4. Iv’st xe V neicrorne s R (P), sxmo x ¢ {y} .

Teopema 1. BiacTuBocTi, OB’ A3aHi 3 KOMITIO3HLI€X0 PO3LMIUPEHOT PEHOMIHALLIT:

R) R(P) = P — TOTOXHA pEHOMiHAaILlisl;

Ru) RITT(P)=RIT(P);

R1U) Hexaii ze V neicrorue s P; toni R3Y (P)=RIT(P);

Ri—) R (=P)=—RI7(P);

Riv) RIT(PvQ)=RIT(P)VRIT(Q);

RUR) R (RE(P) =R} 11

3ropTky KOMIO3HMLIIH peHOMiHaui'f 3aJ]a€EMO 4epe3 3TOPTKY onepauiﬁ peHoMiHawii: s Beix
PePr’ 1a de”4 maemo Ry o2 (P)(d) = (R‘ “(RE i(P)))(d) P(r 27 (d)) = P(ey

Ren) sKI1o z HeicToTHE 115 P, to JyP =3zRJ(P) - HepeﬁMeHyBaHH}I KBAaHTOPHOT'O IMEHi;

' (P) — 3ropTka peHOMiHaIiii.

R13s) HRIT(P) =R (IyP) 3a ymosn y ¢ {v,X,u} — npocta RI-nuctpuGyTnBHicTs;

Ru3) Rv‘f'ji (FyP)= HzR;"L o’ (P), ne z ¢ {v,x,u} HeicroTHe Wi P — R3-1ucTpHOyTUBHICTS.

EnimiHanis KBaHTOPIB 0a3y€eThCs Ha TAKKUX BIACTHBOCTSX.

Teopema 2. T(Rﬁ“"f (P)) N T(Ey) cT(RLV (3xP)) (T3vy)
FRIT(@ExP)) N T(Ey) c F(RLT(P)) (F3vy)

v,Ly
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T(RZT(P)) C F(Ey) W T(RET (3xP)) (T3uy)

v.Ly

F(REV(3xP))c F(Ey) U F(RET (P)) (F3uy)

5L w1y
Teepakenns 5. Bnactusocti peHoMiHaMLIT TpejUKaTiB-1HAUKATOPIB:
— RU" (Ez)=F; sokpema, R (Ez)=F;

¥, 1.1l
— RI'* (Ez) = Ey ; 30kpema, R%(Ez) = Ey;
— RYY (Ez) = Ez, sxwo z ¢ {V,u}; sokpema: R!(Ez)=Ez; RY(Ez)=Ez.

L

Vi

Vei npenukatu Burasay R;7 (Ey) € TOTanbHUMH, JuIs HUX | (RIT(Ey)=9.
Teepakennst 6. BractuBocti npenkariB-iHANKaTOPIB, MOB'A3aHI 3 IX KBAHTU(IKALIEO:
—IxEx=—3x—Ex=VxEx=T,
—3dx—Ex =—3dxEx=Vx—Ex=F;
—3Jy Ex == —3y—FEx = VyEx = EXx;
—dy—Ex=—-JyEx=Vy—Ex=—Ex.
HasBricts B 1L npeamkariB-inankaropiB Ez 1ae 3MOry pi3sHUMH CIoco0aMu 337aTH KOHC-
TanTHi npeaukary T ta F. Haitnpocriwi nonanust: —Ezv Ez =T, —Ez & Ez =F.
OnuiemMo BIaCTUBOCTI, OB s3aH] 3 KOMIO3HUIIEI0 MPETUKATHOTO JOTTOBHEHHS.
Teepukennst 7. 3riIHO BU3HAYCHb OTPHUMYEMO:
F(="P)=T("P)= L(P)=T(P)NF(P);
T(=P)=F(CP)=0;
L (="P)=L(CP)=T(P)UF(P).
Teepkenns 8. "—Q="0; ~70="0; TTTTQ0="0.
Jns Qe PrP" nonatkoBo maemo: ~~Q0=0v—0.
TaxuMm ynHOM, OaraToKpaTHE 3aCTOCYBAHHS KOMIIO3MLIT ~ 3BOJUTHCS A0 1-KpaTHOrO Ta 10 2-
KpaTHOTO ii 3aCTOCYBaHHs.
Teepmxenns 9. [liss = Ha koHcTauTHi npeaukatin: ~A=T ta ~T="F="Y=A.
T, sxkmo A (d)T, _
HeBu3Hayene, AKWO A (d)

Cripasi, IUIst KOXKHOTO d€ Y4 Mmaemo A (d) = T.

Mpenukaru T, F, Y ToraneHi, tomy ~T= "F="Y = A 3rinHo TBep/ukeHHs 1.
Teepmxennst 10. Ov—0v =0 =T; “(Qv-0v~Q0)=A.
Cupagni, (Qv—0 v ~0) = TIOVFQT(Q)UF(Q) ="4;
F(Ov-0v~0)=FONF-ONF(T0) = FONT(OND = <.
I3 BU3HaueHb OTpUMY€EMO BiacTuBicTh R |~ -aucTpuOyTHBHOCTI:
R, ™) RELCO) = "RELO).

3. MoBu tYKHJI

Onumemo mosu (YKHJL 3aypaxumo, 1o i3 cuntakcuunoro norusty mMosu Li9€ ta Ly
OJJHAKOBI, 1X BIIMIHHICTb — y Pi3HHX KJIacax iHTeprperauiii. AsdasiT MOBH:

— MHOXHHA V IpeIMETHUX iMeH (3MiHHHUX),

— MHOXKMHA Ps IPeINKAaTHUX CHMBOJIIB — CUTHATYpa MOBH,

ocp

v

—mHuoxkuHa Cs = {—,Vv,RY", Ex, 3x, 7 } cuMBoOMiB 6230BUX KOMIO3HUIIiH.

JlaMo iHIyKTHBHE BU3HAYCHHS MHOXXHHH F7 pOpMyIT MOBH:
— KOXHUH pePs ta koxHUI Ex € HopMyJIor0; Taki (opMyiu aToMapHi;
—nexait ®,YeFr;, troni —~®elr, vOVYeFr, R;‘fd) € Fr, AxbeFr, " O eFr.
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MHOKHHY HEiCTOTHHX ISt pePs iMeH 3a1amo 3a JIOTIOMOTOI0 BimoOpaxkerns v : Ps — 2. Jlns
3a/IaHHS MHOMKHHY FapaHTOBAHO HEICTOTHUX /Uis (POPMyYIT iMEH TaKy V HPOJOBXKUMO 110 V : Fr—>2":
V(=®P) = v(D);
V(VOY) = v(®)Nv(VP);
D) = (VD) IAVL Vi, U ttm}) i | VigV(D)iel .}
V(Ex) = V\{x};
v(3xD) = v(®)U{x};
v(TD)=v(D).
3a/1aMo MHOKMHY V7 C V TOTaJIbHO HEICTOTHHX IMEH, TOOTO iMEH, HEICTOTHUX I BCiX pEPs:
Ve=N v(p)

pePs

Posmmpena curnatypa mosu L19€ —ue X = (V, Vr, Cs, Ps).

Teopema 3. Skuo xe v(®P), To x HeicToTHE WIst popmynn O.

InTepnperyemo moBy L1 Ha xommosumiiinux cuctemax CS = (V4, Pr', Cioc).

CumBosM 6230BHX KOMITO3HUINN IHTEPIPETYEMO SIK BiAMOBIAHI KOMITO3HUIT, CHMBOIN EX — 5K
BiIMOBiNHI NMpeauKkaTH-iHuKaTopn Ex. 3amaeMo ToTambHe opHo3HauHe [ : Ps— PrP’, axe mpo-
JIOBXKHMO JI0 Bilo6pakenns inTepnperarii [ : Fr—s PrP"™:

1(=®@) ==([(D)), I(vDY)=Vv({(D), [('V)),
I(RZT®) =R 7 (1(®)), I[(Fx®) =Ix(U(D)), I(TD)= "(I(D)).

Tpitixy J = (CS, X, I) Hassemo inmepnpemayicio mosu L19C.

CKOpOYEHO iHTeprpeTaLil MOBH MO3HAYAEMO 5K (4, ]).

IIpenmerne im's xe V HeictoTHe it popmynu O, KO NpH KOXKHIN iHTeprpeTawii J iM's x
HeicToTHe [y1s peukara @y.

Moy L1¢ BusHauaemo aHanoriuHo mosi L19C, omyckaroun MmyHKTH, MOB’SI3aHi 3 CHMBOIOM

Kutacu inTeprpeTariif MOBM Ha3MBaIOTh CEMAaHTHKAMH.

V sumankax L19 ta L19€ maemo cemanTuku 1R, LRc Ta 1P, 1 Pc.

®dopmyina @ HecrpocTOBHA (YACTKOBO iCTUHHA) NpH iHTepnperauii J, mo nosH. J|=®, axuio
npenukat O, — HecnpocToBHMH. PopMyna d HeCIPOCTOBHA (JACTKOBO iCTHHHA) B CEMAHTHIII O, 11O
no3H. %=, sxuio J |= ® npu koxHii Jea.

Dopmyna O ToTokHO icTHHHA npH iHTepnperanii J (mo3H. J [=i¢ ©), sikimo @y =T.

®Dopmyna O TOTOXHO ICTHHHA B CeMaHTHLI O (M03H. “|=ig D), a0 J |=i¢ ® npu koxHii Jea.

SIkio cemaHTHKa ¢ 3aiKCOBaHa, TO 3aMiCTh %|=, %|=j¢ MHUIIEMO |=, |=id.

Dopmyna O BuKoHyBaHa npy iHTepnperanii J, akio npeaukar O — BUKOHYBaHUH.

Dopmyna @ BHKOHyBaHA B CEMaHTHII Q. ko O BUKOHYBaHa IpH HesiKii Jea.

13 Bu3Hauens orpumyemo: J|=iqy® = J|=0 Ta |[=iq P = = O.

B (KHJI MHOXHHH HECTIPOCTOBHHX 1 TOTOXKHO iCTHHHHX (H)OPMYII HEIIOPOIKHi:

Tpuxaan 1. 3rigao Exv—Ex = T maemo %=y Exv—EXx.

Ha ocHoBi TBepKeHHS 9 0TpUMy€EMO

Mpuxaan 2. s Beix @eFrta Je1lRc maemo (Dv—Dv @D );=Tta =~ (Ov—Dv "D );=A .

Mpuxaan 3. [l Beix O eFr maemo %=iq Ov—Dv "D (o —1Rc un 1Pc).

DopMyH, SIKi 3aBXKIH IHTEPIPETYIOTHCS IK KOHCTAHTHI PEANKATH, HA3BEMO KOHCTAHTHUMH.

V.iLz

3okpema, Businsgemo t-hpopmyu, r-popmyinn, 1-popmymu. Hanpuknan, R (Ez) — p-bopmyna.
Ha (YKHJI nommpumo nousTTs Un-ekBiBaTeHTHHX GOpMyIIL.
"TT(®) — R-popmyna Taka, mo {ir,w} < v(P) . R-dpopmyny Ry (), yTBOpeHy i3
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v,Z
Ll

Rs-¢popmoro R-popmymu R

X,

(®) crpolIeHHSM 30BHIIHBOI peHOMiHAIIii Ha 0cHOBI BiactuBocTeii R, RiI, R1U, Ha3Bemo

T3 (®) . Rs-dpopmu R-popmyn Hazsemo Rs-gpopmynamu.
Slkimo E — Rs-popma R-popmyin ¥, To s Beix intepnperauiit J maemo Z; =Y.
Jns 1YKHJI BBeaemMo nousTTss Un-exBiBaneHTHUX GOpMyI, TOOTO GopMyIl, eKBiBaJIECHTHHX 3
TOYHICTIO 10 Heoznayenux npeameTHux iMeH. st YUKHIT nonibHe noHsaTTs po3risiHyTe B [4.
Hexait Unc V' — nesika MHOXXHHA IMEH (3MIHHHUX), sIKi OyJeMO TPaKTyBaTH SIK HEO3HAYEHi.
®opmynu W ta E — Un-exsisanenti, sximo Wy (d) =2, (d) ns seix J = (4, 1) 1a de”4 ||-un.
Te, uo ¥ ta E € Un-exkBiBaeHTHUMH, 3anucyemo ¥ ~yy, E.

opmyramu. Un-popmynu MatoTh BUTIIST Ri‘vtb, ne {x,vinUn=9.
Ionsrrst Un-hopMu PUPOTHIM YHHOM IOIIHPIOETCS Ha 3aIlepedeH s Rs-(popMyIL.
Teepmuxenns 11. ko V¥ — Un-popma popmymu @, ro O~y \P.
Hacainok. Sxmo Rs-popmynu ¥ ta = marots ogaakosi Un-dpopmu, 10 W ~uy Z.

4. Binnowmenns Jioriunoro Hacaiaky B 1YKHJI

Ha muoxunax dopmya Mo L1€ ta L19C BU3HAUNMO HU3KY Bi/IHONIEHD JIOTiYHOTO HACTI/KY.
Crioyarky 3a1aMo BiIHOIIEHHS HACITIAKY JUls 1BOX opmy npu ¢ikcoBaHiil intepnperaunii J:
— icTUHHICHU, a60 T-Hacninok J=r: O j=r¥ < T(D,) c T(¥.);
— XuOHiCcHHI, a00 F-Hacninok J=r: O J=r¥ < F(V,)) c F(D));
— cutbHHI, a60 TF-Hacninok j=rr: ® =¥ < @ j=r¥ ta © J=r¥;
— HECTIPOCTOBHICHHH, a00 /R-HacTiA0K J=r: D J=rY < T(DP)H)NF(V)) =D.
BiamoBiHi BiAHOIIEHHS JOTIYHOTO T-HACTIAKY B CEMaHTHII (L 331a€EMO 32 CXEMOIO:
O Y=t ¥, sixio D j=1 ¥ mmst koxxuoOl JE.

BigHOMIEHHS JIOTYHOTO HACIIIKY MOIIMPHMO Ha AP MHOKUH (GOPMYIL.
Hexaii nesika I', A, X < Fr, Hexaii J — inTepnperaist. Jlani mo3Hayaemo:

Uﬂz 7(®,) ax T7(Z)), eﬂz F(8,) ax F(Z)), eﬂzJ_ (0,) ax L7(Zy),

E < B

UT®,) ax TVE), UF®,) s FIE), UL®,) ax L)
ez 0ex 0ex

A € IR-nacnigkom I' npu inrepnperauii J (mo3u. I' = A), skmo (7)) N FY(A)=3.
A € T-nacnigkom I' npu intepnperauii J (no3u. I' Jj=rA), sxmo ()< TV(A)).
A € F-nacninkom I ipu intepuperauii J (o3u. I JJ=r A), sxkmwo F(Ap) < FX(I)).
A € TF-nacninkom I' npu intepnperanii J (no3u. I' j|=rr A), akmo I' jj=rA1a T j|=rA.
BiaroBijHi BiIHOLICHHS JIOMYHOTO T-HACIIAKY B CEMAHTHII O 33J[4EMO 33 CXEMOKO:
T %=t A, sxmo I' /=t A 1 xoxHoi Je.
PosristneMo BigHOIIEHHS storiyHoro Haciinky B 1L. Jlani o — ne 1R, 1P, 1Rc, 1Pc.
B koxHiit 3 LR, 1P, 1Rc, 1Pc MOXHa 3a1aTd 10 4 BiIHOLIECHHS, 110 Ja€ 16 BifHOIICHB
JIorivHOro HacmiKy. I[IpoTe AesKi 3 MUX BiTHOLICHB MOPOXKHI, a JesKi — BUPOIKEHI.
VY Bunazaky 1R ta LP, sk 1 y BUNAJKy BXKE TpaJuLiiHUX ceMaHTHK R Ta P 3i 3BHYailHUMHU
peHominatiamu, Maemo Xj=ir = @ 1a #j=r = #j=¢ = R=1r, wo Tex nae 5 pisanx BinHOWEHD:
Pl=w, PEn P=r, PlEre Rl
CriBBiIHOIIEHHS MK I[UMH BiJHOIIEHHSMH TaKi X, K MK BiJAIOBIJHUMH BiJIHOIIECHHSMHU B
TpaauLiiHux ceManTHK R Ta P (quB. [3]). I'padidHo 1e MOXKHA MOAATH TaK:
P‘:T
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R=rr — Pl=rr =Ir

V¥ Bunanaky LRc Ta LPc cutyanis aemo iHma. J[eTaabHO BIACTHBOCTI BiJHOIICHB JIOTIYHOTO
iy Pe—  Pei— Pe— Pe—  Rel—  Rej—  Rel—,. Rel— : .

HacHiaky =, =1, C=E CErE =R, =R “f=rr B ceManTukax Re Ta Pe 3i 3BUYaitHUME
peHoMiHawismMu onucadi B [9]. B cemantukax LRc Ta LPc BNaCTUBOCTI IMX BiJHOIIEHb aHAJIOTIUHI.

Maemo 8%z § nns koxuoro 9 ePs, Tomy %=1z = @, npore *|=ir nysxe BupoKEHE.

Maemo TR=r ~® Ta —~®F=rA, Bommouac ®Fzr ~® ta DX ®. Tomy
BinHOMmeHHs *|=7 Ta #|=F BiKe cTAIOTH PisHUMH.

Otxe, B LRc Ta 1Pc, sk i B Rc Ta Pc, MaeMo 8 pi3HUX BiJIHOIICHB JIOTTYHOTO HACIIAKY, i3 HUX

oJIHe BixHOUICHHS =1z BHUPOJDKEHE:
Pc‘

Pc|:7_, PC‘:F, Pc|:

=1z, F; Rclle, R(TI:T’ Rcle, RCIZTF-

T'padivmo criBBiAHOMICHHS MK HOHMH MOJKHA TTOJATH TaK:

R¢'|=T N Pc|=T

/ / N

Rel=rr — P=r¢ Pl=g « =
N N /
RC‘ZF N Pcle

BiaHOIIEHHS JOTIYHOTO HACIIIKY 33/1al0Th BiJHOIICHHS JIOT1YHOI €KBiBaJIEHTHOCTI.
BinHoOIIEHHS €KBiBaJICHTHOCTI IIpH iHTepHpeTallii J BU3HAYaeMO 3a TaKOK CXEMOI0:
D~ P, saxmo O =¥ Ta ¥ )=+ .
BiamnosiaHi BigHOLICHHS JOTIYHOT €KBIBAJICHTHOCTI BU3HAYAEMO 3a TAKOIO CXEMOIO:
O %~ W, sixio O 4= ¥ ta ¥ *== P.

Oco0i1MBe 3HaYECHHS Ma€ BIAHOIIEHHS 7 ~7F, ajke @ j~7r ¥ o3nauae, mo Dy ta Wy — 1e ogun
i Toi xe npenukar. Crpasai, © ~r¥ < T(Dy)=T(¥,) ta F(Oy)=F(¥.).

Teopema eKBIBaJICHTHOCTI Ta TeopeMa 3aMiHH eKBiBaleHTHHX B LRc¢ Ta LPc HOpMyITIOIOThCS
TPAJULIAHIM YUHOM (TYT *~77 — 1€ Re e am Pemrp).

Teopema 4. Hexaii @' orpumana 3 ® 3amiHoro geskux Bxomkens @, ..., ©, na W, ..., ¥, .

Sxmo Oy *~mr Wy, ..., @, "~1r ¥, , 10 O ~7p D'

Teopema 5. Hexaii @ *~rr W, Togi @, T'[=+A < W,I'|=xA ta T'|=«A,® ST |=«A, Y.

BitacTHBOCTI BiIHOLIICHB JIOTTYHOrO HACHIAKY B LRc Ta 1LPc aHANOTi4HI BIACTHBOCTSM BiJIIO-
BIJJHUX BiIHOWIEHb B Re Ta Pe (auB. [9]). 14 BCiX LUX BiJHOLIEHb Ma€MO TaKi BJIaCTUBOCTI.

M)TcA,AcX = (I'|=+A = A=+ %) — MOHOTOHHICTb.

ButactuBocrti nekommno3suii Gpopmyi (okpivm ~D ):

1) =@, T = A & O, T |= A

—R) =+ A, D ST = A, D

VL) DV, T =A< O,T = Ata WV, T = A,

W) [ [=A, OV ST [=A, 0,

VL) ~A(DVP), T =+ A & —@, =, T |=+ A;

—VR) = A, «(DVY) S T'=A, P tal [= A, =Y,

Jnst *{=/r nonatkoBo MaeMo:

—u_) —\(]), T PC|=1R AT p”‘=1[e A, CD;
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—) T )= A, =@ < @, = A.
Jlexomnosuuis popmys ~@ Mae 0coOIHBOCTI.
Teopema 6. st 7“|=r HeMOXKITMBO KOPEKTHO 3a/1aTH yMOBH JIEKOMIIO3HILIT hopmyrn ~d .

Ile 3yMoBIIOE HEOOXiMHICTB TIepexoy Bil “|=/r 10 3aranbHinIOro BifHOmEHHS [=/&" HeCTpo-
CTOBHICHOTO JIOTIYHOTO HACIiJKy 32 YMOB HEBH3HA4CHOCTI, 1110 3pobiieHo B [7,9]. B npomy miaHi
BinHONIeHHS 7°|=/8 B Pc Ta 1Pc Tex HEKOPEKTHE, HOTo Jali po3riaiaaTh He Gyaemo.

BractuBocTi aekommosutii popmyn ~® s Pe=r, P¢|=r, £=r1, £|=F Taxi x, 1% B Rc Ta Pc:

i) TO,T |FrA < Tl=rA, O, —O;

“rT) T FrA, 7O < O,T |=rA 1a =@, T |=7A;

—"RA) T =FA, =0 < T,0,-D=rA;

—7F) =D, [=rA & T|=rA,® ta [|=rA, D,

-7 1:1) r |=TA, -0 & T ‘=7‘A;

“E) O, |FrA & TFrA.

JUts BiIHOILIEHB THITY |=7 Ta THILY [=F MA€MO Pi3Hi BIACTUBOCTI Aekommosuuii popmyn ~@,
sIKI He MOXKHA HOJATH SIK CIIUIBHY BIIACTHBICTD VI BiHOIIEHb THUITY [=7TF, IO 3yMOBJICHO aCHMeET-
PHYHOIO MOBEIIHKOK KOMNO3MIII ~ 1010 obiacreil ictuHHOCTI i XxuOHOCTI. ToMy BiacTuBOCTI
nexomnosunii popmyn ~® mns Binmomens j=7r Ta X|=7r orpuMyemo, moemmytoun BinnopinHi
BJIACTMBOCTI BiJIHOILEHb TUILY [=7 Ta THILY |=F:

~O,T A < “O,T|=rA 1a “®,T |=rA < Tl=rA, ®,—® 1a T |=rA.

T'=rrA, =@ < T'l=rA, =@ tal' |=rA, =@ & T'l=rATal, ®, D |=rA.

T'l=rrA, "0 < Tl=ErA, 7O tal |FrA, "0 < O, T |=rA 12 =0, T |=7A.

O, TFrA & = O, T|=rA1a =~ O, T'|=rA & T'|=rA,® 1a I'|=rA,—D.

BitacTHBOCTI €KBIBaJICHTHUX NMEPETBOPEHb iHAYKOBaHI BIACTHUBOCTAMHM mpeaukatiB R, Rul,
RiU, Ri—, Riv, RiR, Ri3, Ri3s i3 Teopemu 1 Ta BractusicTio R, ™. Koxkna 3 Hux 3agae 4 Bia-
CTHBOCTI VISl BiHOIICHHS JIOTIYHOTO HACIIJKY, KOJM BHALIEHA (opMyia uM ii 3amepedeHHs — B
JiBil yM mpaBiil yacTHHI BigHOWCHHS. [IpH KOXHIN iHTEprpeTaNuii NpeanKaTu, IO € 3HAYCHHIMU
BUiIeHUX (Bopmy, 30iratoTees. HaBenemo as npukiiaay BIacTUBOCTI, iHxykoBaHi R ™.

R, 71) R;f Co),I'=A= ~R;"I(CD), T=A;

R, "R T[=ARIT(T®) & T = A, "R (D);

—R,71) “RI(CO), T [=Ae = RI(D),T|=A;

“R, R T[=A, R (CO) & T |=A, "R (D).

BracTUBOCTI eKBIBaICHTHHX IEPETBOPEHb MU BINHOLICHb TUILY |=7F TEX BIpHIi, mpoTe ix
3a71a€MO OIIOCEPEKOBAHO, Yepe3 BIANOBIIHI BIACTUBOCTI JUIs BIAHOLIEHD TUILY |=7 Ta TUILY |=F.

Jl1s BiJHOIIEHb TUMIB|=7 Ta [=F Ma€EMO BJIACTHBOCTI, OB'A3aHi 3 eJlIMiHALli€}0 KBAaHTOPIB.

) I, I |=+A < RI(D),Ez,I'|=+ A 3a ymosu zefu(I, A, IxD)).

JRu) RYT(Ex®),C[=A < RUTH(D),Ez,T =« A 3a ymosu z € fu(l,A, R;:i (Fxd)).

—3R) [[=+—3IxP,A < I, Ez[=+— R (D),A 3aymoBuzefu(l, A, IxdD)).

—IRR) L= =R (3xD),A & T,Ez|=—R.TH(D),A 3aymosu z € fu(l,A, R (IxD)).

3vp) T, By |=3x®,A < T, Ey|=3x®, R} (D),A.

IRR) T, Ey[=+A, R (3x®) < T,Ey|=A,RLT(3IxD), R

—3v1) =3 D, Ey, T = A & —3x®,—R (D), Ey, T =< A.
—3Ruve) =RY" (Ix®), Ey,T = A < —R7 (Ixd), R (), Ey,T'|=« A.

WL w,L WLy

v
X
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BunactuBocti E-po3noity Ta HEpBICHOTO O3HAUEHHS:

Ed)T|=+A < TI'|=+A,Ey ta Ey,I'|=-A.

EV)T |=+A < Ez,T|=A, ne zefu(T, A).

Po3risiHeMO BJIaCTHBOCTI, TOB'sI3aHi 3 peIrKaTaMU-iHIMKaTOpaMH.

Ipu nepeHecenni ¢popmyian —@, sika 3aBKIU iHTEPNPETyeThes K QeTS, 3 JiBOi YaCTHHH
BiJJHOLIICHHS Y IPaBy 1 HABMAKH, MOYKHA 3HIMATH —. 3BIZICH BIIaCTHBOCTI:

—g) —Ey, L= A ST [=AEy, Tl=A,—Ey < Ey,T'[=A;

—R1E) ~RLT(E2),T |=+ A & T |= A, Ry (Ez2); T |=+ A, =R (Ez) < Ry (Ez),T = A,

BiacTuBOCTI CIpOIeHHS PU peHoMiHaii £z:

Rig) RUT(Ez),T|=«A < EzT|=A 1a T'|= AR (Ez) < T |= A Ez (tyr z ¢ {v,i});

X, L

Ripy) RI2(E2),T|=A <> Ey,T|=A 1a T'|=A,RI7*(Ez) < T'|= A, Ey;

©.L, 7Ly

Elrg) I [=« A, RUT (Ez) < T |=+ A — eniminanis p-opmyimi:

HaBenemo B1acTHBOCTI, SIKi eapanmytoms HasBHICTb BiJHOIICHHS JIOTIYHOTO HACIIIKY:
C) ®,T =+ A, ®;

CL) ©,—®, T |=rA;

CR)T |=r A, @, —D;

CF) R (E2). L= AL

CT) T'l=."d,A;

C=") =7 @,T =rA.

Teopema 7. MaeMo BIacTHBOCTI FapaHTOBAHOT HASBHOCT] BiAHOIICHHS JIOTYHOrO HACII/KY:
- C,CL,CF, C—=~ nna™=r;

—C,CR,CF, C~ nmna’=r;

-C,CF, C=~ am™=r;

~C,CF, C~ nna™=r.

5. BinHowenns Jioriunoro Hacaiaky B 1YKHJI 3a yMoB HeBH3HAaueHOCTI

HekopekTHicTb BifgHOWEHb TUIY |=;r B 1LC MOTHBYE mepexii 10 3arajbHILIMX BiJHOLICHb
JIOTIYHOTO HACTIAKY 3a YMOB HeBh3Ha4yeHOCTi. CroYaTKy 3aJaMo BiJHOLICHHS HACITiJKy 3a yMOB
HEBU3HaueHOCTI npH (ikcopaHiit inrepnperauii J. Hexaii I', U,Ac Fr.

A ¢ IR-nacninkom I' 3a ymoB meuzHauenocti U mpu J, mo mosnaunmo U/T j|=x*A, sxmo
TN LY UNNF(A)=D.

A € T-nacnmigkoM I' 3a ymoB HeBusHauenocti U npu J, mo noszHauumo U /T j=r~A, sxiio
() A LOU) S TAA).

A € F-nacninkom I' 3a ymoB HeusHauenocti U npu J, mo nosnauumo U/T jj=r A, sxuio
Fr(A)ALAUNSFAT).

BifHOIIEHHS J102iYH020 HACTIOKY 3d YMO8 HeBUSHAYEeHOCHi B CEMAHTHIIl O, BU3HAYAEMO 3a
Tpaauuiinoio cxemoro: U/T %=t A, sxumo U/T j=t A s Beix Jea.

Otpumyemo Biamomenns =", *|=r, |=rt, R=r", R|=¢".

Binnomenns =77 ta f|=7r' 6ynemo tpaxtysatu sx noximui sin “j=rt, U=, f=rt, K=t

Sk i B cemantukax Pc ta Re (nus. [9]), ciBpignomenns mix [=irt, 7j=rt, F|=¢", Fl=rrt, Rl=r",
Ri=pL, R=gz! inenTnuni cnipsinnomennam misk =z, £¢j=r1, £¢|=F, *|=1F, %=1, X|=F, *|=1r:

VY Bunagkax 1Pc ta LRc 1 BiIHOLICHb THINB |[=7 Ta |[=F CHPaBKYETbCS TEOpPEMa IPO
eNiMiHaIli0 YMOB HeBHU3HaueHOCTI [9].

Teopema 8. W,U/T Pl=r' A & W/T Fl=r* A, U,~U; W,U/TR=r'A & W/TR=rA, U, U;

W,U/TF=rtA < W/T,U, U=t A; W,U/TR=rtA < W/T,U, " Uf=rtA.
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Ile o3navae, mo Bigomenns *|=r+, 7=, |=r*, f|=r" 1a *|=1#", fj=rr" Moxmna mpomMonesto-
BaTH 3 I0TOMOro10 =7, P|=p, #|=r, R|=F, ycyHyBIIM yMOBU HEBU3HAYEHOCTI.

BoaHouac s [=r: Hemoocau6o yCyHyTH yMOBH HEBU3HAYEHOCTI i THM CAMMM MPOMOJIEIIO-
BaTH |=x"- 3a sjonomororo =k ToMy BiHOUIEHHS [=/x" He MOKHA 3BECTH /10 BinHOUIEHHS |=/z.

TaKkuM YHHOM, i3 BBEICHUX BiIHOIICHB JIOTIYHOrO HACII/AKY 38 YMOB HEBH3HAYCHOCTI ACTalIb-
HO PO3IJIAATH JOLIIBHO JIMIIE BiAHOMIEHHS |=R" .

BunactuBocrti BinHoweHHs |=z" B cemantuui Pc netansHo onucadi B [7,9], mi BractuBoCTi
OyayTh BipHUMH 1 1S BIAHOLICHHS [=/r" B cemaHTHLi LPc.

SBHe Buninenus L-o6nacteit B [=z" 1ae 3Mory pOOHTH BiAIIOBiIHY JEKOMIIO3ULIIO GopMyII:

) U=8/T]=rtA < U,8/T =t A

vu) U, OVv8 /T |t A < U,0,9/T=rtA 1aU®/T |t 9,A1a U, /T =" @, A,

~0)U,"®/TErtA © U/O,T'=rtA taU/T |=r-A, ©;

~)U/"O,T |FrtA < U, ®/T|=r*A.

BiacTHBOCTI €KBiBAJIEHTHHX [IEPETBOPEHD Ta eNliMiHAL{T KBAHTOPIB /s |=&* B cemanTuLi LPC
Taki Xk, sk B cemantuui Pe (aus. [8,9]).

B cemanTHii 1Pc yMOBH rapaHTOBAaHOI HAasBHOCTI [=/z" IOpIBHSHHO 3 Pc POLIMPIOIOTHCS
TOB'sI3aHMMH 3 TIpeIMKaTaMu-inauKaTopamu ymosamu CUF ta Cly, . TOMy OTpUMYEMO Taki yMOBH:

Cr) U/, T ¥l=pt A, @;

Cur) U, @/ @, T #=rt A;

Cur) U, @ /T =it A, @;

CY™) U/TH=itA, " @

CUF) U/RIT (E2), T ¥ =t A;

Tl

Cy.) U,RVI(Ey)/T =" A; 30kpema, U, Ey /T |=r-A.

.l

BucHoBku

JlociKkeHo HOBI KJIacH MPOrPaMHO-OPi€HTOBAHUX JIOTTYHUX (POPMai3MiB — YHUCTI MEPLIONO-
PSLIKOBI JIOTIKH 3 KOMIIO3HIII€I0 IPEIHKATHOIO JOMOBHEHHs. OCOOIMBICTIO IPOIIOHOBAHUX JIOTIK €
BUKOPUCTAHHS PO3LIMPEHUX DPEHOMIHAL[N Ta MpeIUKaTiB-iHANKATOPIB HASBHOCTI 3HAYCHHS VIS
3MiHHUX. ONMCAaHO KOMIIO3MILIHHI anreOpu i MOBH TaKHUX JIOTIK, JOCHIJUKEHO iX CEeMaHTHYHI
BJIACTUBOCTI. ISl IUX JIOTIK 3alPONOHOBAHO 1 JOCHIIXKEHO HU3KY BiJHOIIEHD JIOTIYHOTO HACIIJKY,
30KpeMa, BiJHOLICHb JIOTIYHOTO HACIIIKY 32 YMOB HEBH3HAYEHOCTI. BIIaCTHBOCTI LIUX BiJHOLICHb —
CEMaHTHYHA OCHOBA MOAAJIBIIOT TOOYI0BH JUIS LIUX JIOTIK YUCICHb CEKBEHLIHOTO THITY.

Ha 1iii ceMaHTHYHIli OCHOBI B HACTYITHMX CTaTTSAX IUIAHYETHCS MOOYI0BA JUIS IPOIOHOBAHUX
JIOTiK HU3KH YHCICHb CEKBEHI[IHHOTO THITY.
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AJI'OPUTMMU I ®OPMAJIBHI MOJEJI OBYUCJ/IEHD

O.1. IIposomap

Anortauisi. Posrisaatorsest pisHi GopmaibHi Mojeni obuucienb. [TokasaHo, sk 004YUCITIOIOTHCS
(dyHKIiT Ha OCHOBI TakuX Mojeneil. PoOMTBCS BHCHOBOK PO Te, IO O3MVIAHYTI (opMmaibHi Moperi
00uKMCIICH MOXKHA MOJCIIOBATH B PaMKaX THX Y iHIIMX Kateropiil i GyayBarth abCTpakTHy TEOpito
O0YMCITIFOBAHOCTI i Bi/IOBIIHI MOBH IIPOrpaMyBaHHs Ha KaTErOPHii OCHOBI.

Abstract. Different formal models of calculation are considered. It is shown how functions are
calculating on base of such models. It is concluded that the considered formal models of computation can
be described within certain categories and build an abstract theory of computability and the corresponding
programming languages on categorical bases.

Keywords: category, fuzzy set, A-calculus, recursive function.

1. Beryn

Posrnsimemo mpoctuii npuxiaan. Hexall MaeMo CKiHUGHHY MHOKMHY M HaTypaabHHUX UMCEI.
HeoOxinHo 3HaiiTh MiHIMaIbHUI eneMeHT wiel MHOXHHH. [IpumycTuMO, [0 B HAac €
CepeIoBHIIle, SIKE O3BOJISIE OMHCYBATH JMOBUIbHI CTPYKTYpPH AaHHX, 30KpeMa MHOXHHY M Ta
MOHATTS MIHIMAIbHOTO eneMeHTta. KpiM 1bOro, B IbOMY CEpEIOBHINI € 3aCOOM OMUCAHHS 1
BUKOHAHHS QJITOPHTMIB HAJ CTPYKTypamu AaHuX. TOIi B TaKOMY CEpEeIOBHII MOXe OyTH
3HaliIeHn il MiHIMAIbHAH €JIEMEHT MHOKUHH M SIK eJIEMEHT BiIIIOBIIHOT CTPYKTYPH JaHHX.

Hanpuknan, MHOXMHY M MOXKHA ONMCATH BIJHOIIEHHAM IIPEINOpsaKy <. 3a
BIJHOLICHHAM MPEANOPSAKY MoOyayBaTH Kareropito mpemnopsaky (M, <). MiniManbHuit
€JIEMEHT MHOXKMHHN M B I[bOMY BUTIAJIKy MOKHA 3HANTH, SK MOYATKOBUH 00’ €KT KaTeropii.

2. PexypcuBHi GpyHKmii

TTokaszaty anropuTMidHy OOYMCIIOBAHICTh (BYHKIIN HUISIXOM 11 HAIEKHOCTI 0 KIacy 4acTKOBO
PEKYpCUBHHX (DyHKIIH JOCUTbH CKIIAJHO, OKpiM Hainmpocrimmx ¢pynkuiii. KpiM Toro, B KoxHOMY
KOHKPETHOMY BHTIAJIKy Iie moTpebye moOynoBu MaTeMaTHIHOI Mojeni GyHKii y BUTIIAAI Tepma
i3 oOumcIOBaHKUX omepaliii Hax OazoBuMu QyHkiisiMu. bazoBumu ¢yHkiismu, sk Bigomo [1],
HA3UBAIOTHCS HAUMPOCTII (PYHKIIIT

o(x) =0, s(x) =x+ 1 Ta pyHKIII-CENEKTOPH (X1, ... , X;) = X, A€ H2M> 1.
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OCHOBHUMHU OOUHCIIOBAHMMH ~ OTEpaiissMi  OyIyTh OIEPATOPU  Cynepnosuyii s
npumimusroi pexypcii R ta minimizayii M.

TakuM 4MHOM, (YHKIIS anrOPUTMIYHO OOYMCIIIOBAHA, SIKINO ICHYE ONEPATOPHMIl TEpM,
SIKUH 11 3a/1a€.

BuHMKae IIIKOM 3aKOHOMIPHE MHTAHHS MPO MOXKJIMBICTH BHKOPHCTAHHS KOHKPETHHX
ITOPUTMIB IS JOBEICHHS (QYHIAMEHTAIBHUX Pe3yabTaTiB Teopil pekypcuBHUX (QyHKITiH. st
[[bOTO TOTPIOHO TOYHO OMKCATH OCHOBHI KOHCTPYKIIi aaroputMy i mepehopmyaroBaTiu
(koHkpern3yBati) Te3y Yopua st OUTBII BY3BKHMX KIACIB alTOPUTMIYHO OOYMCIFOBAHUX
(byHKIH.

JlomoBumocst mami 3anmcyBatu anroputMu B MoBi IlceBmoPascal, sika e crpomieHEM
nianexkroM moBu Pascal. Oneparopamu i€l MOBH Oy1yTh HACTYIIHI:

<igenTtudikaTop> = <BHpa3>,

if <Bupaz> then <omepatop> | {<omneparop>, ... , <omepartop>}

else <omeparop> | {<omepartop>, ... , <omepaTop>},

while <Bupasz> do <omepatop>| {<oneparop>, ..., <omepaTtop>},

for <Bupas> to <Bupasz> <omepatop>| {<omeparop>, ... , <omepatop>}.

Konxkperuszyemo Te3y Yopua s knacis [TPD, PO ta YPD BinmosinHo.

1. Knac ¢yHkiii, 10 OOYMCIIOIOTBCS BCIOAM BH3HAYCHHMM alTOPHUTMaMH  0e3
BUKOpHCTaHHS oneparopa while ... do. Lleif ki1ac onucyeTbest HACTYITHUM YMHOM:

1) Bpaxarmmemo, mio Haimpoctinri (yHKIIT OOYHCITIOITBCS BCIOAM BH3HAYCHUMHU
anropuTMamu 6e3 BUKopucTaHHs orepatopa while ... do, a, oTike HamekaTh 10 IBOTO KiIacy.

2) Bei dyHKIil, siki 00YHCITIOIOTHCS BCIOJM BU3HAUYCHUMH AIITOPUTMaMK 0e3 BUKOPHCTaHHS
omepatopa while ... do i mpu iX 00YHCIICHHI BUKOPUCTOBYIOThCS (DYHKIIII, SIKi OOUHCITIOIOTHCS
BCIO/IM BU3HAUCHUMH alropUTMamMu 0e3 BHKOpHUCTaHHs omepatopa while ... do Tex BimHocumo
JI0 LIBOTO KJIAcy.

Taxum YUHOM, CIIpaBCIIMBA HACTYITHA

Te3a 1. Kmac ¢yHKLiH, o0 0OYMCIIOIOTHCS BCIOAW BH3HAUCHHMH alrOpuTMamMH 0Oe3
BHKOpHUCTaHHs oreparopa while ... docmiBnazae 3 Ki1acoM MPUMITHBHO PEKypPCHBHHX (YHKIIIH.

2. Knac ¢yHKiiid, mo oOYHCIIOIOThCS BCIOAW BH3HadeHMMHM anroputMamu. Llei kimac
OIUCYETHCS HACTYITHUM YHHOM:

1) Bei [TP® HanexaTh /10 IbOTO KIIacy.

2) Bci dyHkmil, sKi OOYHCIIOIOTHCS BCIOAW BH3HAUCHWMH AaJITOPUTMaMH 1 NpH IX
OOYHCIICHHI ~BHKOPUCTOBYIOThCS ~ (DYHKIIi, SKi OOYMCIIOIOTBCS BCIOAM  BH3HAUYCHUMH
QITOPUTMAaMH TEXK BITHOCHMO JI0 IIbOTO KIIAcy.

Takum YUHOM, ClIpaB€yIMBa HaCTYyITHA

Te3a 2. Kitac GyHKIIii, 010 00YMCIIOIOTHCS BCIOJH BU3HAYCHUMH aJITOPUTMAMH CITIBITAa€
3 KJIACOM PEKYPCHBHUX (PYHKILIi.
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3. Knac ¢yHxuii, mo 004HCIIO0TECS TOBUIBHUME anroputMamiu. Lleit knac onucyerscs
HACTYIIHHM YHHOM:

1) Bei P® nanexats 10 1p0Oro Kiacy.

2) Bei ¢ynkniil, sKi OOYHCIIOIOTHCS JOBUIBHUMH QITOPHTMaMM 1 HpH iX oOYMCiIeHHi
BHKOPUCTOBYIOTHCS (DYHKIIIL, SIKi OOUHCIIOIOTHCS TOBUTHHIMHE alTOPHTMAMHU TEX BITHOCHMO 110
1[bOTO KJIaCy.

Takum YWHOM, CIIpaB€yIMBa HACTYyITHA

Te3a 3. Knac ¢yHkiiid, mo 0OYHCIIOIOTHCS JOBUIBHUMH alrOPUTMaMH CITBIAIae 3
KJIACOM 9acTKOBO PEKYPCHBHHX (YHKITIH.

TIpuknaza. ITokaxemo, mo skio rpadik Gy BCIOJUM BU3HAYEHOT Kiii f(xy, ... , X) €
'f
PEKYPCHBHO MEPENiYMMOI0 MHOXKHHOIO, TO (PYHKIIIS fPEKypCHBHA.

Jiiicno, rpadix Gy — e cykynHicts (n+1)-0k BUy:

AU UN-(2
ne f, g — [IP®. Toxi 3nauenus GyHKIl /' B JOBUTBHIN TOYII MOYXKHA OOYUCIUTH 32 JOTIOMOTOIO
HACTYITHOT'O alrOPUTMY:
function f{xi, ..., x,)
begin
i=0
while f1(7) # x1v ... v fu(i) # x,
doi=i+l1
JS=g()
end,
omKe, QYHKLIS f — peKypCHBHA.

TakuM 4YMHOM, 3 OJHOrO OOKY MH MaeMo anreOpaiuHuii TepM, sk (GopManbHy MOZIEIb
004nciIeHs (AropuT™), 3 IHIIOrO — CHHTAKCHYHY KOHCTPYKIil0 Ha MoBi [IceBnoPascal, sika Tex
€ (OpManbHOI0 MOJEIUII0 OOYHCIIeHb (AITOPHTMOM), aje ay)Ke HaOMMKEHOI0 10 MOB
nporpamyBants. ToOTO, SIKIIO OOMEKHTHCb, HANPUKIAA, MHOXKHHOIO HATYpalbHHX YHCElN i
BBECTU HAWMPOCTILIi JIOTi4HI Ta apuMeTHUHI omepalii, 00UHCIIOBAIbHI B paMKaxX KIaCHYHOT
00UHCIIIOBAIBHOT TAPAJUIMU, TO MOKHA TOBOPUTHU TIPO MOOYIOBY TEOpil 0OUHCIIIOBAIBHOCTI B
paMKax TOTro 4H iHmoro (popmainizmMy. 3a3HaUYMMO TaKOXK, IO 3rajiaHi BuILe (popManbHi MOJENi
3a[al0Th YaCTKOBO peKypcuBHI (QyHKuii abo, Ha miacTaBi Te3u Yopua, airopuTMIiuHO
obuncIoBabHI GyHKIIII.

3. A-uMCJIeHHs1

Psin cninmbHUX pUC 3 MOBAMHU IIPOrpaMyBaHHs Ta iX peaiizaiieio mae A-uucieHHs [2]. OCHOBHUM
00’€KTOM BHUBYEHHS A-4HCIICHHS € MHOKHMHA A-TepMiB. Ll MHOXKHHA BU3HAYAETHCS HACTYITHUM
YHHOM.

CuMBOJIN A-YHCIICHHS.

1. Maui natuHChKi OyKBH 3 iHAEKCaMHu abo 0e3 HuX:

X, Vs Z, X1, Y15 Z15 - -0
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2. CucBon abcTpakTopa — A.
3. Tlapa cuMBOIIIB, SIKi HA3UBAIOTHCS JIY)KKAMH.

BusnauanHs A-TepMma.

1. KoyxHa 3MiHHaA € A-TepMOM.
2. Sxmo M i N — A-tepmu, T0 (MN) — A-TepM.
3. Skmo M — A-tepMm i x — 3MiHHa, TO (Ax.M) — A-TepM.

Sk nerko GayMTH, HACTYITHI BUpa3u OyayTh A-TepMamiu: xx, Ax.xx, Axy.yx. OcTaHHiil 3 HUX
— 11e cKkopodeHnit 3anmc A-tepma Ax.(Ay.(yx)). Tob6To, My*xKn abo cuMBOI A, sIKi TIOBTOPIOIOTHCA
B A-TepMax, K MPaBHIIO HE MULIYThCS.

HpaBHna BUBCICHHS

Hac nikaBuTh OOYHCTIOBATBHUIA ACTIEKT A-YHCIICHHS, SIKMH BBOIUTHCS Y€Pe3 MOHSTTS A-
BH3HAUYBAHOCTI Ta MOHATTS -KOHBepcii Ta f-penykiil. 3okpema:

1. a-xonBepcis. Skmo y&FV(N), o Ax.M=A.y[y/x]M, ne FV(N) — MHOXWHA BCUX BUTBHUX
3MiHHHX TepMma N; [y/x]M — omepaTop MiACTaHOBKM 3MIiHHOT y3aMiCTh 3MIiHHOT XB TepM
M (B 3aranpHOMY BHMaAKy [/N/x]M — omepatop miacTaHOBKH BHpa3y N 3aMicTh 3MIHHOT
X B BUpa3 M); CHMBOJI = 03HAYa€ MOBHE CIIBIAAIHHI CHHTAKCUYHHX 00’ €KTIB.

2. p-penykuis. Tepm Buny (Ax.M)N HasuBaioTh f-perekcoM. Skmio f-pemexc tepma P
3aMiHIOETbCS TepMOM [N/X]M, TO TOBOpPATH, IO BiAOYBAEThSI 3BEPTAHHS IIHOTO
Bxo/pKkeHHs. CKIHYeHHY a00 HEeCKIHYeHHY IOCIIIOBHICTh 3BEpPTaHb 1 3aMiH 3B SI3aHUX
3MIHHUX Ha3WBAIOTh f-peAyKIicro. SIKII0 Taka IMOCTiIOBHICTh CKIHUCHHA 1 IIEPEBOIUTH

P B Q, T0 TOBOPATS, 110 TepM PS-penykyerbes B TepM Q i nuuryTs P> 0.
Tpuknan(f-penykiiii).

1. (Ax((Ayxy)u) (Av.y) & Ay.(Av.v)y)us> {Av.v)us gu;
2. (Axxx) (Ax.xx) >p (Axxx) (Ax.xx) >p... .

B npyromy npukniaji peaykilis HECKIHUEHHA, X0U TEPM NPH 1[bOMY HE 3MIHIOEThCSI.

Jlns BU3HAUCHHS TOHATTSA A-BU3HAYYBAaHOCTI (yHKIIiH, neska mocmigoBHicTs 0, 17, ...,
n'TepMiB, SIKI He MICTATH [-PelIeKCiB, OTOTOXKHIOETBCS 3 HATYPAIBHHMM 4YHCIaMH. 30Kpema,
JOCUTb BiToMOI0 € Hymepariis Yopua, Kosu

0'=xy.y, 1'sAy.xy, ..., n'=Axy.x"y.

Jani roBopsTh, Mo (QyHKIIS fi N-Ne A-BH3HAYYBAHOIO, SIKIO ICHYE TepM F Takwid, IO JUis
BCHX 71, ..., €N Mae Micue peayKiis
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Fnll...n}{ >p S0y, ng)

Tak, HarmpuKIag, MOXKHA MOKa3aTH, O (GyHKIIS CiigyBaHHs € A-Bu3HadyBaHO. J{ilicHO, BOHA
A-Bu3HavaeThest TepMoM  Auxy.x(uxy). lle MOKHA JIETKO JIOBECTH METOJOM MaTeMaTHYHOT
iaykuii. Penykuis s kpoky n = 0" BUIIIsIae siK

Auxy.x(uxy) Axy.y= (Au(Ax(Ay. x(uxy) Axy.y>p
Ax(Ay. x((Axy.y)xy)) =2x(Ay. x((Axy.y)x)y)) =
AxX(A. X(AxX(Ay.y))xy)) & pAx(Ay.Xy) =Axy.xy.

Taxum unHOM,
FO'=Auxy.x(uxy) Axy.y>pg1'.

AHAJOTIYHO BHM3HAYAIOTHCS iHINI apudMeTHuHi (QYHKIIi 1 OyIyIOThCS BIAMNOBIMHI JOBEICHHS.
3a3Haunmo, 10 st A-BU3HAUYaHUX (YHKI[IH Mae Miclie TBEpKEHHs, BilloMe K

Teopema (Kuini). Hexait £N*—>N. Toxi f — A-Bu3HauyBaHa TOZi i TITHKH TO, KOIH f —
PEKypCHUBHa.

Sk Gauumo, Uit A-YMCIICHHS BHM3HAYCHa MHOXKHHA HATYPAIBHHX YHMCEN 1 MHOXHHA
PYKYPCHBHHUX (DYHKIIH, a OT)KE eleMEHTapHHX apu(pMETHIHUX OTepalliii TAKHX, SK, HAPUKIAL,
JIOJIABAHHS 1 MHOXKEHHS. AITOPUTMH OOYHCIICHHS TOBUILHUX PEKYPCUBHUX (DYHKI[i Ha OCHOBI
A-4HCICHHST MOYKHA ONHCATH CHHTAKCHYHMMM KOHCTPYKIIISIMH, aHAJIOTIYHUMH IIPUBEICHOMY
HIDKYE allTOPUTMY O0UMCIICHHS (PYHKITIS CIiTyBaHHS.

function s(7)
begin
m' = Auxy.x(uxy)n'
s=m
end,

ne m' — A-TepM, B IKHH peIyKyeThes TepM Auxy.x(uxy)n'.
4. HeuiTki moaeuti

B OinapHiii Jorini, SK BiIOMO, ICTHHHICTh TBEpPIKCHHS (BHUCIIOBIIOBAHHS) BUBOIHMTHCS Ha
IMIICTaB1 ICTHHHOCTI CKJIaJ0BUX TBEPKEHb (BUCIIOBIIOBaHb). [loiOHe BUBEICHHS 3aJa€ThCsl y
BUIJISI/IL CXEMH: HaJI TOPU30HTAIBLHOIO PHCKOIO 3aIUCYIOTHCS BCI CKIIAJI0OBI TBEPIKEHHS, a I —
caMe TBEep/KCHHSI.

Harpuknaz, npaBuio modus ponens BU3HAYAEThCsl HACTYITHOO CXEMOFO:

YmoBa A
Imrutikaris A—B
BucHoBok B
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B meuirkiit snoriui [3] BHKOPUCTOBYETHCS y3arajbHEHe (HEYiTKe) MPABHIO BHUBEACHHS
modus ponens BA3HAYAETHCS HACTYITHOIO CXEMOIO BHBE/ICHHSL:

YMmoBa xue A
Imrumikaris SIKIIO X 11e A4,
TO0 yue B
BucroBox yueB'

ne A, A'cX i B, B'cX — He4iTKi MHOXXHUHH, X, Y — TaK 3BaHi JiHe8ICMUYHI 3MiHHI, 3HAYCHHIMHU
SIKHX € HEYITKi BUCJIOBIIFOBAHHS HA MPUPOIHIN MOBi. BHCHOBOK HEYITKOTO MpaBmiia BiTHOCHTHCS
10 JEAKOT HEeUITKOT MHOXHHHU B', sika BHU3HAYAETHCS KOMIIO3UIIEI0 HEWiTKOI MHOXHUHH A’ 1
HeuiTKo1 iMIutikaiii A—B, To6to

B' = A'- (A->B).

Heuirka iMrutikariss A—B piBHO3HA4HA JESIKOMY HEYITKOMY BifHOIIEHHI0O RCXXY 3 (yHKIi€I0
HAJIGKHOCTI Lip(X,y). ToMy (yHKIiI0 HaJIEKHOCTI HEUITKOT MHOXKUHHU B’ MOYKHA NOJaTH Y BUIVISAAI

T
up(y)= sug{uAv (x)* p 45 (x, 1)}

TIPUYOMY L44—>(X,Y)=Lr(x,y). 30Kpema, sKIo 7-HOpMa Ma€e THII min, ocTaHHs (popmyia npuiiMae
BHITIAAT
g (y) = sup{min[ 2,4 (x), 455 (X )]}

xeX

Jlnist BU3HAYEHHST HEWITKOI IMILTIKAIil HalYacTinle BUKOPHCTOBYEThCS MpaBHiIo MamiaHi,
SIKE 3a1A€ThCS K

Mg (X, ) =min(g, (x), 15 ()}
ApumeTnka HETITKUX YHCe

B Teopil HEWITKMX CHCTEM BMAUIAIOTHCS HEUITKI MHOXUHH, SIKi BH3HAYAIOTBCS HA OCI
JIHCHUX 9HCelN 1 € HOPMATbHUMH, BUITYKJIMMH, a TAKOXK MAIOTh HETepepBHi (DYHKIIIT HaIeKHOCTI.
Taki HeuiTKI MHOXKUHH Ha3UBAETBCS HEUiMKUMU YUCTAMU.

OcHoBHI apudMeTHyHI onepaiii — cyMma, PI3HUIS, MHOXCHHS 1 JUICHHS ABOX HEYITKHX
yncen A;, AoCR 3anatoThcs 3a JONOMOIO0 NPHHIMIY po3mmpeHHs. Hanpukiaa, cyma JBox
HeTITKHX ynceln 4; 1 A»(mo3Havaerbest A1DA; = B) 00UHCITIOETHCS K

ug(y)=sup min{uy (x)), sy, (x2)}.
X)X
yosit;

HarypanbHi 4ncima B IOMY BHIAJKY MOXYTh OTOTOKHIOBATHCh 3 HEUITKUMHU TPUKYTHUMH
YHUCIIAMH.
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ANTOpUTM OOYHMCIICHHS JOBUIBHUX (YHKILIH HaJ MHOXHOIO HATypadbHHUX UYMCEN MOXKE
OyTu ONmHUCcaHMil HACTYIHOIO CUHTAKCHYHOIO KOHCTPYKLIEIO:

function s(x, y)
begin
ifx is (a1, x, b1) and y is (a2, y , b>) then
s is (a1taz, xty, bi+by)
s =xty
end,

ne (a1, x, by) 1a (az, y, by) — HEWITKI TPUKYTHI YKCIA, SIKI MOJEIIOIOTh HATYpaIbHI YHCIA X Ta ¥
BIJIIOBIIHO.

5. Kareropii

Kareropis £ [4] ckiaamaeTsest i3:

1. Cykynnocri 06’extiB Ob = {a, b, c, ...};

2. Cykymnnocri Mmop¢dimiB Mor = {f, g, h, ...};

3. Bcroau Bu3HaUEHOTO BimoOpaxkeHHs F: Mor—ObxOb;

4. Yacrkosoro Binoopaxkenus K: MorxMor—Mor.
Ile BimoOpaxxeHHsI BU3HaueHe Ha mapax f i g Mop¢dizmiB Takux, mo F(f) = (a,b), F(g) = (b,c) 1
F(K(f.9)) = (a.c), npusomy, sixwmo F(f) = (a.b), F(g) = (b.o). F(h) = (c.d), 10 K(K(f;g).h) =
K(f,K(g,h)) (3aK0H acouiaTHBHOCTI);

5. Hdnst koxxHoro 06’ekra beOb icuye mopdizm 1, (F(15) = (b,b)) Takuii, mo mis Oyab-
saxkux MopdismiB f, g Takux, mwo F(f) = (a,b), F(g) = (b,c), K(1», 2) = g, K(f, 1) =1.

BuzHaueHHs iCTHHOCHHX 3HAYCHb frue 1 false

Hexaii J — kareropis 3 kiHumeBuMm 00’ektom 1. KiacudixaTtopom mino0’ekriB mis J
Ha3MBAeThCS J-00°exT Q pasom 3 J-mopdizmMoM frue:1—C) Takumii, MO0 BUKOHYEThCS HACTYITHA
akcioma:

Q-akcioma. [{ns1 Oynb-sikoro MoHOMOP(DI3MY f:a—>d iCHYe OAMH 1 TUIBKN OAUH (€IXMHUIA)

J-Mopdi3Mm yp d—Q, 1 siKoro Jiarpama

a d

! Vil
¥ frue

1 9]

€ ICKapTOBUM KBaJPATOM.

JlexapToBO 3aMKHYTa KaTEropist 3 KiIacudikaropoM migo0’eKTiB Ha3UBAETHCS TONOCOM.

B noBinbHOMY TOMOCI MOpdi3M false:1—>C) BUBHAYAETHCS SIK €AUHUNA MOP(I3M, VIS IKOTO
KBaJpar



01
=1

l o i Jalse
e

I/ Q

JIeKapTOBUH.
Jloriuni ¢yHK1ii B TOMOCI

Buxomsun 3 toro, mo o06iacTh 3HAYCHb OYIb-sIKOi KIACHYHOI JIOTIUHOI (QyHKIIl — 1e
nBoxeneMeHTHa MHOXHHA 2 = {0,1}, Taky QYHKIIF0 MOXHA PO3IIILAATH, SIK XapaKTePUCTUUHY
(yHKIiI0 1edkoi MiAMHOXKHMHH 1i oOmacti Bu3Ha4YeHHS. AOO, IHIIMMH CJIOBaMH, 5K
XapakTepucTHUHy (yHKIifo o00pa3dy ngeskoro MoHoMopdizmy. Came me 103BOJISIE JaTH
BH3HAYCHHS JIOTTYHUX (YHKIIi 32 JOTIOMOTOIO JiarpaM B JOBIIbHOMY TOTOCI.

Hanpuknaz, GyHkis KOH TOHKLIT A:QxQ—€) BU3HAYAETBCS IEKAPTOBUM KBAIPATOM

<frue frue>
1 19310

true A
/=0

TOOTO € XapakTepoM 100yTKy MOphi3MIB <true, true>: 1—>C).

[Hui orivHi GyHKIUT v, — Ta = BU3HAYAIOTHCS AHAIOTTYHO BIAMIOBITHUMHU AEKAPTOBUMHU
KBaJIpaTaMu.

CopaBeuinBa

Teopema. Mopdizmu v, =, =, A BeyTb ceOe 3riJHO HACTYIHUX TaOIHI[b:

— true false A true false = true false Vv true false
false true true true false true  true false true true true
false false false false true true false true false

HarypanbHo-4yncioBuii 00’ €KT

NNO. HarypanbHo-uncnoBuii 00’e¢kT — e 00’ekt N pa3om 3 mapoo Mopdi3mis
o s X f
1—- N — N Takux, mo 11 0yap-saKoro 00ekTa a i MopdismiB 1—->a—> a icHye exuHMIA MOpdhizM

h: N—a s sikoro iarpama
5
N___ W N

IO:\; lk

a____ poa
f

Eal

KOMYTYE.
TakuM YHHOM, HaTypaibHe 4ucio — e Mopdism n:1—N B TOmocax 3 HaTypaabHO-
YHCIIOBHM 00’ €KTOM.
B rtomoci 3 NNO wmoxxHa Bu3Ha4aTH apudMeTH4Hi orepamii. 3okpema, omeparis
JIO/IaBaHHS BU3HAYAETHCS SIK €AMHUI MOP(]I3M, JUIS IKOTO Tiarpama
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KOMYTYE.
OO6uucnents: cymu m + 0 HATypaIbHUX YKCEN 3BOJUTHCS 10 OOUUCICHHS KOMITO3UITIH

m °<1N, 0N>°(‘B: m-e 1N=m.
A, Hanpukiaa, oourcieHdst m + 1 — 10 00YHUCIEHHS KOMITO3HIINA
mo<ly, Oyos>c@=mo<ly, Oy>o Iyxs c@=mo<ly, Oy> @ s =mos.

Anroputmu obuncienHs apudmeTndHoi (GyHKIii s(m) = m+1 Ha OCHOBI KaTeropHOTO
HiZXO0/y MOKHA ONUCATH CUHTAKCHYHMMH KOHCTPYKIIISIMU BUJLY:

function s(m)
begin
s=mo<ly, Oyos>-®
end,

ae meOyes = 0 os. OcTaHHs KOMITO3HILisl BIAMOBITA€ OJMHMII B KaTETOPHilA iHTeprpeTartii.

IlepeBarn ocTaHHBOrO MiAXOAy A0 T0OYHOBH (OPMANLHHX MOJENEH aNropUTMIB
TOJISITAIOTh B TOMY, 1[0 ITil HATYPaJbHO-YUCIOBHM 00 €KTOM MOKHA PO3YMITH BCE IO 3aBIOJIHO,
TOYNHAIOYN BiJ] KIIACHYHUX MOJIENEH B KaTeropii Sef i KIHYat0ul KaTeropiero I0BeAeHb, 00’ €KTH
akoi — Qopmynn, a mopdismMu — (PopManbHi BUBEACHHS OJHUX (HOPMYN i3 iHIIMX B JesKiit
CHCTEeMI JIeTyKTHBHOTO BUBEJICHHSI.

6. BucHoBkH

Ilo THTIOBOMY A-YHCIIEHHIO J MOYKHA IOOYIyBaTh AEKapTOBO 3aMKHYTY kareropito C(J). IcHye
KaTeropis HeYiTKuX MHOXHH. [CHye kareropis HeuTkux (yHKIii. [cHye kateropis 4acTKOBO
pekypcuBHUX (QyHKIiH. OTXKe, pO3rIsHYTI MOJEI 00UNCICHb MOJKHA PO3IIISIATH B PAMKAX THX
Yy HIIUX KaTeropiii i OymyBaTH aOCTpakTHY TEOpil0 OOYMCIIOBAHOCTI 1 BIIMOBIAHI MOBH
MporpaMyBaHHs Ha KaTeropHiii ocHoBi. Po3poOka moBu Haskell € mepmum kpokoM B oMY
HAaIpsMKY.
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aBTOMATHa CEMaHTHKA).

BCTVIIL.

B 3amauax cmenmikanii, Bepudikamii i CHHTE3y peaKTUBHUX CHCTEM CYTTEBE 3HAUCHHS MaiOTh
JOriYHi MOBM, TOOTO MOBH, B OCHOBI SIKHX JIeKAThb pi3HI ()parMeHTH JOTIK OZHOMICHHX
npenukariB. Lle Taki JOTIKM K MOHAAMYHI JIOTIKM JIPYroro TMOPSAKY, TOOTO JIOTIKH APYroro
MOPSAKY 3 OJAHOMICHUMH HpeJUKaTaMu, THIIOBUM IpeicTaBHUKOM sikuxX € S1S [1] (MonamuyHa
JIOriKa JPYroro MOPSAKY 3 OJHUM HACTYITHHKOM); [-4dcieHHs [2], mo 0a3yioThesi Ha
BUKOPHCTAaHHI ONEpPaTopiB HAHMEHIIOT Ta HAHOUIBIIOT HEPYXOMOT TOUKH; TEMIOPAIbHI JIOTIKU 3
nminiitaum wacom (LTL) i1 posramyxenum gyacom (CTL, CTL*) [3], i, napewTi, pi3Hi JOTiKH
HEPLIOTO MOPSIIAKY, cepell SKUX HaibOinbi nomyisipHa jorika MFO[<] [4], ToOT0 J0TiKa MIEepIIoro
HOPAAKY 3 OJHOMICHHMH IIPEIMKAaTaMH, SIKa IHTEPIIPETYEThCS Ha JIHIHHUX CTPYKTypax, IHIIMMHI
CIIOBAMH, MOHAIHYHA TEOPIisl MEPIIOro NOPSAKY JIHIHHO YHIOPSAKOBAHUX MHOKHH. Y Cl 111 JIOTIKH
— IIe pO3B’SI3Hi JIOTIKH, SIKi MAlOTh Pi3HI BHPa3HiI MOXKIHBOCTI (TOOTO KJIacH BIACTHBOCTEH, sIKi
BOHM OIHCYIOTH) i, BIANOBIIHO, Pi3HY YacOBY CKJIAIHICTh PO3B’S3HOI MPOLEIYPH, 30Kpema,
MIPOLIEAYPH TIEPEBIPKN BUKOHYBAHOCTI (POPMYIIH Ha MOJIEII.

Jlnist po3B’si3aHHs 3a/1a4 CHHTE3Y B [S5, 6] Oyiu 3anponoHoBaHi HAATO 0OMEXKeHI pparMeHTH
norikn MFO[<], siki 03BOJIMUIM OTpUMATH JOCTaTHHO €(QEKTHBHI alrOpuTMH. B miif craTTi
posrisiatoTeest aBa ¢parmentu Jioriku MFO[<], siki CyTT€BO PO3MIMPHINA MOKIHBOCTI MOB
cnenudikamii mpakTUYHO O3 yCKIaAHEHHS npouexypu cuHTedy. OmuH 3 IHX (parMeHTiB
(morika LP) nmae MOXIMBICTH XapakTepH3yBaTH IOTOYHY IIOBEIIHKY CHCTEMH, BHUXOISYH i3
MOBEAIHKK Yy MHUHYIOMY, a Japyruid (jorika LF) — BpaxoByiounm mOTpiOHY NOBEIiHKY B
MaiOyTHROMY. BH3HauaeThCsd aBTOMAaTHAa CEMAaHTHKA IWX JIOTIK, 1 JOCIILKYIOTHCS BIIaCTHBOCTI
ABTOMATIB, sIKi BOHU crielu(ikytoTb. OCKUIBKM B CTaTTi HE PO3MIISANAIOTHCS TUTAHHS B3a€MOJIT
aBTOMara 3 HOro OTOYCHHSM, PO3IJISIAEThCS aBTOMAaTHA MOJENb 0e3 BUXOMIB, BXiIHUIT andasit
AKOi BifmoBinae n0OYTKy BXiOHOro i BHXimHOro andasiriB TpaHca’tocepa. Ilpu Bu3HaueHHi
ABTOMAaTHOT CEMaHTHKM JIOT1YHOI MOBH BOHA, TaK CaMO sIK 1 aBTOMAT, PO3IIISIIAETBCS SIK
opmanism a1 3aBAAHHS MHOXXHH HECKIHYEHHHMX ciiB (HazcniB). HeoOximHi BimoMocTi 11010
MHO’KMH HECKIHYCHHUX CIIB ((0-MOB) HAaBEJECHO y HACTYITHOMY PO3LIL.
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HECKIHYEHHI CJIOBA 1 ABTOMATHU

Hexaii ¥ — ckinuennuii andasir, Z — MHOXHHA nimmx uwucen, N' ={zeZ|z>0},
N~ ={zeZ|z<0}. Binodpaxenns r MHOXUHA {l, ..., n} (n>0) B £ Ha3UBA€ETHCS CIOBOM
JOBXHHU 1 B an(aBiTi T i HO3HAYAETBCA GG,..C,, A¢ O; =r(i) mit ycix 1<i<n. Cioso
noxuHH 0 (TIOPOKHE CIIOBO) TO3HAYAEThCS €. BimoOpakeHHs u:Z —> Y Ha3WBa€ThCS
JBOOIYHMM HazcinoBOM (Z-cioBoM) B andapiTi X i HO3HAYAETHCS .G _HG_|G1G|Cpe., 1€
o, =u(i), ieZ. Binobpaxenna [:N*—>% i g:N~ -3 Ha3uBaOTbCA BiAMOBIIHO
HAjACTOBOM (MO3HAYACTBCA G|G,-+, A ©;=[(i), ieN") i 3BopoTHEM HajmcrIOBOM
(mO3HAYAETBCSL -G _»G_ G, A¢ ©; =g(i) mm1 i€ N"). MHoxuHa ycix cumiB B andasiri X,

* . . .
BIJTIOYAIOYH TTOPOKHE CIIOBO, MO3HAYAETHCS X, MHOKHHA YCiX HAACHiB — X, a MHOKHHA YCiX
. — . . . .. VA

3BOPOTHUX HAACHB — X . MHOKHMHY yCiX JBOGIMHMX HAAC/IB B andasiri T noszHaunmo . Ha

RN . .
mMuokuHI LT UL ®UX® BU3HAuUMMO 3BHYAifHUM YHHOM (YaCTKOBY) OTeEpallil0 KOHKAaTeHalii
«», SIKy HOLIMPHMO TAKOX HA MHOXKMHHM ciB i HajcniB. Hexait L; < =", L, c 2 UT®, Toni
Li-Ly={r-llrel,lel,}.

3BOPOTHE HAJICIIOBO g HA3UBAETHCS MpedikcoMm Z-clioBa i, a HaICIOBO [ — HOro cydikcom,
ko g -/ =u. CioBo r Ha3uBaeThes MpedikcoM HaJCIOBA /, SKIIO iCHYE Take HAACIOBO /|, 10
I=r-.

Muoxuny X GynemMo po3risaaTH sK TOMONOTiMHH MPOCTIP 3 TaK 3BAHOI0 MPHPOHOKO
ToroJioriero [7]. BitkpuTHMu MHO>KHHAMH B il TOTOJOTII € yci MHOKHHHU BHTIBILY K X9 ne
K cX". JlonoBHeHHs BiIKpHTOi MHOXHMHM B X° HA3MBAECThCA 3aMKHYTOIO MHOKHHOIO.
3aMKHyTa MHOKHHA XapaKTEPH3Y€EThCS HACTYITHUM TBEPDKEHHAM [7].

Teepaxenns 1. MHOXMHA L 3aMKHYyTa TOJi 1 TUTBKM TOJI, KOJIM KOKHE HAZCIOBO, SIKE HE
HAJISKUTB L, Ma€e CKiIHUCHHUH npedikc, SKnit He € mpedikcoM HIsIKOTO HaJICIoBa 3 L.

[HmmMu cioBamu, Oyab sIKe HAJICIOBO, KOKHHHU mpedikc sikoro € mpedike Hajacmosa 3 L,
HAJIEKUTS L.

Hexail R < X®. HaiimMeHIIa 3aMKHyTa MHOKMHA, 110 BKIIOYAE R, HA3UBAETHCA 3aMUKAHHAM
R ino3HavaeTscst R .

Jlist onucy MHOXHH HAJICIIB PI3HOTO THITYy OYZeMO BHKOPUCTOBYBATH PEryJISIpHI BUpa3H.
Crioyatky BU3HAYMMO HaJ MHOXKHHAMH CIIIB Ofepailii CKiHYeHHOT iTeparlii «*» 1 HeCKIHYeHHOT
iTepanii.

Hexait RCX", onmepamis irepamii Hag R BUSHAYAECTBCS HACTYHHM — YHHOM:
R ={nry...r,|n>0,7; € R}, 3a3naunmo, mo 7 = 0 BiAMOBiTAEC TOPOKHBLOMY CIOBY.

HeckinyeHHa irepaiisi B 3aJ€XHOCTI BiJ THIy pe3yibTaTy Mae Tpu Moaudikamii: s

. . o : 7
HazCHiB — «“», JUIs 3BOPOTHHUX HAACHIB — « “» 1 111 Z-ClliB — «“».

R® = {roriry... | mma ycix i >0 7, € R\ g}

RO ={..rrro| maycixi>0r € R\g};
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z .
RO = {...mrrorr... |nnsaycixi € Z ri € R\ g}.

Perymsipai Bupasu Ui ONMHCY MHOKHH HAJCHTIB, 3BOPOTHHUX HAACHIB i Z-caiB — 1€

. . . . . — . . — VA

CKIiHYECHH1 00’ €/IHAaHHS BIIIIOBIIHO BUPa3iB BUTIITY UR®, R™U i nna Z-cnis R ‘”URS’ abo R,

e R, Ry, R, 1 U — Bupasy, mo noOyaoBaHi 3 CHMBOIIB an(aBiTy X 3a JOIOMOIOIO OTepartii

00’eHaHHs, KOHKaTeHalil (CMMBOJI KOHKaTeHalil OyZeMO dYacTo OITyCKaTH) i CKIHYeHHOI
iTeparii.

PosristHeMo Terep aBTOMaTHY MOJIEIb, 10 BHKOPUCTOBYETHCS JUIS BU3HAYCHHS aBTOMAaTHOT

CEMaHTHKH JIOTTYHMX MOB B 3aa4ax CHUHTE3Y PCaKTUBHUX CHUCTEM. ﬂ.]'[ﬂ IhOTO 3a3BHUYA
BHUKOPHUCTOBYIOTBHCS aBTOMATH HA{ HECKIHYCHHUMH CIIOBAMHU.

Busnauenns 1. Ckinuennuii Heininiansauit X/Y-aBTomar 4 — 1e uetsipka (X, Y, O, x4,
ne X, Y, Q — ckiHYeHHI MHOKHHH BIITOBIIHO BXiHUX CHMBOJIIB, BUXi{IHUX CUMBOJIIB i CTaHiB, a
X4 OxXxY —> 29 — (yHKuis MepexoiB aBTOMATA.

X/Y-aBTOMAaT A Ha3UBAETHCS KBa3iIeTEPMIHOBAHIM, SIKIIO st Oyab skux g € O, x € X,y €
Y | x4(¢q,x,y)|<1. KBasinerepMminoBaui X/Y-aBToMaTH 3pY4HO PO3IIILATH K ACTEPMIHOBAHI
YaCcTKOBI aBTOMATu 0e3 BUXOJY, 3 BXinHuM andasitom X = X xY . Takwuii aBromar 4 =(Z, O, d,),
ne 8, : OxE — Q — yacTkoBa (GyHKIIis, OyaeMO HAa3UBATH X-aBTOMATOM.

Bynemo BBakaTH, O CUMBOJIM aidaBiTy ¥ — Le JABIKOBI BEKTOPU IOBKUHH 771, IO
BIIMOBIa€ KOJYBAHHIO aOCTPAKTHUX CHMBOJIB HAbOpaMH 3HAYCHb MBIHKOBHUX 3MIHHHX i3

MHOXKHHH Q= {X|,...,X,,} . LlUM 3MIiHHUM BIANOBIZAIOTH NpPEJUKATHI CHMBOJU Y JIOTIYHUX
crenudikarisx aBTOMariB.

Busnauenns 2. X-astomar 4 = (X, O, O,) Ha3UBAETHCS LUKIIYHUM, SKIIO U KOXKHOTO
g € Q icuyoTs TaKki 61,05 € X i g1,4, €0, mo g; =8 4(¢,01) i ¢=38,4(¢2,07).

B nopasnbiiomy mij X-aBToMaTtoM OyIeMO PO3YMITH LUKIIYHUI Z-aBToMat. Takuii aBTomar
MOKHa OJTHO3HAYHO OXapaKTEPU3YBaTH B TEPMiHAX MPUITYCTUMHX HAJICIIB.

Busnauenns 3. HaycnoBo / =6,6,... B andasiti T npurmycTumMo B CTaHi ¢ aBromara A,
SKIIO ICHY€ Take HAJCIOBO CTaHIB ¢(q,q..., A€ ¢o = ¢, WO st koxHoro i = 0, 1, 2, ...
9is1 =0 4(4;,0141) -

Hancnoo / mpumycTumo Juist aBToMara A, sSKI0 BOHO IPHIYCTHMO X04a ObI B OJTHOMY 3
fioro craHiB. MHOXHHY yCiX HaJICNIB, SIKi IPUITYCTHMI [UI aBTOMaTa 4, mo3Haunmo W (A4).

BusHavenHs1 4. 3BOPOTHE HAJCIOBO ...G_,G_;G( B al(aBirTi X NPEACTaBICHE CTAaHOM ¢
Y-aBTOMaTa A, SIKIIO iCHYe Take 3BOPOTHE HAJACIOBO CTAHIB ...¢_»q_1qq, A€ Go =¢ , WO JUIS
koxHoro  =—1,-2,-3,... BUKOHYeTbCS O 4(q;,C;41) =iy -

TakuM YHHOM, C KO)KHUM CTaHOM ¢ LMKIIYHOTO X-aBTOMATa ACOLIIOIOTHCS JIBI MHOXHHH
HAJCIIB: MHOXHMHA WW(q) yciX HaiCciiB, IO NPUITYCTHMI B CTaHI ¢, 1 MHOXHHa P(g) ycix
3BOPOTHHX HAJICIIIB, 1[0 PE/ICTABIICH] CTAHOM ¢.

BusHauenns 5. Hexait MHOxuHa Q craniB X-aBToMmaTa 4 HopiBHIOE {q, *-,q,}. Pomnny
mHOxkuH Haxcmis S(A)=W,....W,), ne W;=W(q;) (i=L...,n) Ha3BeMO MOBECIHKOI
aBTOMara 4.
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JIOT'IKH IMEPIIOI'O MOPAAKY

MoHna/i4Hi JIOTIiKH TEpPIIOTo TOPSAKY BUKOPHCTOBYIOTHCS JUIS 3aBIAHHS ()-MOB, IO J03BOJISE
BCTAHOBUTH TICHUH 3B’SI30K MDK JIOTiKaMu 1 aBTomMaramu. J{0 HalOUTbIl BUBUCHUX TAKUX JIOTIK
HanexuTs sorika F1S (MonaanuHa J0rika nepuoro mopsaky 3 OAHUM HACTYIHHKOM), Ta JIOTiKa
MFO[<], curnarypa sikoi MICTHTh JBOMICHHUI NPEIUKATHHNA CUMBOJ <, IIO IHTEPIPETYETHCS SIK
JIHIRHAN TTOPSIOK HA HATYpalIbHUX yHciax. Hmwkde Oyne posrisinyta came Taka jorika (MFO).

AunaBiT 1i€i TOTIKH CKIANAETHCS 13 CUMBOJIIB TAKUX THUITIB:

1) muOXuUHA 3MIHHUX V ={t, 1], 1,...};

2) MHOYKHHA OTHOMICHUX MPEAUKATHUX CUMioNiB Q = {P, P», ..., Pn}, m € N*;
3) ABOMICHI IPEeUKATHI CHMBOIH = 1 < ;

4) ynapanit pynkionansauit cumson SUC;

5) norivHi 3B’s13KH;

6) xBanTopu 1 Ta V',

7) ByXKKH.

KpiM TOTO, 10JaTKOBO BHM3HAYAIOTHCS BIHOIICHHS ! <1,, f] 2{,, @ TAaKOX BBOJHUTHCS
cxopouenns SUC(¢) =t+1, SUC(SUC(¢))=¢+2 i t.a. Takum YUHOM, TEPMH MAIOTh BHIJISI
(t; +k), ne t; €V, k € N. Aromapsi Gpopmynu MoxyTs 6ytu Box tumis: F(t) abo 1,pT,, ae P;
e Q, pe{=<>5<2},a 1,1,T, — Tepmu. Popmynu Oyzmyrorbest 3 aromapHux Qopmyn 3a
JIOTIOMOTOI0 JIOTIYHHMX 3B’SI30K, KBAHTOPIB, SIKi 3aCTOCOBYIOTBCS JIO HPEAMETHHX 3MIHHHX, i,
MOXJIHBO, IyXOK. IlosHaueHHS @(f],...,7,) BHKOPHUCTOBYETHCS IS BKa3yBaHHS TOTO, IIO BCi
BUIbHI 3MiHHI y (OPMYIIi MICTATBCS CEPEX t,...,¢, . PopMyrna, sKa HE MICTUTH BUIBHUX 3MIHHHX,

HA3MBA€ETHCSI 3aMKHYTOI0 a00 pedeHHs M. DOPMyIIH IHTEPIPETYIOTHCS HA MHOKHHI HATYpaIbHUX
gucen N.

MHoxunHa HajchiB B andasiTi X (®-MOBa), IO 3aJA€ThCS PECUCHHSIM ¢, BU3HAYAETHCS
HACTYITHUM YMHOM. MDK OJHOMICHUMH NPEANKATHUMH CUMBOJIAaMU B (hOPMYIIi ¢ Ta JBIHKOBUMHU
3MIHHUMH X1, X2, ..., X, HAOOPH 3HAYCHb SKHX KOJYIOTbH CHMBOJIH aj(aBiry X, BCTAHOBIIFOETHCS

B3a€MHO OJIHO3HAYHA BimmosinHicTs. Hancnoso [ € X BusHauae HaGip npeaukaris P, i = 1, 2,
..., M, ICTHHHAX y THX 1 TUTBKA THX HOTO MO3HIIISAX, B SIKUX i-if eleMeHT Ha0opy 3HaYeHb 3MIHHUX
nopiBHioe 1. TakuM 4MHOM, HA/ICIOBO / MOXKHA PO3IJIAAATH SIK iHTEpHpeTawito GopMynu ¢, npu
SIKIH KOYKHUH TIpeMKaTHH CHMBOJI, IO BIATIOBiTa€ 3MIHHIHN X;, IHTEPIPETYEThCS MPEIUKATOM P;.
IcTHHHICT pedeHHs ¢ npH 1iii iHTeprnperanii Oyaemo nosnavaru /|=¢ . @opmyrna ¢ BU3HAYAE

-MoBy L(9)=1{ X |l|=0}.

JIOI'IKHA 3 OBMEXKXEHUMU KBAHTOPAMHU

Mopeni AMCKPETHOTO Yacy, sKi BUKOPHCTOBYIOTHCS y OLIBIIOCTI JIOTIK, 130MOp(HI HATYpaTbHUM
9uciIaM, TOOTO BH3HAYAIOTh Yac, CKIHYCHHHWH y MUHYJIOMY i HeCKiHUeHHHMIl y MaiOyTHBOMY.
Opnak 0Oarato TBepIKEHb, IO BHUHUKAIOTH y Tpoueci nmoOynoBu creuudikamii cucremy,
BUPAXKAIOTHCS MPOCTILIE 1 HATYPANBHIIe IPY BUKOPUCTAHHI 3HAYEHb 3MIHHHX B MOMEHTH 4acy,
IO TIEPEAYIOTh HOTOYHOMY.
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Haii6inpm mpocte i mpupoHe po3B’s3aHHs Li€i mpoOlieMu TOJISIrac y po3risi vacy,
HECKIHYEHHOTO B 00OHJBi OOKH, TOOTO 130MOP(HHOr0 MHOKHHI IiMHX 4yucel. Lle Takox cyrreBo
CHpollye TepeTBOpeHHs GopMmyn crenmdikamii B Mpomeci CHHTE3a B HACHIIOK iXHBOT
iHBapiaHTHOCTI BIZHOCHO 3CyBY y dYaci. Y IIbOMYy BHIIQJIKy JUIS ONHCY CEMaHTHKU JIOTIYHHX
cnenudikamiii BHKOPUCTOBYIOThCS LHUKJIIYHI aBTOMAaTHI Mozeni, (YHKIIOHYBaHHS SKUX HE
pHB’si3aHe 0 KOHKPETHOTO MOMEHTy uacy. ®Pparmentu soriku MFO, 1o posrismarotscs B
HOJAJBIIOMY, IHTEPIPETYEThCS Ha MHOXKUHI Z LIUTHX YHCEIL.

BusHauennss 6. Qopmyna F(f), 3 €IMHOI BUIBHOIO 3MIHHOIO f, Ha3HMBaeTbCad k -
obmexeHor crpasa (k € Z.), skmo ajst Oyap sikoro te Z  3uavenHs: Gopmynu F(T) Ha BCix
JIBOOIYHMX HAJICIOBAX, 3 OHAKOBUMH (T + k) -ipedikcamu, 30iraroTbest.

Buznauennss 7. Qopmyna F(f), 3 €IMHOI BUIBHOIO 3MIHHOIO f, Ha3MBae€TbCci k -
obmexeHoo 31iBa (k € Z), sikmo st Oyap sikoro Te€Z tTe€Z 3HadeHHs dopmynn F(t) Ha
BCIX JIBOOIYHMX HAJICIIOBAX, 3 0JHaKOBUMH (T+ K) -cydikcamu, 30iratoTsest.

Dopmynu Burisiny ViF () HasuBaioThes GopmyaaMu MUHYIOTO Yacy (P-dopmynn), skio
F(t) oOmexeHna crpasa, i popmynamu maiiOyraboro yacy (F-dbopmynn), sikiuo F(¢) obMmexeHa
37iBa.

Posrisinemo ¢parment noriku MFO, 1110 BU3HAYAETHCSI HACTYITHUM YHHOM.

VYei 3amkHyTi opmynn (pedeHHs) MaroTh Burisin ViF(t), ne F(f) — dopmyna, 3
oJHi€l0 BiTbHOWIO 3MiHHOW0. Takum umMHOM, 3aMKHYTI dopmymu Vi F (t)Vv Vi, Fy(t,) abo
—VIF(t) He Hanexath 10 (parMeHry, mo posrisigaerses. Koxna miadopmyna dopmymu F ()
Ma€ He OUThII IBOX BUTbHUX 3MIHHHX. YCi KBaHTOPHI MifAGOPMYIH 3 €IMHOIO BUIbHOIO (Y Miit
migdopmyni) 3MmiHHOW0 MawoTh By 3t () <t+k)F(¢) abo V(4 <t+k)—> F(t), a
KBAaHTOPHI miaGopMynn 3 aBoMa BimbHHMH 3MiHHUMH — b, (t) <ty <t+k)F,(t,) abo
Viy(ty <ty <t+k)—>Fy(ty), ne keZ. Bupasu (t;<t+k) i (t;<ty<t+k) B umx
KBaHTOPHHX IMiA(opMyIax Ha3uBaIOTHCSI 0OMEKEHHSIMHU 00JacTi ii KBaHTOPIB, a caMi KBaHTOPU
— oOMeKeHUMH. ATOMapHi (GOpMyYIIH BUTIARY TiPT,, A€ Ti 1 T» — TepMH, a p € {<, >, <, >},
3yCTpPIYalOThCs TUTBKH B OOMEKEHHSIX o0acTi il kBaHTOpiB. KojkHa Taka popMyra piBHOCHIIbHA
dopmyni Burisiny (f) <t, +k), ne ke€Z. B ycboMy iHIIOMY CHHTAaKCHC LHOr0 (hparMeHTy
BiAnoBinae cunrakcucy yoriku MFO.

Moga cnenudikaiii, siky HazBemMo MOBOIO LP, ckiamaerbcs TUIBKH i3 pEYCHb IHOTO
¢parmenty. OueBuaHO, MO (OPMYIH 3 OJHICIO BITHHOIO 3MIHHOIO, SIKi 3a/JI0BOJIGHSIIOTH
HaBeJICHUM BUMOraM, oOMexeHi cripaBa. Takum 4uHOM, MOBY LP ckiaziaiors P-dopmyi.

Mopeni (intepmperauii) it dopmynn F =ViF(f) OyaeMo OTOTOXHIOBaTH 3
NMBOOIYHMMH HajacIoBamMu B andaBiti X, sKUH BHU3HAYAECTHCS OJHOMICHUMHU MPEAUKATHUMHU
CHMBOJIAMH, LI0 3yCTpidaroThes y popmyri F.

MHuoxuny Beex mogeneit mis Gopmynu F mosnaunmo M (F). Kpim Toro, mis onucaHHs
ABTOMATHOT CeMaHTUKH (HOpMyIH F 3HaM00ISAThCS 1I1e 1B MHOXKUHU:

P(F) — muoxuHa npedikciB ycix moneneit 3 M (F),

W (F)— muoxwuHa cydikciB ycix mozeneii 3 M (F).
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Jns dopmymn  F =Vt¢F(¢f) BU3HAYMMO JBi aBTOMAaTHI CEMAaHTHKH: JeTEPMIHOBaHY i
HeJleTepMiHOBaHy. JleTepMiHOBaHA CEMaHTHKA OJJHO3HAYHO CTAaBHUTh Y BiAMOBiAHICTE (opmymi F
JleTepMiHOBaHHUi X-aBToMaT. HemerepmiHOBaHA CeMaHTHKAa — BIAMOBIAHO HEAETEPMiHOBAHHN
X-aBTOMaT.

PosriisiHeMo cro4aTKy eTepMiHOBaHY CEMaHTHKY.

KosxHOMY 3BOpOTHOMY HaZICHOBY g € P(F) TIOCTaBHMO Yy BiIITOBIIHICTH MHOXKUHY HaJICIIIB
Sy =eW(F)|g-leM(F)}, 10610 S, CKIafaeTbCs 3 YCIX TUX HAACIIB, KOHKATCHALiL
KOKHOTO 3 sKUX 3 mpedikcoM g BimmoBimae wmognemi mis F. HasBemo Taki HancioBa
TIPUITYCTUMHUMH TTPOJIOBKEHHAMN Tpedikca g.

Ha muoxwuni npedikciB P(F) BHU3HAYMMO BIJHOLICHHS EKBIBAJICHTHOCTI Tak, IO JBa
npedikcn gy i g, EKBIBAIEHTHI, KO0 BOHM MAKTh OAHY i Ty CaMy MHOXHHY HPHITYCTHMHUX
npojoBxkeHb. Lls exBiBaJeHTHICTH po3OuBae MHOXHHY P(F) Ha KiIacH eKBIBaJICHTHOCTI
P,P,...,P,, tak mo kinacy P, BimmoBimae craH ¢; X-aBToMara, IO cHenudikoBaHMi
(opmynoro F. Busnauenns dynkuii nepexosis mMae Burian: 8(¢;, 6) = ¢, TOAL i TUIbKA TOi,
ko  Foc P;. I3 uporo BusHAaueHHs Bigpasy BUIUIMBAc, IO (YHKUiA nepexonis
nerepminoBana. JlificHo, ockinbku MHOXUHM P, P;,..., P, TOmapHo He IEpeTHHAIOThCS,

HaBCJICHOMY CHiBBiHHOHICHH}O MOJKE 3aI0BOJIBHATH TUIBKH €IuHa MHOXHWHA Pj .

PosrmstHemo mpukiany moOymoBn 3a  P-gopmyrnoro aBromara, SKHH BH3HAYaeThCS
JIETePMIHOBAHOIO CEMaHTHKOIO.

Ipuknan 1.

Hexait F =ViF(t), ne F(t)=3t(t; St+2)b(t))Vi,(t) <ty <t)—>alty) i ={a,b,c}.
MoHa MOKa3aTH, IO MHOXHHA Mojeneil s gopmymn F nopismioe (ha™ UXEba” uba*)Z
U (Zha" UXEba" Uba") " a®.

3 1pOro BUpasy BHIHO, 1O mpedikcu 3 MHOKUHA P(F) MOXYTh 3aKiHUyBATUCS TIIBKH

cinoBami b, ba, aa, be, ac, ca, cc. 3a3Ha4MMO, 10 OCTAHHI YOTHPH CJIOBA BIAMOBIIAIOTH L.
HaBeznemo po30uTTst MHOXKHHM npedikciB P(F') Ha KIach eKBIiBaJICHTHOCTI:

P; — npediken, 1m0 3aKiHIYIOTHCS cioBamu i3 ca v b={aa,ba,b}, P, — npedikcu, 1o
3aKiHIYIOTBCSI CIIOBaMU i3 ¢c={ac,bc} , P; — npedikcu, 10 3aKiHIyIOThCSI CIIOBAMH Cd, CC.
OueBuaHO, WO I[i YMOBHM BH3HA4alOTh po3outtst {F, P, A} wmuHoxuau P(F).

[ToOynyemo Temep BiJHOIIEHHS MDK KiacaMd pO3OHTTS, IO BU3HAYa€E (DYHKIIIO IEpexo.iB
aBTomMarta A(F). OckilbKH KOHKpEeTHI MHOXHHM mpedikciB i3 P(F) He po3risaaroTses,

BiZIHOIIICHHS MafOTh OYTH TaKMUMH, IO I/ KOXKHOTO G € X BigHOmEHH: F,c C P/- BUKOHYETHCSI
TOAI ¥ TUIBKU TOAI, KOIH i3 TOTO, 0 g € F; € npedikc aesxoi moneni st F, BUILIUBAE, O gC

TakokK — mpedike moxeni st F. 1 BuMora 3a0e3neuyeThes MIIIXOM BpaXyBaHHS OOMEKEHb Ha
HPHUIYCTHMI (parMeHTH JBOOIMHMX HAJCIIB, 10 BU3HAYAIOTHCS MHOKHMHOIO Mojeneid M (F).

Tak wnampuknan, Pi(a v ¢) = J, OCKUIBKM CllOBa caa,cca,cac i ccc HE MOXYTh OyTH
¢parmenTamu xoaHol Mozeni ot F, a Pyb < P, ockinbku npedikcu 3 MHOKuHE P3b MaioTh
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sakinuenns chb = {cab, cch} i, oTie, HaneKUTL TUTbkU P). B pe3ynbTari HeOOXinHI BiTHOMEHHS
maioth Bursin Aac B, Abc B, Fcc P, bac P;, Pbc R, P,cc P, Bbc F.

Te, 1m0 Kmacu po3OUTTS CKIAJAIOTHCS 3 CKBIBAJICHTHHX MpPEdiKCiB, BUIUIMBAE 3 TOTO, IIO
HABE/CHI BIAHOMICHHS I YCiX MpedikciB, 110 HANEKATh OJHOMY H TOMY XK KJIacy pPO30OUTTS,
BU3HAYAIOTH OJIHY W TY K MHOXHHY TIPUITYCTUMHX IIPOJOBKEHb. TaKMM YHMHOM, MAEMO aBTOMAt
3 TpbOMa CTaHAMH, HABEACHHH Ha puC. 1.

a,b
b
b
c
a.c
Puc.1

HenerepminoBaHy ceMaHTUKY c(OPMYIIOEMO CHMETPHYHUM 00pa3oM.

Koxunii cydike / € W(F') Busnayae MHOXKHHY P(/) NPUIyCTHMHX Ul HBOTO Mpe@ikciB,
t06T0 P(/)={ge P(F)|g-l € M(F)}. Ha muoxuni cydikcis W(F) BU3HAUUMO BiIHOUICHHS
eKBIBAJICHTHOCTI TaK, WO 1Ba cydikcu /| 1 [, eKBIBaJCHTHi, SKIIO0 BOHH MAlOTh OJHY H Ty XK
caMy MHOXXHHY TPHITYCTHMHUX ISl HUX npedikciB. Ll exBiBaJeHTHICTH po30MBac MHOXKHHY
W(F) na xnacu exBiBaneHtHocti Sj,S5,...,S,, KOXKHOMY 3 SKHX BIINOBIJAa€ CTaH
crerugikoBaHoro X-asromara. OyHKIlis HEpeXx0/(iB BU3HAYAETHCS HACTYITHUM YHHOM: JUIS G € X
8'(q;,0)= {ql-,_}, e {ql-/_} — MHOXXHHA BCIX TaKHX qi; » VI SKUX BUKOHYETCS BITHOILICHHS

cS,-j C S;. ®opmyna F crnemudikye T-apromar A(F) 3 MOBEAIHKOW (SjseesS,), 16 S; —

3aMUKaHHsS MHOXHHHM S; SIK BHIUIMBAa€E i3 HaBEJACHHX CEMaHTHK, JETePMIiHOBAaHMH i
HeJleTepMIHOBaHUI aBTOMATH, sKi crenudikye Gpopmyna F, cnado eKBIBaJ€HTHI, TOOTO MarOTh

OJIHY it Ty CaMy MHOKMHY IIPUITYCTUMUX HAJCIIB, sKka gopiBHioe W(F).

Hpukaax 2. IloOynyemo mis ¢dopmynn F i3 mpuxiaxy 1 aBromar, mo BigmoBimae
HeJeTepMiHOBaHiil cemantuui. Haragaemo, mo mMuoxuna M (F) mns wiei popmynn 10piBHIOE
(Eba* UETha* Uba*)E U (Sha* ULLha* Uba*) ®a®. BusHaumMo pO3GMTT  MHOKHHH
cybikciB W(F) Ha Kiacu eKBIBAICHTHOCTI Y BINMOBIAHOCTI 70 1X mOYaTKOBUX Bimpiskis. Lle
PO30OHTTS CKIANA€ThCs 3 TPHOX Kiacis: Sy, S, , S3. Cydiken i3 S noUMHAIOTHCS CIOBaAMHU i3 ab
ta chb, cybiken i3 S, — cmoamu i3 bb, ne b =(avc), a cypiken i3 Sy mOUMHAIOTHCA

CHUMBOJIOM b. Po30UTTS 31iliCHIOBANIOCS, BUXOSIUM 3 TaKUX XK€ BHMOT, SIK 1 B mpUKimami 1, ski
rapaHTyIoTh, IO KJIAacH CKJIAJaloThesl 3 eKBIBaJeHTHHX cy¢ikciB. bimpmr Toro, me € kimacu
€KBIBaJICHTHOCTI, OCKUIbKH HISIKI /JBa KJIaCH HE MAIOTh OJHY 1 Ty )X MHOXHHY NPHITYCTUMHX
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npedikcis. Tak, € mpedikc, MO 3aKiHUYeTbCS CHMBOJOM ¢, Npumyctumuil mis S, ta Sy i
nenpunycrumuit 11 Sy . Ipedike, mo 3aKiHIyeTbCS CUMBOJNAMM cC, NPUIYCTUMHN U1 S3 1

Henpunyctumuit s S,. Takum umsHom, aBtomar A(F) Mae Tpu craHM. MHOXHHA
CIIBBIHOLIEHb MDK KJIACAMM PO30OMTTS, MO BH3HA4ae (yHKII0 mepexoxiB aBromara A(F),
BUIISIIAE€ HACTYITHUM YHHOM.

aS; < 81,bS; =83, aS, = 81,65, =83,¢8, =8}, aS3 = 55,653 = 53,65, =S,

Bianosinuuit aBromar 4(F) HaBeneHuit Ha puc. 2.

Puc. 2.

Bume posrisimascst gparment LP moriku MFO, MHOXHHA pedeHb SIKOTO CKJIQJAETHCS 3
P-dopmyn. PosrisiHemMo Temep B jgesikoMy ceHci cumeTpuuHHi ¢parment LF mis momanms F-
tdopmyn. Cunrakcuc moBn LF cmiBmamae 3 cuHTakcucoM mMoBun LP B ychoMy, KpiM BHTIIATY
obmexens obnacti ii kBaHTopiB. Tak, yci kBaHTOpHI MiA(GOpMyIH 3 OfHIEIO BITBHOIO 3MIHHOIO
MaroTe Burnan 3t (ty =t +k)Fi(t)) abo Vit (t; 2t+k)— Fi(t;), a xBanTOpHI miadopmymn 3

JIBOMA BUIBHUMH 3MiHHUMEH — Jt,(f) > 1) 2t +k)F, (1)) abo Vi, () >ty 2t+k) = F,(t,), ne
k € Z.. ObuBi po3risiHyTi aBTOMATHI CeMaHTHKH JUist MOBH LP nomuprototscst i Ha MoBy LF.

Po3risiHeMO TPUKIIA/N 3aCTOCYBAHHS JIETEPMIHOBAHOT i HeleTEePMIHOBAHOT CEMAaHTHKH ISt
BH3HAUCHHS X-aBTOMATIB, 10 crieruikoBani LF-popmymamu.

Mpuxaan 3. F =Vi(a(t) = 3t > 0)b(t)) . X ={a,b,c} . ITobynyemo aBromar A(F), mo
cnenudikyerbes GopMyioro F BIAMOBIIHO 10 ACTEPMIHOBAHOT CEMAHTHKH.

Dopwmyna F BU3HAaYa€ MHOXKHHY Z-CIiB, B SIKMX ITCIISI KOKHOTO CHMBOJLY @ 3YCTPid4aeThCst
cuMBoJT b. DopmanbHO 1 BUpakaeTbes y Bl M(F)=(bvceva(av c)*b)Z , TOOTO MOJei
moOyIoBaHi 3 BiIPI3KiB JIBOX THIIIB: SIKI HE MICTATh CHMBOJY ¢ Ta BiIpPi3KiB, SIKI IIOYMHAIOTHCS
CHMBOJIOM ¢ 1 3aKIHIYIOTBCSI CHMBOJIOM b.

Po36urrst MHOKHHH TipedikciB P(F) Ha kiac ekBiBajeHTHOcTI P U P, Bimmosinae 1BoM
Tunam npedikcis: 1) npediken, Mo 3aKiHYYIOTECS CI0BaMH i3 MHOKHHH bc*, To0TO {b, be, bee,
...}, abo npedikcw, AKi HE MICTATH CUMBOJTY @, TOOTO MarTh BHDIAA (b v ¢) ™ i 2) mpedikcn, mo
3aKiHYYIOTBCS CIIOBAMH i3 MHOXHUHH a (a Vv ¢)*.

P =(bvevalave)'b)y™, B =(bvevalave) by atave). BNk =0.

MHOXMHH TPUIYCTUMHX IPOJOBXKEHb HNpediKciB, W0 BIANOBIJAIOTH LUM  KJIACaM
npedikciB, MAIOTh TAKUI BUTIISIT:

Sy =(bvevalave)'h)®. S, =(ave) bbveva(ave)b)®.



HeckiajHO TIepeKOHaTHCS Y CIIPABEUTMBOCTI HACTYITHUX BiJHOIICHb.
Rbvoc R, Rach, Bavec b, hbcP.

ABTOMAT, 1110 BU3HAYAETHCS LIUMH BiIHOLICHHSIMH, HABEJCHO HA pUC. 3.
Muosxuun W (1) Ta W(2) n0piBHIOIOTH 3aMUKaHHSM BifnoBingHo S; 1 S,.

b, c a a, c

b
Puc. 3.

3a3Haunmo, mwo xoua S| #S,, ixHi 3amukanns 36iratotecs S; =S, =X®. B nacnizok
qoro nei aBromat A(F) He IpHUBEICHHUI.
TMpukaanx 4. s popmynu F i3 monepeauboro npukiany nobyayemo asromar A'(F),
BIMOBIHO 10 HEJETEPMIHOBAHOT CEMaHTHUKH.

TToxaxxemo, mo po36UTTsI MHOKUHU W (F') Ha KJIacH eKBIBaJIEHTHOCTI Ma€ BHIJIS:
Sy =(bvevalave)b) bbvevalave)b)®,S=c"

Muoxunu S; Ta S, He NepeTHHAIOTHCS, TOMY, IO yCi HaJCI0Ba MepiIoi 3 HUX MICTATh
cumBoa b . Muoxunna npunyctumux juist S| mnpedikciB cmiBnagae 3 P(F), OCKUIbKH YCi
HAjCHoBa 3 S; MalTh Cy(]IKC, KUl MOYMHAETHCS CHMBOJIOM b, TICIS SIKOTO KOXKHMI CHMBOJ d
nepenye Aeskomy cumpoiy b. Jns S,, Mo CKIagaeThcs 3 OJHOTO HAJCIOBA, HOKAXEMO, IO
HisKe {HIIE HAICIOBO HE MA€ TAKOi MHOYKHHH TIPUITYCTHMUX Npedikcis, K HaacioBo ¢”. Ko

HA/JCIOBO MICTHTh CUMBOJ b, TOMi Ml HHOTO HpUIycTUMMit npedixc Burnsany la, ne [e X7,
AKUH HE € MPHUITyCTUMEUM [y1st ¢, SIKIO HACTOBO MIiCTHTH CUMBOJ @, TO BOHO MICTUTH i CAMBOJ
b, i, OTXKe, Mae MPUIYCTUMUHN TpediKe, AKUN HE € IPUITYCTUMEM U ¢, 3aTUIIAEThCS TOKA3aTH,

mo S} US, =W(F). JlonoBuenns Muoxuun X bX® nopisuioe (a v ¢)®, onHax Hiskuii cydike
i3 W(F) ue moxe mictutu a i He mictutu b, Tomy nonosuensst S; no W(F) popisHioe ¢
HeckmamHo moGaduTd, M0 BHKOHYIOTHCS HACTYNHI cmiBBigHomieHHs: XS; <S;, bS, < S,
S, =85, aS, « W(F), wo Binnosinae HenerepMiHoBaHOMY aBToMary A'(F'), sKnii HaBeICHO
Ha puc. 4.

a,b,c

Puc. 4.

JlerepMiHi3allisi IIbOTO aBTOMATa JIa€ aBTOMAT, OTPHMAaHHUN Y IPUKIIAJII 3.

BHUCHOBKH
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Ilpn pose’si3aHHI 3a/a4 CHHTE3Y ABTOMATHUX MOJICJICH BEJIMKE 3HA4CHHS Mae BHOIp MOBH
cnenudikanii, ska J03BOJISLE crenn(iKyBaTH AOCTATHBRO MIMPOKHH KJIac aBTOMATIiB HEBHOIO
BUIIIAY 1 3a0e3ledye MNPUHHATHY CKIAIHICTh Npouemypu cuHTte3y. OYeBHAHO, IO YHUM
MPOCTIllle CHHTAaKCHC MOBH crenudikamii, THM MEHIIe CKIAIHICTh NpPOLEAYypH CHHTE3Y.
Buxonsuu i3 mux MipKyBaHb B [5] sk MoBa crenu@ikamnii BHKOPHCTOBYBAJIACs MiIMHOKHHA L
noriku MFO, ¢opmynn sikoi marots Burisn VeF(f), ne F(f) — dQopmyna, sika He MICTUTh
KBAHTOPIB 1 CHMBOJIIB YHMCIIOBHUX BifHOIICHb. Kitac aBTomari, ski MOXKHa Crienu(ikyBaTH L€
MOBOI0, CKJIaJal0Th aBTOMAaTH 31 CKIHYCHHOI mam’satTio. B [6] 1 MoBa posmmpeHa
KOHCTPYKIII€I0, SIKa MICTUTh OOMEKCHI KBaHTOPH, 110 a0 MOXKIHBICTb cHelu(iKyBaTH NEsIKi
ABTOMATH, SIKi HE € aBTOMaTaMH 31 CKIHYCHHOIO nam’sTTio. OOU/BI 11i JIOTIKM IHTEPIPETYIOThCS
Ha MHOXKHHI LUTMX YHUCEL.

VY wmiit poGoti posrmsuyri aBa ¢parmentu LP i LF soriku MFO 3 obOmexenumu
KBAHTOPAMH, SIKI TaKOXX IHTEPHPETYIOThCA Ha LinMx uucnax. B usorini LP nortounmit cran
CHUCTEeMH OJIHO3HAYHO BH3HAYAETHCS II MOMEPEAHBOI0 MOBEAiHKOI, a B Jjorimi LF — ii
MaiOyTHBOIO MOBeAIHKO0. MoBa LP po3mnproe BupasHi MOKIIMBOCTI MOBH i3 [6], IPaKTHYHO HE
YCKIIQJIHSAIOUH QJITOPUTMY CHHTEe3y. 3a3BUuall IiJ BUPA3HUMH MOXIIMBOCTSAMH JIOTIYHOT MOBHU
pO3YMIIOTH KJIaC BIIACTHBOCTCH, SKi MOXKHA BHPa3HUTH 1Li€l0 MOBOI. TyT miJ BHpa3HUMHU
MOXITUBOCTSIMH MOBH PO3YMI€ThCSl KJIaCc aBTOMATIB, sIKi MOYKHA CHEIU(IKyBaTH II€I0 MOBOIO.
Mogsa LF nae anpTepHaTHBHI MOXKIHBOCTI mis crenmdikanii aBromariB. Lle 3py4HO y THX
BUITa/IKaxX, KOJIM BUMOTH, II0 BU3HAYAE CIENM(iKallis, BITHOCATBCSA 10 MaiOyTHROTO, HATIPUKIIAT,
«ITICNST KOXKHOIO 3alUTy Mae OyTH peakils Ha Hboro». Te, mo yci pedeHHs 000X MOB
MOYMHAIOTHCS KBAHTOPOM V¢, 00YMOBJIEHO TUM, 10 (HopMyiH crenudikaiii MaroTh OMHUCYBATH
BUMOTH JIO TIOBE/IIHKY aBTOMara y Oyzb SIKHil MOMEHT 4acy, TOOTO y KO)KHOMY HOTO CTaHi.
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We propose and investigate new classes of program-oriented logical formalisms — first-order logics of
partial quasiary predicates with equality and operation of predicate complement. We use similar operations
in different Floyd-Hoare program logics with partial pre- and post-conditions. The specific feature of the
proposed logics is the use of the special 0-ary compositions of weak =,, and strong equality =,,. We denote
these logics by LC= and LC=. We describe composition algebras and languages of the proposed logics.
Emphasis is made on the study of the interaction of the compositions of renomination and predicate
complement with equality. A number of logical consequence relations of the types =, |=r, |=+ for these
logics are considered. Properties of the introduced relations of logical consequence are investigated,
conditions that guarantee their validity are described, properties of decomposition of formulas are
formulated. On this semantic basis, a series of sequent-type calculi for the proposed logics is planned to be
constructed.

Key-words: logic, predicate, equality, composition algebra, logical consequence.

KuarouoBi ciioBa: sorika, npeamKar, piBHiCTb, KOMITO3HUIIiHA anredpa, JIOTiYHN HACITITOK.

IToHATTS i METOM MaTeMATHYHO] JIOTIKH 3aCBIUYIOTh BUCOKY €(peKTHBHICTb IIPH PO3B'SI3aHHI
LIMPOKOIO CIEKTpa 3anady iHpopMaTuUKM i nporpamysaHHs (nuB., Hamp., [1]). OcobuuBe Micue
cepel HuX MOCIIatoTh 3aj1adi, OB sI3aHi 3 po3pO0KOI0 HaJIHHOrO MPOrpaMHOro 3a0e3eUeHHs, Hall-
nepiue, i3 nodynoBoto cucrem crenudikauii Ta Bepudikanii nporpam. o HaiimommpeHimmx aoriu-
HUX (OpMali3MiB, SKi YCHIIIHO BUKOPHCTOBYIOTBCS B CHCTEeMax Bepuikallii, HalexaTb JIOTIKH
®oiina-Xoapa [2, 3]. Taxi sioriku 6a3yloThest Ha KJIaCHYHIH JIOTIII IPEANUKATIB, sIKa B HEIOCTATHIH
Mipi BpaXxoBye HENOBHOTY, YaCTKOBICTb iH(opMaLil mpo npeameTHy obnacts. TpaauuiiiHi Joriku
®droiina-Xoapa BUKOPUCTOBYIOTh TOTAJbHI MEPE- Ta MiCNIs-yMOBH, SIKI OMHCYFOTHCS TOTAIbHUMU
OJJHO3HAYHHMH HPEAUKATH, TOMY OYJIO 3alpONOHOBAHO [4] y3aralbHEHHs LUX JIOTIK HAa BUIAJI0K
YaCTKOBHX INpeaukaTiB. OCHOBOIO TAKOTO y3arajdbHEHHS CTaJO BBEICHHS CIIELiabHOT HEMOHOTOH-
HOI onepartii (KOMIO3uIiT) MpeauKaTHOro JonoBHeHHs. KoMmosuiiiiHo-nominaTusHi jgoriku (KHIT)
YaCTKOBHX KBa3iapHUX MPEIHKATiB, PO3IIHPEHi KOMIIO3MIIEI0 MPEIHUKATHOTO JIOTIOBHEHHS, HAa3BaHO
LC. IMpono3uuiitai LC neransHo onmcano B [S5], peHOMiHATUBHI PO3IJISHYTO B [6], JOCHTIIKEHHIO
ypcTHX nepuonopsakosux LC npucesueno podory [7].

B naniii crarTi 3anponoHoBaHO posmMpuTH neprionopsakosi LC crenianbHuMu npeamka-
TaMH piBHOCTI. Taki mpeaukaTé JalTh 3MOTY OTOTOXKHHUTH M PO3DI3HUTH 3HAYEHHS MPEAMETHHX
iMeH. MoxHa Buainuty [8] aBa pi3HOBHIM LIMX MPEIUKATIB: CIa0KOi PiBHOCTI Ta CTPOroi (TOYHOT)
piBHocri. Lle nae Bigmosinui pisHoBuau LC: LC 3 mpeamkaramu cinabkoi piBHOCTI, sIKi Ha3BEMO
LC=, ta LC 3 npeukaTamMu cTporoi piBHOCTI, siKi Ha3Bemo LC=.

B wiit crarti onmcano xommosuuiiHi anredpu ta moBM nepmonopsiikosux LC= ta LC=.
OCHOBHY yBary 30CEpe/KeHO Ha BHBUCHHI BJIACTMBOCTEH, MOB’SI3aHMX 3 NpEIMKaTaMH ClIadKoi
pIBHOCTI i CTPOroi piBHOCTI Ta 3 KOMIO3HMIi€0 HpeaukarHoro nomnoBHenHs. Jist LC= ta LC=
3aIPONOHOBAHO 1 IOCIIPKEHO HU3KY BiJHOIICHb JIOTTYHOTO HACIIAKY. BIacTHBOCTI 1IMX BiHOIICHD
€ CEMaHTHYHOIO OCHOBOIO MOJANIBIIOT IT0OYI0OBH JUIS IPOIIOHOBAHMX JIOTIiK YHCIICHb CEKBEHITIHHOTO
THITY.
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TlonstTs, siKi B B 1iif poOOTI HE BU3HAYAIOTHCS, TIyMAaunMo B ceHci [ 5, 9].

1. Komno3uniiini ajgredpu Jiorik 3 npeiHKaTHAM A0NOBHEHHSIM Ta PiBHiCTIO

Mu posrisgaeMo KBasiapHi NpeauKaTH pesuiiiHoro tumy, abo R-npeaukaru. Lle wacTkoBi
neonuosnauni Gpyuxuii Bursimy O : A — {T, F}, ne {T, F} — MHOXHHA iCTHHHICHIX 3HaueHb, ' A —
MHOHHA BCiX V-A-IMCHHUX MHOXUH, V Ta A — MHOXXHHH IPEJAMETHHUX IMEH Ta 0a30BUX 3HAYCHb.

Tlo3nauaemo Q[d] MHOXMHY BCiX 3Ha4yeHb, sKi R-nipenukar O MOXKe MpUIIMaTH Ha apryMeHTI
de”A4. Taxa Q[d] moxe Gyrtu oxieto 3 muoxun &, {T}, {F}, {T, F}. Otxe, koxuuii R-peaukar O
MOYKHA 33/IaTH 3a JJOMIOMOTOI0 2-X MHOKHH — obuacti icrurHocTi 7(Q) Ta obnacti xubHocti F(Q):

T(Q) = {d | TeQld]}; F(Q) = {d| FeQld)}. -

O6nacts HeBH3HaUeHOCTI peaukaTa O 3anaeTees Tak: L (Q) =T(Q)VF(Q)=T(Q)NF(Q).

R-nipenukatr Q MOHOTOHHUH, sKIO: d) Cdr = O[di] < O[d>].

R-npeaukat O 9aCTKOBHI OJHO3HAYHMIT a00 P-nipeukar, skio 7{(Q)NF(Q)=J.

R-npeamkar O ToTanbuuii, aGo T-npemukar, sxmo T(Q)UF(Q) ="4.

Jlist onqHo3HauHKuX (yHKiN qani numemo f{d)!, sikuio 3HaueHHs f(d) BU3HAaYEHE, Ta MULIEMO
Ad)1, sikwio 3nHaueHus f{d) HeBH3HAYCHE.

Tomy mnst P-npenuxatis Mmaemo 7(Q) = {d | O(d)= T} ta F(Q) = {d | Q(d)i=F}.,

Moxna Buninntu 4 koncrautHi R-npeaukati T, F, A, Y; BOHHM BiAMOBIZalIOTH MHOKHHAM
3HaueHb {7}, {F}, D, {T, F}, axi R-npenukatr Moxe NPUHHATH Ha BXiTHOMY AaHOMYy. Tomy:

T(T)=F(F)="4, T(F)=F(T)=@, T(x)=F(X)=2, T(Y)=FX)="4.

TIpenuxatu T, F, A, Y MmoHoToHHI, npu usomy T, F, A oxHO3HAYHI.

Kuacu V-A-kBasiapunx R-nipeukaris a P-npeaukaris nosuaanmo Pr’ ta PrP’™,

CrenianbHa HEMOHOTOHHA |-apHa KOMITO3HUIISI IPEINKATHOTO NOIOBHEHHS ~ 3aJa€ThCs TaK:

TCQ) = L(Q)=TQ)VFQ), FCO)=92.
3Binen L(TO)=T(Q)VF(Q).
Maemo T(TQ)F(TQ) =, Tomy ~ 36epirac ofHO3HAUHICTb R-IIpeIHKATIB
TakuM YMHOM, KJ1acu P-nipenKariB Ta R-NpeaAnKaTiB 3aMKHEHI 110/10 KOMITO3MILIT ~.
Teepuenns 1. QePr’ ™ = ~QepPrP’™; QePrT"™ = ~Q=A.
3Bijicu BHIUIMBAE, 10 Ki1ac 7-IpeIUKaTiB He3aMKHEHHH o0 ~.
e o3nauae, mo st 7-npeaukatis LC He MarOTh CMHCITY.
TakuM yrHOM, MOkHa posrsiiati LC R-npeaukaris Ta LC P-nipejukaris.
LC R-npeukatiB 4MCTOr0 NEpLIONOPSIKOBOrO (KBAHTOPHOT'O) PiBHS HA3UBAEMO L9
LC P-npe/iKartis 4MCTOr0 NEpIIONOPsIKOBOTrO piBHs Hasusaemo LI,
Ha perominatneromy pisri LC R-npeswkaris ta P-npesmkatis Hasupaemo L C ta L
B norikax KBasiapHMX NPEAUKATIB OTOTOXKHIOBATU i PO3PI3HATH 3HAYEHHS NPEAMETHHX
iMEH MOXKHA 3a JOTIOMOTOI0 CrerianbHiX 0-apHHX KOMITO3HIIH — MapaMeTpH30BAHMX 32 IMCHAMH
npeanKatiB piBHOCTI. [IpHPOAHO PO3IIISIIATH J1BA PI3HOBU/IH LIUX MPEIUKATIB:
— c1a0Koi (3 TOUHICTIO 10 BH3HAUCHOCTI) PIBHOCTI ={yy;
— CTpOroi (TOUHOI) PIBHOCTI =iy
Ipenukat =, ,; Ta =(,; 331a€MO TaK:
T(=pgy) = {d [ dx)L, d()) Ta d(x) = d(y)},
F(=E ) = {d [dx)L, dy)d ta d(x) # d(»)};
T(E ) = {d | d)L, d(y)L mad(x) = d(y)} O {d | dx)T Tad(y)T},
F(=gyy) ={d | dx)L, dy)l, dx) = d(y)} U {d | dx)L, d(y)T abo d(x)T, d(y)i}.

HeicTOTHIM JUIsl IPETUKATIB =/, Ta =(y,y € KOXKHE z€ V\{x, y}.

TIpeanKaTh =i, ) Ta =(,,; CKOPOUCHO MO3HAYAEMO =y, TA =, }

Jnst =,y Ta =y, TAKOXK BXKMBAHUMH € TPAIHIIiiHI MO3HAYECHHSA X =) Ta X=).

RCP
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Takum UMHOM, =, Ta =, — L€ pi3Hi MO3HAYEHHS 00HO20 I MO020 dic TIPEIUKATA.
AHAJIOrivHO =,, Ta =), — TeX Pi3Hi HO3HAYEHHs OJHOTO i TOTO K MPeUKaTa.
TIpennkaryu =,, TOTaNIbHI OJJHO3HAYHI Ta HEMOHOTOHHI.
IIpenukaTtn =X'),. YACTKOBI OJJHO3HAYHI TA MOHOTOHHI.
OxpeMUM BHIAJKOM MPEAUKATIB =iy 1 Ta =iy}, AKILO X Ta y — 1I€ OJIHE i Te 3K NpeJMETHE iM’4,
€ IPETNKATH =y} Ta =y}, 5IKi OYJIEMO MO3HAYATH =, TA =y, B TPATHIIHHOMY BUITIAMI X =X Ta X =X.
Koxne ze V'\{x} HeicTOTHE IS =, TA =\, .
st =, Maemo T(=y) = 4 1a F\ (=) =D, 3BinKH =, = T, 11e KOHCTAHTHUI PETUKAT.
J1u1st IpeIMKaTiB =, MaeMO F(=,,) = &, TaKi =,, — 4aCTKOBI KOHCTAHTHI IPEUKATH.
KHJI 3 mpenmukaTamu piBHOCTI MOXKHA BHJUISATH Ha PEHOMIHATUBHOMY W KBAHTOPHOMY
(4MCTOMY MEPLIONOPSAAKOBOMY) PiBHSX. 30KpeMa, Ha PEHOMIHATHBHOMY PiBHI Ma€MO Pi3HOBHJIH:
— L® 1a L™ (ana R-npesmkarip);
— LR a [FEP (st P-ipe/TuKaTiB).
Ha uncromy neponopsakoBoMy (KBAaHTOPHOMY) PiBHI MaeMo Taki pi3HOBHUAM:
L9 ral® (st R-ipeiiKaTis);
— L2 1a L% (s P-nipenukaris).
Ha penominatiBHOMY piBHI Maemo Taki pizHoBuaH LC 3 piBHICTIO:
— LR 1a LS (mus R-npenukaris);
— LR 1a L*P (ans P-npenmixaris).
PisnoBuan LC 3 piBHICTIO HA YMCTOMY TIEPIIONOPSIKOBOMY PiBHI:
— 197 1a L9 (ans R-npesmikarip);
1967 g [ O=P (st P-Ipe/iiKaTiB).
Jns onucanux pisHoBuaiB KHJI 3 piBHICTIO MaEMO Taki MHOXUHHU 0a30BHX KOMITO3HLIH.
Cr=={=, Vv, RL, =} — un LR 1a LR2°F,
Cra={—, Vv, RL, =} — s L™= ra L™=,
Cre=={—, v, RL, ~, =} — s LRC= qa LRCP,
RC= 1o [RC=P,
L9°F;

LQEP.

Cre== {—l, v, R::, -, Ex_v} —ana L
Co-={—, v, RL, 3x, =} — uia L9 1a
Co=={—,V, Rf;, Ax, =} — a0 L% Ta
Coc=={=, v, RY, qx, 7, =} —ana Lo 1a Lo,
Coc=={—, v, RL, 3x, ¥, =} — s L9 1a L9,

Crucio Haragaemo (1uB. [9]) BU3HAUEHHS KOMTIO3HIiH —, v, RY, Jx.
T(—P) = F(P); F(=P)=T(P);
T(PvQ) = T(P)VT(Q); F(PvQ) = F(P)NF(Q);
T(3xP) = {d | dVx+> aeT(P) nns nesikoro acA};
F(3xP) = {d | dVx+> acF(P) nns Bcix acA}.

Kowmmosuuio RY 3anaemo ymosoro: RL(P)(d) = P(rL(d)) ans seix de”A.

CemanTtnunoo ocHoBoo KHJI € xommosuuiiiHi cucteMu BUIIISLLY (VA, P A, Cp), ne Cp —
MHOXKMHA 0a30BuX koMnoszuuiil. KoxHa Taka kommo3uiiiina cuctema 3ajiae Bl anreOpu: anredpy
(anreGpaiuny cuctemy) nanux ("4, Pr’ ) ta komnosuuiiiny anre6py npemukaris ("4, Pr’ ", Cp).

MaeMo peHOMIHATHBHI KOMIIO3UIIHHI CHCTEMU R-NPEIUKATiB Ta P-TIPeINKaTiB 3 PiBHICTIO:

(A, P, Cro); (P4, PP, Cra) ("4, PP, Cre)y ("4, P, Crea):
("4, PrP"™, Coo); ("4, PrP"™, Cra)s ("4, PrP™, Creo); ("4, PrP"™, Croa).

BiarosiiHi peHOMiHATHBHI KOMITO3HIiiiHI alreOpu R-IpeuKaTiB Ta P-PeNKaTiB 3 PiBHICTIO:
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A =4, P, Cro); A= =4, P, Cra);
ARC: — (VA7 PrV—A) CRC:); ARCE — (VA, PrV—A, CRCE);
A= ("4, PrP", Cro); A™" = ("4, PrP"™, Cro);
ARCP = ("4, PrP", Creo); AR = ("4, PrP", Cpeo).
YucTi nepionopsaKoBi KOMIO3ULINHI CUCTEMH R-IIpeIuKaTiB Ta P-peIiKaTiB 3 PiBHICTIO!
(4, PP, Coo); ("4, PP, Com); (P4, PP, Cocn); (M4, PP, Cocs);
(4, PrP"™, Coo); ("4, PrP"™, Co); ("4, PrP"™, Coc-); (P4, PrP™, Coco).
YucTi NepIonopsiIKoBi KOMIIO3ULIHHI anredpy R-npenykariB Ta P-peanKaTiB 3 PiBHICTIO:

A9 = ("4, P, Coo); A% = ("4, Pr" ", Con:
AT = ("4, P Coe); A9 =4, PP, Coc);
AT = (A, PP Coy; AP = (P4, PP, o),

A% = ("4, PrP", Coen); A9 =("4, PrP", Coce).
AnreGpu A9 49=F 4OCF 4O=P ¢ pinmosimHo miganre6pamu anredp 497, 4% 49 49,

Anreopu AR, AR ARCP 4R=P ¢ ginnosinmo minanreopamu anredp A%, A, AR, ARE

CTHCII0 0XapaKTepH3yeMO BIACTUBOCTI KOMITO3MILH onucanux Buiie kiaacis KHJI 3 piBnicTiO

BitactiBOCTI HIPOMO3UIIHMX KOMITO3UIIIH aHATIOT14HI BIACTUBOCTSAM MPOMO3HI[IHHUX 3B'SI30K
KJIacu4Hoi Jioriku. BracTuBocTti kommosumiii KBaHTH(iKalii, He NMOB'SI3aHI 3 PEHOMiHAIli€l0, B
LIJIOMY aHAJIOTiYHi BiIIOBITHUM BIACTUBOCTSIM KBAHTOPIB KJIACHYHO] JIOTIiKH.

BitactuBocCTi, 1MOB’s13aHi 3 KOMIIO3MIISIMU PEHOMiHaLlii Ta KBaHTH(IKALi, aHAIOT14HI BiAIO-
BIJHUM BJIACTHBOCTSIM TPAJMIIMHOI JIOrikM KBa3iapHux mnpeaukariB (auB. [9]). 3okpema, e
piaactuBocti R, RI, RU, R—, Rv, RR, Ren, R3s, R3.

Jlist omucy B NEPHIONOPSAKOBUX JIOTIKaX BJIACTHBOCTEH eliMiHallii KBaHTOPIB 10JaTKOBO
BUKOPHCTOBYIOTH ClieliaibHi 0-apHi KOMIO3HILT — MpeJuKaTH-iHAuKaTopH Ez, siKi BU3HAYAIOTh Ha-
SIBHICTB Y BXIJIHMX JJaHUX KOMIIOHEHTH 3 BiANIOBITHUM iMeHeM z € V. Tlpenukatu Ez 3a1al0ThCs TaK:

T(E2) = {d|d)}}; F(E=) = {d]d2)1T}.

IIpennkaru-inankaropu £z ToTalibHi, 0HO3HAYHI, HCMOHOTOHHI.

Koxne xeV take, mo x # z, HeicTOTHE s Ez.

JleranbHile po3risiHEMO BIACTHBOCTI, OB’ s3aHi 3 MPEAMKATaMH PIBHOCTI Ta KOMITO3UIII €10
MPEANKATHOTO TOTIOBHEHHSI.

HasiBHiCTB peiMKaTiB CTPOroi piBHOCTI Ja€e 3M0ry 3a1aT KOHCTaHTHI NPEANKATH:

Teepuxennsi 2. =, =T Ta =, v—=

“T="F=A;

PosrisiHeMo Terep BIaCTUBOCTI KOMIO3HULIT ~

I3 BusHaueHb At Koxkuoro Qe Pr’ ™ maemo: F(="P)=T("P)= L(P)=T(P)nF(P);

T(="P)=F(CP)=0; L(=P)=LCP)=T(P)UF(P).

I3 Bu3HAUEHB 7151 KOKHOTO QePrV - OTPUMYEMO:

T(T3xP)= L(3xP); FCP)=C; L(TP)=T(IxP)UF(IxP).

Teepaxenns 3. Jlns koxroro QePr’ ' maemo Qv—Qv~Q =T.

Hacaigox 1. J{nst koxuoro QePr’ ™ maemo —(Qv—0v™~0)=F 1a ~(Qv—0v~0)=A.

Teepaxenns 4. 1) [l koxroro Qe PrP’ ™ maemo: ~~Q0=0v—0.

2) st koxkuoro QePr’ ™ maemo: “—Q="0; ~"0="0; 0="0.

I3 BU3HAUEHb OTPUMYEMO BIACTUBICTE R ™ -1UCTpHOYTUBHOCTI:

~\ DT~ ~p¥

R™) Rz("P)="Rs(P).

PosrisiHemMo it KoMIo3uIii ~ Ha MpeIrKaTH-IHIAUKATOPH Ta MPEIUKATH PIBHOCTI.

Ipennkaty =, Ta Ez € TOTaabHUMH. 3TiHO TBEPIPKEHHA | oTpuMyeMo: ~ =, =A; ~Ez=A.
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Teepakenns 5. MaeMo Take OfaHHA: ~ =y, =—EX V—Eyv A =—=Exv—Eyv ™ =,
T, sxmo =, (d)T,

. v ~
npaBi, Uil KOKHOro de’ 4 Maemo: ~ = =
Copaszi, 1 (@) {HeBPBHa‘-IeHe, saxmo =, (d)d

T, sakuo —FE v —E =T
- HeBH;HaHIél}{Oe, ﬂK);[(Lz)Ex(d )Jjg(;gy(d ),: 7= "BV —Eyd)v A (d).
Ipenukaty =, MOXHA MOJATH Yepe3 NPeNKATH =y, Ta £z.
Teopema 1. MaeMo =, = (=, & Ex & Ey) v (—Ex & —Ey).
3 inmroro 60Ky, HasABHICTH A Ta Ez ja€ 3MOTY IOJATH =y, Uepe3 =, .
Teopema 2. MaeMo =y, = (5 & (AV EX) & (AV EY))V V(A& —EX)V (A &—EY).
Jlns =, Ta =, MAEMO BIIACTHBOCTI pe(IEKTUBHOCTI, CHMETPUUHOCTI, TPAH3UTHBHOCTI.
RfP) Koxuwuii npeukaT BUMIISLY =y, € HECIIPOCTOBHHM;
KOYKHUI MPEIUKAT BUTISLY =, € TOTOKHO ICTHHHUM, TOOTO == T.
SmP) Jinst koxuoro de’4 maemo =(d) = =)x(d) Ta =, (d) ==,(d).
TrP) Jins koxsoro de”4 maemo: =(d)=Tra=(d)=T==u(d)=T;
syd)=Tra=s.(d)=T==.(d)=T.
3BiZICH OTPUMYEMO:
Hacuigok 2. Koxxuuil npeuKkar BUNISLY =y, & =,; —> =,; HECIIPOCTOBHHUIA;
KOXKHUH TIPEINKAT BUITALY =, & =, —> =,: TOTO)XHO ICTUHHHI, TOOTO =, & =,: > =, =T.
Haseznemo BiacTuBoCTi peHOMiHALT IpeAUKATIB PIBHOCTI.
RD) Maemo R%* i

v,z

u,x
=) ==, 1a R

(=y) ==2w3
3a yMoBH Y & {u} maemo RI7(=,)==,1a Ri1(=,) ==
3a yMoBH X, & {i} Mmaemo RI(=,) ==, 1a Rl(=,)==,.
JIs TIPETUKATIB PIBHOCTI MA€MO BJIACTHUBICTH 3aMiHU PIBHUX.
p p p

ER) [ins koxunx PePr” ta de”4 maemo: =(d) =T = RI"(P)(d) = R;‘; (P)d);
=y(d) = T= R (P)(d)=RL)(P)(d).

B
2. MoBH JIOTIiK 3 NIPeIHKATHHM J0TIOBHEHHSIM Ta PiBHiCTIO
Omnumemo moBu LC 3 piBHicT0. JIeTallbHO PO3IIISTHEMO MOBY Lo,
Ancasit MoBH:
— MHOXHMHA V pe/IMeTHUX iMeH (3MiHHHX),
— MHOXHMHA Ps NpeIMKaTHUX CUMBOJIB (CUTHATYpa MOBH),
— mHOXkuHA Cs = {—, Vv, RYV ,3x, 7, =y} cuMBoIIiB 6a30BHX KOMIO3UIIIH.
JlaMo iHIyKTHBHE BU3HAYCHHS MHOKHHHU F7* pOpMyII MOBH:
— KOKHUH p € Ps Ta KOXKHUI =, € GopMyI1010; Taki HOpMyIH HA3BEMO aTOMAPHUMHU;
— Hexait @, YeFr; toni ~®eFr, vO¥YeFr, R2® € Fr, IxOeFr, “Oe Fr

Jlns moen L2 3anamo MHOXUHY V7yC V' iMeH, HEICTOTHHX Ul BCIX pEPS — MHOXHHY
TOTAJIBHO HEICTOTHUX [9] iMeH. MHOXHHY HEICTOTHHX Ul pEPs IMEH 3a1amMo BiZOOpaKEHHSIM

Vv . .
v:Ps—2", toni V; = () v(p). [lnd BU3HAYEHHS MHOKMHU IapaHTOBAaHO HEICTOTHUX 11 D eFr
pePs

imMer TaKy v ponoskyeMo sio v : Fr—2":
V(D) = v(D); v(vOW¥) = v(D)Nv(P);
Tr®) = (V@)Y ) VX[ vigv(D@), ieln s

VED) V@l V(D)= v(®):
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V(=) = V\{x, ).
Posmmpena curnarypa mosu — e X = (V, Vr, Cs, Ps).
Teopema 3. Skuto xev(®), To im’s1 x HeicToTHE U1 hopmyin D.
Jlnist noBinbHOI [' C Fr BBOIUMO TaKi MO3HAYCHHS:
—o(I') — e MHOXHHA BCiX p € Ps, sKi BXOJATH 10 ckiany O el
—nm(I") — e MHOXkMHA BCiX XV, ki dirypytoTs y dpopmyinax ®el’;
- v([)= N v(D), fi(T)=Vr\nm(T).

®el

Tuteprperyemo Moy L2 na komnosuuiitaux cucremax CS = ("4, P, Coc=).

3agaemo ToTanbHe oxHo3Haune [ : Ps— P’ ske MPOIOBXKUAMO JI0 BiJIOOpaskeHHs iHTEp-
nperauii popmy 7 : Fr— P’

1(=@) = =(I(P)), IvOY) = v(I(®), I(Y)),
I(RI®)=R(I(D)), 1(3x®) = Ax(U(D)),
1(TP)="(J(P)), ](EXy) ==y

Tpiiiky J = (CS, £, /) Ha3BeMO iHTepIpeTalieto MOBH 19,

CKopoYeHO iHTeprpeTalii MOBY MO3HAYaEMO SIK (4, /).

Tpenukar /(D) — 3nauenus Gpopmynu @ npu inrepnperarii J — noznaunmo .

Ipeamerne im's xeV weictrorne 1 popmymu O, KO Npu KOXKHIK iHTepnperauii J iM's x
HeicToTHe Ui npeukara O .

Moga L9 pusnauaerscst amanoriuno Moi L9, mumme 3amicts cumpostia =), THIIEMO =, .

TloniGHUM YMHOM OITHCYEMO MOBH JIOTiK LA 1a LR OITyCKAarOUYH IMyHKTH ISt 3X.

TIpu Bu3HAYEHHI MOB L% 197, = 1f OIMYyCKAEMO MYHKTH, ¢ (IirypyroTh CHMBOJIH
KOMITO3HIIii MPEMKaTHOTO JJOTIOBHEHHSL.

MookHa BUIUINTH 3arajibHi KIacH R-iHTeprperaniii Ta makiacu P-intepnperaniid. Taki kiacu
IHTepIpeTalliif Ha3UBAIOTh CEeMAHTHKAMH, iX o3Ha4YaeMo R ta P.

Hexaii o — mesikuii kiac iHTeprpeTartii (ceMaHTHKa).

@opmyna @ HecrpocToBHA (4acTKOBO icTWHHA) npu inTepnpetauii J (nosH. J|=®), saxuo
npeaukat @ — HeCTPOCTOBHUMA.

®opmysna © HECTIPOCTOBHA B O, IO No3HaYaeMO *[= @, sikuio J |= O npu koxkHil Jea.

Dopmyna @ TOTOKHO icTHHHA NpH iHTepnperatii J (mo3H. J|[=;,; D), sxmo D, =T.

®opmyna O TOTOKHO icTHHHA B O (1103H. “[=;y D), sixw10 J |=¢ @ npu koxHii Jea.

SIkuio cemanTHKa @ 3adikcoBana, T0 3amicts *[=, “|=;; nuuemo =, [=4.

®opmyna @ BukoHyBaHa npu inTepnpertauii J, sxmo npeaukar Oy — BUKOHYBaHUIA.

Dopmyna @ BHKOHYBaHa B O, AKII0 P BHKOHyBaHa MpH JesKiit Jea.

Teepuxenus 6. J =y ® = J|=0; |5y ® = = .

Mpukaan 1. Maemo *|=x=x ta “=x=y<>y=x (1yr 0. — R uu P).

Mpukaan 2. Maemo %= x=x Ta “=yx=y<>y=x (Tyr o. — R uu P).

3rizHo TBEp/PKEHHS | OTpHUMYyeEMO:

Teepmxenns 7. ] koxnoi inTepnperauii J maemo: (T =q),=A; (T Ez);=A.

3riiHO TBEP/PKEHHS 3 OTPUMYEMO:

Teepaxenns 8. st koxxuux O € Fr ta intepnperarii J Mmaemo
(OVv—DV ™D ), =T; =(Ov—-Dv~®),;=F;, ~(Ov—-DOv~D),=A.
Hacainok 3. [lns koxuoi @ eFr maemo =y ®v—DOv~® (1yT ot — R un P).
s opmarmizanii GyHIaMEHTAIBHOTO TOHATTS JIOTIYHOTO HACIIIKY B JIOTiKax KBa3iapHUX

MPEeIMKATIB 3aIPOIIOHOBAHO (MB. [9]) HU3KY BiJINOBIAHMUX BiJHOIICHb.
CrioyaTKy 3a/1aMO BiJIHOIIECHHS HACIIJIKY JUIst IBOX opMyi npu (ikcoBaHiii inTeprperarii J.
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1) Icrunnicuui, abo T-Hacninok j=r: ® |J=r¥ < T(D,)) < T(¥,).
2) XubHicHuit, abo F-Hacninok j=r: O j=r¥ < F(¥,) c F(D,).
3) CunbHuit, a6o TF-Hacninok =z O =¥ < O J=r¥ 1a ® J=¢¥.
4) HecnipoctoBHicHuit, a60 [R-Hacminok j=r: @ J=rY¥ < T(P)NF(¥,) = J.
5) Ayanbhuii 1o IR, abo DI-nacninok j=p;: @ jJ=p;¥ < F(O)UT(V)) = 4.
BianoBiHi BiAHOIMICHHS JIOTIYHOTO HACIHIAKY B CEMAaHTHII 0L 33J1aEMO 32 CXEMOIO:
@ Y= W, axuo O y=. ¥ s koxuoi Jea.
B 3aranpHOMY BUNAJIKY JIOTIK KBa3iapHMUX MPEIUKATIB MOXKHA PO3IIIsiiaTh ceMaHTHku R, P, T,

TS; npu ubomy cemanTiku P ta T nyanbsi, ceManTuku R Ta TS aBTO/yasbHi.

B 3aranpHOMY BHIIJIKY JIOTIK KBa3iapHHX NPEIUKATIB 3a3HAYCHI BiHOIICHHS JTOCHIKECHO B

[9]. Cepen uux BiTHONIEHb MAEMO JIMLIE 5 PI3HUX: PIZIR, PIZT, P\:F, PIZTF, R|=TF.

BinHoIEHHS T0riYHOr0 HACIAKY iHAYKYIOTb BiJHOIIEHHS JIOT4YHOT €KBIBaJIEHTHOCTI.
BinHomeHHs eKBiBaJICHTHOCTI IpU iHTepnpeTanii J BU3HAYAEMO 32 CXEMOIO:
D~ W, sikio O =W ta ¥ jj=. ©.
BinHormienHs 10rivHOT €KBIBAIEHTHOCTI ~ ~/g, P ~T, L ~F, L ~TF, R~T[-‘ BH3HAYAEMO TaK:
D *~, ¥, sikwo @ “=. ¥ ta ¥ °|=. @.
Ipu mpomy: @ “~ ¥ < @ ~. ¥ 1u1st koxnoi Jea.
Oco0nBe 3HaYCHHsI Ma€ BIAHOMIECHHS ; ~77. D~V o3Hauae, mo ®,; ra W, — 1ie ouH i TOi

ke npequkar. Lle BuruuBae 3 HacTynHoro: O ~rp¥ < T(D,)=T(¥,) ta F(D)) =F(¥,).

OCHOBOIO eKBIBAJICHTHUX NEPETBOPEHb (GOPMyYII € TeopeMa eKBiBaleHTHOCTi. Bona dopmy-

: R P P :
JIIOETBCA JUTS BITHOIICHD  ~7f, ' ~7F, ~pg. I ~rTa ' ~p Teopema HeBipHa.

Y, ...

Teopema 4. Hexaii @' orpumano 3 popmyin O 3aMiHOO AESKHX BXOUKEHD @1, ..., @, Ha
, W Ao @ “~ W, .., @, “~ Wy, 0 O v D

BifHOIIEHHS JTOTYHOTO HACIIIKY MOLIMPIOKOTHCS Ha Mapu MHOKHH (HOPMYJIL.

Hexaii nesika ', A, X < Fr, nexaii J — inteprperartist. ani mo3Haqaemo:

Oﬂ T(®,) ax 7)), N F®,) 1 F(Z), 0U T(8,) ax T(Z)), 0U F(0,) ax F(Z).

A € T-nacnigkom I mipu inrepnperanii J (nosu. I' j=7A), sxmo 77(T)) < T7(A)).
A € F-nacninkom I ipu intepnperanii J (nosu. T j=rA), sxmo F(Ay) < F7(T)).
A € TF-nacnigkom I' nipu intepnperauii J (nosu. I' j/=7r A), axmo I' j=rAT1al J=rA.
A € IR-nacninkom I' npu intepnperanii J (nosu. T =z A), sxmo T7(T) N F(A)=D.
BianosiHi BiAHOIIEHHS JIOTIYHOTO T-HACIIAKY B CEMaHTHLI O 33JJa€MO 33 CXEMOIO:
@ Y=t W, axuo @ j=t ¥ wis koxuoi Jea.
Teopema 5 (3aminu exBiBanienTHHX ). Hexait @ ~ 'V, Toxi:
D, I'=AS YT A TEADST=AY.
Tyt ~— omte 3 *~z, “~pp, "~y |5 — onme 3 Binnowens “=rr, 7=rr, Tk,
Haramaemo (muB. [9]) OCHOBHI BIACTHBOCTI BiJHOIICHH JOTIYHOTO HACIIIKY UISI MHOMXHH

(dopmyst. Hanauni, Ko iHIIe He 3a3Ha4YeHe, [= — e OfHe 3 R\:rp, P\:m P\:r, P\:p, P\:Hq.

M)Hexai 'c AtaAcX, toni I'|=A =A |=X (MOHOTOHHICTb).
Jlekomnosuuist popmyir:

——) D, A= O, '=A

—R) =A, ——O S T=A, 0.

vp) OW,T'FA < DO, T'=Ata P, ['|=A.

VR) TFA,OVY ST [=A, O, W.

—Vvi) ~(OVY),T'[=A & =0, =¥, T [FA.

—VR) '=A, ~(OVY) & T A, =P ral [=A, V.

Jost P|=,R TaKOX MaeMo (11e HEBIPHO JyIst R|=TF, P|=Tp, P|=T, P\ZF):
—1) =D, T = A & T =R A, @.
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=) L7 Fr A, —@ < O,T =R A.

BractuBOCTI eKBIBaIE€HTHHX NEPETBOPEHb, MOB'A3aHI 3 PEHOMIHALI€0, OTPHUMYIOTHCS Ha
ocHoBi Biacrusocteil R, RI, RU, RR, R—, Rv. KoxHa 3 HUX NpojyKye 4 BiIINOBIiIHI BIACTHBOCTI
JUIsL BiJHOIICHHS JOIIYHOrO HACIIAKY, KOIM BHAlleHa hopMyla 4y i 3aepedeHHs 3HAXOIUThCS Y
JIBIM YK MPaBiii YaCTHHI [bOTO BiTHOLICHHS.

JU1s epIIoopsIKOBHX JIOTiK MaeMO BJIACTHBOCTI eliMiHallii KBAHTOPIB, MEPBICHOIO O3HA-
4eHHs Ta E-posnoziny (auB. [9]); BOHM cripaBIKyOThCs Takok st LC Ta JIOTiK 3 piBHICTIO.

ButactuBocTi enimiHaiii KBAHTOPIB:

Jp) Ix®,I'=A < R (D), Ez,I'|=A 3a ymosu zefu(I', A, IxD));

3R) RY(3xD),I' =A< RIN(®D),Ez,T = A 3a ymosu z € fi(T, A, R (FxD)) ;

—3p) I'F—3xP,A & T, Ez|= = R (P),A 3a ymosu zefu(l, A, 3xD));

—3Rp) [ == R (D), A & T, Ez|=— RS (D),A 32 ymosn z € fi(T, A, R (Fxd)) ;
Jvp) [LEy [F3x®,A < T, Ey |=3x0, R (D),A;

3Rvp) I, By = A, RI (3x®) < T, By [=A, R (3xD), R(D) 5

—3vp) —IxD, Ey, T |=A & =D, —R(D), £y, ['[= A,

—3Rvy) —RY (D), Ey,T[=A & —RY (D), —RY S (®), Ey,T = A.

BractuBocTi E-po3MOIiny Ta MepBiCHOTO O3HAYCHHSL:

Ed)T|=A < T|=A EytaEy,T |=A;

Ev)T'[=A < Ez,T'|=A, ne zefu(T', A).

TapanTytoThs (auB. [9]) HasgBHICTH TOTO YM IHIIOrO BiHOIICHHS JIOTIYHOTO HACITIAKY
piactuBocti C, CL, CR, CLR. JInist ycix BiJHOLIIEHb MaeMO:

C)®,T=A, @.

J101aTKOBO rapaHTyIOTh HAsIBHICTh BiANOBIJHOTO BIJHOIICHHS TaKi BJIaCTUBOCTI:

CL) ®, —~®, T F|=rA;

CR)TP|=p A, @, —0;

CLR) ®,—®,T "=z A, ¥, —\P.

Buacrusocti C, CL, CR, CLR cripaBmKyThCs UL JIOTIK 3 PiBHICTHO.

3ayBaHMO, IO BiTHOMICHHS, SIKi MH TO3HAYAEMO OJHHM CHMBOIIOM (Hanp., ' |=7), pisui 8 LC
Ta B JIOTIKaX 3 PiBHICTIO, aJie 3 KOHTEKCTY Oy/1e 3p03yMiJI0, PO SKE BiJHOIICHHS ii1e MOBA.

3. Oco6auBOCTI BiTHOMIEHD JIOTIYHOI0 HACJIAKY B JIOTiKaX 3 piBHiCTIO

Po3srisiHeMO 0COOIMBOCTI BiJIHOIIEHB JIOTTYHOTO HACIIJIKY, TTOB’s3aHi 3 HAsBHICTIO MPEIHKa-
TiB piBHOCTI. ONHUILIEMO BIACTHBOCTI, OB s3aHi 3 PeIMKaTaMH CJIa0KOT PiBHOCTI.

Ha ocHoBi Sm Maemo BIacTUBOCTI:

Smp) x=y,I''=FA & x=y,y=x,T|=A;

Smp) T=A, —x=y < T |FA—x=y,-y=nx.

Tr iHIyKy€e BIaCTHBOCTI:

Tr)x=y,y=zTFA o < x=y,y=z,x=2,T|=A (1y1 |= - 11e “|= w ’|=7);

TrR) T|=A, —x=y,—y=z &S T|=A,~x=y,—y=z,—x=z (1y7 |=—ne "|= un "|=p).

Crpaeni, T(x=y)NT(y=z)=Tx=y)NT(y=z) N T(x=2).

Teopema 6. Trp HeBipHa Juist |[=F; Trr HeBipHa JUIs [=7.

Hns d=[xa,z=>b] maemo deF(x=y)UF(y=z)=F(x=y&y=z),; npore deF(x=z),
tomy de F(x=2)UF(x=y)UF(y=z) = F(x=y & y=z& x=2) => x=y &y=z"|#px=y & y=z & x=z.
Ipore ®=¥ < =¥ l=r—®, Tomy —x=yv—oy=zv—-x=z'|#¢;—x=yv—oy=z. Bommouac
x=y&y=z"FFrx=y&y=z&x=z, ~x=yvoy=zvax=z'mpax=yvoy=z.



TaKHM YHHOM, TPAH3HTHBHICTH CIAOKOi PIBHOCTI MOPYITYeThCs ATt BigHOMmE D ©|=x Ta F|=r,
Tomy it st “j=pr a Xj=7. Tomy B KHII 3 =,y Ll BiTHOIIICHHS HEKOPEKTHI.
Hacuigoxk 4. Jlnst KHJI 3 =,, KOpeKTHUM 3aIMITAE€THCS JTUIIE BiJHOIICHHS P =g
Bracruicts RD iHIyKye BIaCTHBOCTI peHOMIHALIT piBHOCTI st BiHOMmCH S ©|=/%.
7 P P —
RDy) RY(x=y), "FrA < x=y,I'"|=rA 3aymMoBUX,y & {i};
7. P P —
RYI(x=y),I'"FrA < z=y,T"[=rA 3aymoBuYy & {it} ;
Ty P_ . TP
R (x=y),T "FrA < z=u, T FrA.
P 7 P_ _ .
RDR) T/l R (x = ), A & TF=pAx=y 3aymobix, y & {i};
P i, P_ _ = .
=g R (x=p),A & T=pA,z=y 3ayMOBHY & {Ul};
P Ty, P_ _
r ‘:IR R\i’[,:(,u‘ (X - .y)’A = ‘_’R Az=u.
Brnactusicts ER iHayKye BracTHBOCTI 3aMiHM PIBHUX JUIS BITHOIICHHS P [=ir:

ER) x=p, R (D). =pA < x=y, R (O),RIH(D),T = A;

ERp) x=y,I" [z RIZ(®),A & x =y, "=y R (@),RI5(P),A.

Bracrusicts Rf iHIyKye criemianbHy yMOBY HasBHOCTI BiHOMICHHS |=/g :

CRf:) r P|=,Rx=x, A.

Onumemo BractuBocti KHJIL, moB’s3aHi 3 npenKaTamMu cTporoi piBHOCTI.

)Iani |: — e OHE 3 R|:TF, p|:TF, P|:T, P\:F, P|:1R-

Jns BigHomens tuny 7, F, TF 3HiMaru 3amepedeHHs, rnepeHocsyn —®@ 3 JiBoi 4acTHHHU
BIZIHOIICHHS y TnpaBy sk @ i HaBmaku, B3arajui Kaxyud, He MOxHa. [Ipore e MokHa poOUTH UL
MPEeMKATIB CTPOroi piBHOCTI:

ER) I'=—x=y, A= x=y,'FA 1a —x=y,[FAS T |=x=y,A;

ERpp) I'==R!(x=y),A & Ri(x=y).,['l=A ta =R/ (x=y),['FA © T'=R(x=y),A.

BuactuBocri, ingykoBani Sm ta Tr:

SmS)x=y,TFA x=y,y=x,T |FA;

TrS)x=y,y=z,T [FA < x=y,y=z,x=z,'|=A.

Buacrusicts RD iHayKye BiacTHBOCTI peHOMiHALT piBHOCTI.

RDS)) Ri(x=y),I'=A < x=y,'=A 3aymoBux,y¢{i};

7

R (x=)).T|=A < z=y.TEA saymosuy (i} ;

R (x=y).T|FA & z=u,T|=A;
RDSp) =R (x=y),A © 'l=x=y,A 3aymoBux,y ¢ {ii};
IM=R*(x=y),A & [l=z=y,A saymoBuy & {ii};
= Iif‘._»"'(xzy),A o =z=u,A.
Buactusicth ER IHJIYKy€ TaKi BIaCTUBOCTI 3aMiHU PiBHHUX:
ERS) Tx=p. RE(D)=A < Lx=y, R(0),RN(D)[=A;

ERSp) [,x=y[= R (®),A & [x=yl=RE(D),R(D)A.

X

: . . R P P__ P_ P
Brnacrusicts Rf ingykye yMOBY HasiBHOCTI KOXKHOTO 3 ' [=17, ' =17, " =1, " [=F, ' [Fig:
Crp) T [Fx=x,A.

A _ . .. P_ .
IMincymoByroun, B KHJI 3 =,, MaeMo Taki BIaCTUBOCTI BiTHOIICHHS ~ [=g :
— JEKOMIIO3MIIIT —, —R, VL, VR;

— eKBIBaJICHTHHX I1epeTBOpeHb Ha ocHOBI R, RI, RU, RR, R—, Rv;
— exiMiHanii kBautopis i, IRy, vk, IRvg;
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— E-posnoniny Ed Ta nepsicHoro o3naueHss Ev;

— 1oB’s13aHi 3 nmpeanKkaramu cinadbkoi pirocti Smy, Try, RDy, RDg, ER|, ERg;

— BrnactuBocTi C Ta Cre- rapaHTOBAHOT HASIBHOCTI BiAHOIICHHS ' [=/ .

TMoxiGHi BIacTMBOCT BiAHOWICHHS | |=z Maemo B KHJI 3 =,,; BiAMiHHICTE TiTbKM B 3aMiHi
CHMBOJIIB =, HA CHMBOIIH =y, ILI0 JIa€ TaKi BIaCTUBOCTi:

— MOB’s13aHi 3 mpeukaTamu crporoi piBHocti SmS, TrS, RDS;, RDSg, ERS;, ERSg;

— piactuBocTi C Ta Cre rapaHTOBAHOT HASIBHOCTI BiJHOIICHHS P =ik -

BitactuBoCTI BiHOLLIEHD R|:rp, P =rr, P = o |=rB LEs:

— JeKOMIIO3uLii POPMYT ——r, =R, VL, VR, 7V, TR}

— eKBIBaJICHTHHX TepeTBOpeHs Ha ocHOBI R, RI, RU, RR, R—, Rv;

— enimiHarii kBaHTOpiB I, IR, =Ir, =IRR, IVg, IRVR, =3IV, =IRVv(;

— E-po3nojiinty i epBiCHOTO O3HAYEHHS;

— MOB’s13aHi 3 =,,, BnacTuBOCTi Err, ER g, SmS, TrS, RDS;, RDSg, ERS;, ERSg;

Takox BIACTUBOCTI TapaHTOBAHOI HASIBHOCTI JIOTTYHOTO HACHIAKY:

—C, CL, Crg i U =1;
—C, CR, Creunst FJ=r;
—C, CLR, Cs nmst =1 ;
- C, CRf JUIA R‘:TF .

B LC BifHOIICHHS JIOTTYHOTO HACIIIKY BBOJMMO TaK, SIK OIKMCaHO BHIle. [IpoTe KOMIO3uIis
MPEIMKATHOTO JONOBHEHHS Mae crerudiyHi 0CoOIMBOCTI, 1O BiJ0OpaXkaeThesi HA BIACTUBOCTSIX
BiZIHOIIICHB JIOTTYHOr0 HaciKy. 3mictoBHuME B LC € nuie R-ceMaHTHKa Ta P-ceMaHTHKa.

Jlns Bigmomenns “[=; peduekcHBHICTS MOPYIIYEThCS SIK B TPAMIIIHAX JIOTIKAX KBA3iapHIX
npemwkarie, Tak i 8 KHJI 3 piBmictio Ta B LC. CripaBji, [u1s 10BinbHOTO pePs MaeMo p |z p
(6epemo JeR Ttaxy, mo p; = Y). ToMy BUPOKEHE BiJHOIICHHS R|=,R JIalli He PO3MIISIAEMO.

Jna KHJI 3=,, Binuomenns tunis 7, F, TF jus nap $opMyn HETpaH3UTHBHI (Teopema 6).
Tomy st LC= KOpeKTHUM MO>xe OyTH JIMIIE BIAHOLICHHS ' |[=/z.

Bignowenns sorivnoro Haciigky B LC neransHo fociimkeHo B [7]. 30kpema, MOKa3aHo, 1110
BigHOmeHHs =/ B LC KOPEKTHO BBECTH HEMOKIHBO. [IPHIMHOIO IIHOTO € HEMOKIHBICTh KOPEKTHO
3aJaTH YMOBHU JCKOMIO3HLIT opmyn Bursiay ~ @ . 3yMOBICHO Iie THM, IO JACKOMITO3UIls ~ @
BUMArae rnojaHHs obnacti HepusHaueHocti Gpopmymu @ uepes i 061acTi icTMHHOCTI Ta XHOHOCTI 3a
JIOTIOMOTOIO JIHIIe M Ta \U. SIK 1moka3aHo B [7], 1e HEMOKJIUBO.

Takum unHOM, jutsi LC BifHOIICHHS * [=jz HeanekBaTHe. ToMy Bijt P [=® nOULIBHO MEpenTH 10
3ara’bHIMIOrO BiIHOMICHHS |z HECIPOCTOBHICHOTO JIOTiYHOTO HACII/KY 32 YMOB HEBH3HAUCHOCTI.
Bingnomenus \:[Rl B LC mocmimpkeno B [5-7].

HeasekBathicth BigHomenns ‘j=; B LC po6uts ioro i Heanexksathum i B LC= Ta B LC=.
BpaxoBytoun, mo B LC= Bignomwenns tunis 7, F, TF tex HeanekBatHi, LC= no neBHoi Mipu
BHPOJDKEHA, JUTSl Hel MOJKE TPAL[OBATH JIAIIE BiTHOMICHHS | =z .

Crucio onuiremo Bignomens tumiB 7 ta F' 8 LC Ta LC=. Il¢ BigHOmEHHS A [=ri R\:r, AKI
TaKoX OyJeMO MO3HAYATH [=7, T BiTHOIICHHS P|=1.—i R\=F, SIKI TAKOJK MTO3HAYATHMEMO |=7.

Jlist nux BigHomens B LC ta B LC= crpaBmKyroThCsl BIAMOBIIHI BIACTHBOCTI JA€KOMITO3HLIT
(bopMyJ1, eKBIBAICHTHUX II€PETBOPEHb, eliMiHALIT KBAHTOPIB, £-PO3HOJiIY Ta IEPBICHOIO O3HAYEH-
Hi, siKi MatoTh Micue juist Tpaguniianx KHIT (aus. [9]). CripaB/uKyroThCSl TAKOXK YMOBH, SIKi rapaH-
TYIOTh HasBHICTH TOIO YH iHIIOTO BiIHOIICHHS JIOTi4HOrO Hacniiky. Boxxouac B LC ta B LC=
3 SIBIAIOTHCS (AMB. [7]) HOBI BIACTUBOCTI, OB’ s3aHi 3 KOMITO3HIII€I0 MPEANKATHOTO JOTOBHEHHS.

JU71st BiJHOIICHB [=7 OJJATKOBO Ma€EMO HACTYITHI BIACTUBOCTI.

YMoOBa rapaHTOBaHOi HAsIBHOCTI [=7:

C—|~) ‘\~q>, r ‘:TAA

Jexommosuuist popmys tuiy ~ @ :

97



- LT) ~(D,F ‘:TA < T |:TA, CD,—\G)

- RT) T |=TA, O o (I)’ r |=TA Ta —O, T |=TA.

-~ El) r ‘=TA, -0 < T |=TA~

BractuBicth — g — Lie aKTHYHO eyiMiHaLis .

JUJ1st BiJHOIICHB [=F TOIAaTKOBO MaeMO HACTYIIHI BIACTHBOCTI.

YMOBa rapaHTOBaHOI HAsIBHOCTI [=f

C™) I'l=,.~d,A.

Jexommnosuuist popmysn tuiy ~O :

) T ErA,—~® < [,d,—D|=rA.

-7 LF) ﬁ’vq), r ‘:FA = |:FA, D ta I’ ‘:FA, —D.

- El) "d),l" ‘:FA = |:1-‘A.

BuractuBicth g — 11e pakTHUHO emimMiHamig .

SIK BHIUIMBA€ 3 UMX CIHIiBBIJIHOIICHb, IS BiJHOLICHb THUIY |[=7 Ta THILY |[=p MaeMO pi3Hi
BJIACTHBOCTI JIeKOMIIO3uIii (opmys Burisay ~® , iX He ModicHa TOJATH SIK CHIJIbHY BIACTHBICTH
JUIst BigHOIIeHb THIY |=77. Lle o3Hawae, mo B LC Ta B LC= BigHOIICHHS R\:r, R|:p, R|:n: PI3HI,
BOJHOYAC B TPAMIIiiHIl J0Tiii KBaziapHuX mpeaukati MaeMo Nj=p = R|=p = R|=rp.

BnactuBocTi aekommosuiii Gopmyst Burisay ~® st BiAHOLIEHD THITY [=77 OTPUMYEMO, T10-
€/IHYIOUH HaBE/ICHI BHUIIE BIIMOBIHI BIACTUBOCTI I |=7 Ta |=p: ~rrTa ~ g, rrTa C~, C—~
Ta— " L, EITa T RE:

- LTF) ~CD,F ‘:T[:A = |:TA, (D, —Dral’ ‘:F A;

Tre) [ FrA, @ < O,T=rA ta =@, [=rA;

-7 LTF) ‘\"q), I ‘:TFA = |:FA, DO ma I’ ‘:FA, —|q),

-~ RTF) r ‘=TFA,—\~CD =0 ‘=TA Ta F, (D, —® ‘=FA.

3gizcu BuruMBae, mo B LC= yei imgmomenns =7, “|=r, "|=rr, =1, *=r, *=1r € pizanmn.

B LC= TaKkox BUKOHYIOThCS HaBE/ICHI BUILE BIACTUBOCTI, OB’ 3aHi 3 TPEAUKATaMU CTPOTOl
piBHOCTI. HOBUMU € BiTHOLICHHS, SIKi OB A3yIOTh ~ Ta MPEAMKATH CTPOTroi PiBHOCTI.

3rizHo TBEpKEHHA 7 T =,y =A U1 KoxkHOI J, 3Binku (T =) = F(T=,,) = 3.

3BiZICH YMOBH I'apaHTOBAHOI HASIBHOCTI [=7 Ta rapaHTOBAHOI HASABHOCTI =5 :

C-_) Tx=yTErA;

C__ ) '[FrA, “x=y.

TIpu B3aeMHiii 3aMiHi [=7 Ta [=F Ma€MO BIACTUBOCTI CIIPOILECHHS — eJliMiHarii ~

El_) ~“x=pT|=rA < [ |=A;

EL;R) T |:TA, ~XEy = IZTA.

IizcymoByioun, B LC= Maemo Taki Bractusocrti Bigsowens N|=r, Xj=¢, *|=1, *l=r.

CrinbHi s R|:T, Rlzp, P =z, P |=F BMacTHBOCTI:

— JeKoMMo3uLii GopMya ——r, —=—r, VL, VR, =V, TVR;

— eKBIBaJICHTHHX IlepeTBOpeHb Ha ocHOBI R, RI, RU, RR, R—, Rv,R™;

— exiMinanii kBanropis I, IRy, —Ir, =IRR, Ivr, IRVR, =Iv, 3RV,

— 1oB’s13aHi 3 =, BmactuBocTi Er g, ER g, SmS, TrS, RDS;, RDSg, ERS|, ERSg.

JList BiTHOLICHD [=7 JOATKOBO MAEMO:

— BJIIaCTHBOCTI ~ L1, ~ RT, = EI ACKOMIO3HULIT popmyi Burisigy ~ D ;

—BracTusicTs El-_, enmiminamii ~ =, .

. . .. P, ~

BuacruBocri rapanroBaoi HasiBrocTi BisHomenns - [=r: C, CL, Cry, C—", C-_, .
. . .. R ~

ButactuBocri rapanrtosasoi HasisHocTi BiHoweHnHs - |=r: C, Crr, C=, C-_, .

JLu1st BiZTHOLIEHD |=£ 10JIATKOBO MAEMO:
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— BIIACTHBOCTI — ~ Rp, = LF, Bl ACKOMIIO3HLIT hopmyit Tuiry ~@ ;
—BracTusicTs El._, emiminamii ~ =y, .

. . .. P, ~
BuactuBocri rapantoBasoi HasiBHOCTI BigHomeHHs * [=x: C, CR, Cry, C~, C-_,.
. . .. R ~

BractuBocri rapantoBaoi HastBHOCTI BisHomeHss " |=x: C, Crg, C™, C-_, .

: s R__ R_ P__ P
Taki % BIAQCTMBOCTI BIJHOIICHB ' |=7, " |=F, " |=7, ' |=r Maemo B LC, aje npu 1jboMy OIyCKaeMO
BJIACTHBOCTI, B IKUX (DirypyrOTh CUMBOJIM MPEIUKATIB CTPOrO] PiBHOCTI.

BucnoBku

B po6orti 1ociiKeHo HOBI MPOrpaMHO-Opi€HTOBAHI JIOriYHI (opMai3Mi — KOMIIO3ULIHHO-
HOMIHATHBHI JIOTIKM 3 NPEIUKAaTaMU PIBHOCTI Ta KOMIO3MII€0 MPEIUKATHOrO AonoBHeHHs. Taki
JIOTIKH 3 TIpeAnKaTamMu ciabkoi piBHOCTi HasBaHo LC=, a 3 mpeaukaramu cTporoi piBaocti — LC=.
Posrnsinyto koMnosuuiiiai anredpu LC= ta LC=, nociipkeHo BIACTHBOCTI iX KOMIIO3HUIIH, OMU-
CaHO MEPIIONOPSIKOBI MOBH IMX JIOTiK. OCHOBHY yBary 30cepe/PKeHO Ha BUBUCHHI BIIACTHBOCTEH,
OB SI3aHHUX 3 MPEIHKaTaMU PIBHOCTI Ta KOMIIO3MIICIO TPEIUKATHOTO IOMOBHEHHs. BBenmeHo Ta
JIOCIIIZIKEHO HU3KY BiJHOIIEHb JOTIYHOTrO HaciaKy B nepionopsakosux LC= ta LC=, po3risiHyTo
1X ocobamBOCTI. 30KpeMa, BCTAHOBIICHO NEBHY BUPOJUKEHICTh LC=, st K0T KOPEeKTHUM € JIHIIe
BIJIHOLIIGHHSI HECHPOCTOBHICHOIO JIOTIYHOIO HACJHIAKY 3a yMOB HeBH3Ha4yeHOCTi. BiactuBocrti
BiZIHOIIICHb JIOTIYHOTO HACIIJIKY € CEMaHTHYHOK OCHOBOIO M0Oy10BH B LC= BiANOBiJHUX HEpIIO-
HOPSIIKOBHX YHCIICHb CeKBEHIIHHOr0 THILY, IO IUIAHYETHCS 3AIHCHATH B HACTYIHHX POOOTaX.
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BIIHOIIEHHSA JIOTTYHOT'O HACJIIIKY B KOMITO3UIIIAHO-HOMIHATABHUX
JIOTTIKAX 3 ITIPEAUKATHHUM JOITOBHEHHSM

MIkinpusk O.C.

We study software-oriented logics of partial predicates with new special non-monotonic operation ~
of the predicate complement. We denote these logics by LC. Such operations are used in various versions of
the Floyd-Hoare program logic with partial pre- and post-conditions. We describe first order composition
algebras and LC languages. For LC, a number of logical consequence relations and logical consequence
relations under the conditions of undefinedness are specified. Properties of the defined relations are
investigated, differences and the relationship between them are given. For the introduced relations, we
describe the conditions for their guaranteed presence, the decomposition conditions for formulas and the
properties of quantifier elimination. The theorem of elimination of the conditions of undefinedness for the
relations \:TL and \:FL is proved.

Keywords: logic, predicate, composition algebra, logical consequence.

KuarouoBi ciioBa: sorika, npeamKar, KOMIO3HIiiiHa anredpa, JTOriYHUNA HACIIiI0K.

PostmpenHs cdepu ix 3acTocyBaHHs iHQOPMALIMHUX TEXHOJIOTIH BUBOIUTH Ha MEPIINil IITaH
3aja4y CTBOpEHHS e()eKTMBHMX 1 HaJiMHHX 1 mporpamMHuX cucteM. lle sickpaBo 3acBiuylOTh
HeJaBHi jkaxJMBi aBiakaracTpodu 3 yitakamu Boeing 737 MAX 8. B ocHOBI cydacHHX Hporpam-
HHX CHCTEM JISKHTb arnapat MaTeMaTH4YHOI JIOTiKY (JuB., Hamp., [1]). 3a3Buuail e ki1acuuHa Jorika
[2] npeaukariB Ta Ga3oBaHi Ha Hiil crienianbHi Joriku. BoaHouac kiacu4Ha Jiorika Mae [3] HU3KY
MPUHIUIIOBUX OOMEXKEHb, 0 YCKIAIHIOE 11 BUKOpUCTaHHA. ToMy 0COOIMBOI aKTyanbHOCTI HaOy-
Bae mpobsieMa MoOYZOBH HOBHX, MPOTPAMHO-OPIEHTOBAHMX JIOTiYHHX (opmaii3miB. TakumMu €
KoMITo3uIiiHO-HOoMiHaTHBHI Jorikn (KHJT) yacTKOBMX KBa3iapHHX MPEANKATIB (IHB., HAMp., [3-5]),
Oy/oBaHI Ha OCHOBI CIIJIBHOTO JUIsi JIOTIKM W TPOrpaMyBaHHS KOMIO3HI[IHHO-HOMIHATHBHOTO
MIXO0Yy.

BaxJIMBUM Pi3HOBHIOM IIPOrPAMHO-OPIEHTOBAHUX JIOTIK, SIKi YCIIIIHO 3aCTOCOBYHOTBCSI B
cucremax Bepuikarii mporpam, € noriku @oiiga-Xoapa [6]. Lli J0rikH BUKOPUCTOBYIOTH TOTATbHI
nepei- Ta TCTA-yMOBH (IIPeIUKAaTH), TOMY BHIAE€THCA IOIIILHHM DO3IIMPHTH TaKi JIOTIKH Ha
BHUITAJI0K YACTKOBHX MPEANKaTiB. [IpOIyKTHBHUM HAIPSIMKOM TaKOTO PO3IIMPCHHS € BBEACHHS [7]
crienianbHOI onepauii (komnosuuii) npeaukarHoro jgonosHeHHs. KHJI wacTkoBuX mpeaukaris 3
KOMIIO3HUIIIEI0 TIPEIMKATHOTO JIOMIOBHEHHS 3arponoHoBano B [8], ix HasBano LC. JlociipkeHHIO
nponosutiitanx LC npucssuena podora [8], LC peHOMIHaTHBHOTO PiBHS OmrcaHo B [9].

Metoro naHoi poOOTH € BHMBUGHHS CEMAHTHYHHX BJACTHBOCTEH mnepronopsakosux LC.
Onucano xommnosuuiifHi anredpu ta MoBu LC. 3amporoHOBaHO HU3KY BiJHOIIEHb JIOTIYHOTO
Hacmiaky B LC Ta BiJHOLICHb JIOTIYHOTO HACTIIKY 3a YMOBH HEBH3HA4YeHOCTI. JloCimimpKeHo
BJIACTHBOCTI IIUX BiJHONICHb, BCTAHOBIICHO CIIBBIHOIICHHS MK IMMH. J{J1s BIJHOLICHb THIIB |=7
Ta |[=F JIOBEIEHO TEOPEMy IpO eTiMiHalLil0 YMOB HEBM3HAYEHOCTI, BOJHOYAC JUIS BiJHOLIECHb THITY
[=/ 1€ 3poOUTH HEMOXJIMBO. [l NPONOHOBAHMX BiJHOIICHb OIMCAHO YMOBH iX TrapaHTOBAHOI
HAsIBHOCTI, HABEJICHO BJIACTUBOCTI JEKOMITO3uULlii popMy Ta enimMiHaLil KBAaHTOPIB.

TloHATTS, SIKi TYT HE BU3HAYAIOTHCS, TIIYMAa4uMO B ceHci [3, 4].

1. Komno3uniiini cucreMu Ta MOBH JIOTiK 3 MPeIMKATHHM J0TIOBHEHHAM
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Tlin V-A-xkBaziapHUM HPEAUKATOM PO3YMIEMO YACTKOBY HEOJAHO3HAUHY (DYHKLIIO BUIJISLY
P:"A— {T,F}. Tyr {T, F} — MHOXHHA ICTHHHICHUX 3HA4eHb, 'A — MHOXHHA BCIX V-A-iMeHHHX
MHOHH. B 11iii po60Ti MU pO3IIIsiIa€MO HEOTHO3HAYHI (HeleTepMiHOBaHI) IPEANKATH PEJIAL[iHHOrO
THUIy, abo R-nipeukati. MHOKHHY BCiX 3HAa4€Hb, sIKi HEOJAHO3HAUHMIT peuKar P Moxe npuiima-
i Ha aprymenti (manomy) de’4, nosuavaemo P[d].

Kosxauit R-npeaukar Q MOKHA OZHO3HAYHO 3a1aTH 3a JOTIOMOTOI0 2-X MHOMKHH:

— obmacts ictunHocti 7(Q) = {d | TeQ[d]};

— obuacts xubHOCTI F(Q) = {d | FeQ[d]}.

O6nacTs HeBU3HAUeHOCTI R-npeankara Q BusHadaeTbes yepe3 7(Q) ta F(Q) tak:

L(O)=T(Q)UF(Q) =T(Q)NF(0).

V-A-kBasiapHuit R-npenukar Q:

— YaCTKOBHH OJIHO3HA4HMIT ab0 P-nipenukar, skmo 7(Q)NF(Q)=J;

— ToTankAMii, 60 T-npemukar, sximo T(Q)UF(Q) ="4; roni L(Q) = .

st P-npenukaris mumemo Q(d)d, sikimo 3HadenHst O(d) BusHauene, ta mumemo Q(d)T,
AKIO 3HaueHHs O(d) HeBU3HaueHe. ToMy Juist P-TIpeinKaTiB MaeMo

NQ)={d| QDL =T}, F(O)={d| Q@) =F}, L(Q)={d|0@)T}.

Kuacu V-A-xBasiapaux R-npeaukaris Ta P-upeukaris nosnaunmo Pr’ ! ta PrP"™.

Maemo 4 koncrantuux R-npemuxaru T, F, A, Y:

T(T)=F(F)="4, T(F)=FT) =, T(A)=F()=a, T(Y)=F)="4.

OnumieMo kommosunii R-npeaukariB. KoMmmosuiii MpOMO3UIIHHOTO PIiBHSA TpaIHI[iiiHO
Ha3BaHO JIOTTYHUMH 3B’ sA3KaMU. 3a 6a306i JIOTi4HI 3B’SI3KM Bi3bMEMO — Ta \/, BOHH 331al0ThCS TaK:

T(—P) = F(P); F(~P)=T(P;
T(PvQ)=T(P)UT(Q); F(PvQ)=F(P)F(Q).
Kommnosuuii —, & € noxionumu, BOHM BUpaXKaloThes yepes 0a30Bi KOMITO3HLIT —, V:
P&Q = —(—=Pv—=0Q); P>Q=-PvQ.
Jlst R-npegukaris Maemo | (—Q) =L (Q); L(Pv0)=(L(P)NT(Q))U(L(Q)NT(P)).

1-apHa kommosnuis RY perominanii R-npeswkaris 3anaethest ymosoto R1(P)[d]= P[rl(d)].

Tyt r% — onepauis peHOMiHauii Ha V-A-iMeHHUX MHOXUHaX [3,4].
BusnauaabHUMH IS EPIIONIOPSIKOBUX JIOTIK € 1-apHi KoMro3uuii keanmughikayii. 3x ta Vx

3a 6a30By BizpMeMO Jx, 3a1amo ii Tak:
TExP) = {d |dVxr>aeT(P)}; FExP)=({d|dVxt>ae F(P)}.
asA asA

Toni L (IxP)=T(@ExP)NF(3xP)= (N {d|dVx>ac F(P)u L(P)}n U {d|dVxi>a<cl (P)}.
3okpema, wist P-npenukaris L(IxQ) = {d | Q(dVx>a)=T}n U {d |‘de B ael (P)).

azA
Tomy st P-ipenukatis 3IxQ(d)T < OQ(dVx b)T nas nesikoro beA ta nemoximso IxQ(d) = T.
Kowmmnosuist Vx € noxionorw: VxP = —3x—P.
XapaxrepHa ocoOnuBicth LC — HasBHICTB CIIeIiabHOI HEMOHOTOHHOI 1-apHOT KOMMO3HUIIT
MPeANKATHOro AonoBHeHHs ~ . Komnosuuito ~ MO)KHA 3a/1aTH Tak:
TCP)=L(P)=T(P)VUF(P)=T(P)NF(P), F(CP)=0.
Toni maemo L (TP)=T(P)UF(P).

T, sxmo Q(d)T,
HeBusHauene, sxuo O(d)L.

Jlnst P-npenukaris ~ MoxHa 3amaru tak: (T Q)(d) =

Kitacu P-npeaukaris ta R-npeinkariB 3aMKHEHI 1010 KoMIo3uwiit —, v, RY, 3x0, ~; Tomy

11l KJIacH 3aMKHEHI 1010 HOXIJHUX KOMIO3UIii —, &, VxP.
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Boanouac ~Q € P-npeankatoM AJis AOBIUIBHOTO QEPrViA, TOMY KJ1ac 7-TIpeiMKaTiB He3aMK-
HeHuit mono ~. Omxe, st T-npeaukaris LC He MarOTh cMHCITY.

TaxuMm 4uHOM, Jaii 03risigaemMo 3aranbHuil kiac LC — soriku R-npeinKariB 3 KOMITO3HLIEI0
~, 1a ix niakiaac LCP — LC P-peaukaris.

LC npono3uiiiiHoro, peHOMIHaTUBHOTO, YHCTOrO MEPIIONOPSIKOBOTO PIBHIB HA3MBaEMO
PLC, RLC, QLC. LC P-npenukatiB Bianosiguux piBHiB HasuBaemo PLCP, RLCP, QLCP.

Muosxunn 6a3oux kommnosuiiii PLC, RLC, QLC — 11e BimoBiIHO MHOXHHI

CpLC = {—5 V,~} 5 CRLC :{—|,V,R;,~} N CQLC = {—|, \2 Ry, ,El } .
Maemo taki kommosuiiitai cucremu B jorikax PLC, RLC, QLC:
("4, P, Cpro); (P4, P, Cruc)s ("4, PP, Couo).

Binnosinuo 0TpnmyeM0 KOMIIO3UIiiHI aredpu R-npeaukaris B norikax PLC, RLC, QLC:

= (PP, Cpy); AR = (PP, Crr0), AQLC _ (PrV A %,”C)

Knac P- l'[pCI_[I/IKaTlB 3aMKHEHUN I.[IO}IO ~, ToMy B A MOYKHA BHIUIUTH
niganreopu APECE | ARLCP | JOLCP 3 yociem PrP” .

Hasenemo ocroBHi BiactuBocti komnosuitiii LC. He moB’s3ani 3 ~ BIaCTHBOCTI HPOIO3H-
LIMHUX KOMIO3MIIH, KOMIO3MILiK peHoMiHalil Ta kBaHTH(iKauii B LC aHanori4Hi BIacTHBOCTAM
LUX KOMITO3HLIH Y TpaIuI[iiHNX JIOTiKaX KBa3iapHUX Hpeaukatis (aus [3-5]).

Ha npornosuuiiiHomy piBHI BiacTHBOCTI KoMIIo3uIii ~ orrcaHo B [8]. 30kpema:

~—P="P; ~P="P; P=""P.

Jlns P-npeukariB 104aTkoBo MaeMo ~~Q=0v—0.

Maemo F(—~P)=_L(P)=T(P)NF(P); T(~P)=@; L(—~P)=L1(~P)=T(P)UF(P).

3pincn T(T3xP)= L (IxP); F(IP)=C;, L(TIxP)=T(IxP)U F(IxP).

Bnactusicth R™ -aucTpuOyTHBHOCTI:

R™) R{("P)="Ry(P).

Jist =~ Ha koHCcTaHTHI npeaukar Taka: ~(A)=T; “(T)="(F)="(Y)=A.

Omnmmemo MoBy QLC — uneTnx nepmonopsakosux LC. Andasit MoBH:
— MHOXHHA V Ipe/I]METHNX iMEH (3MIHHHX);
— MHOJKHMHA Ps IPeINKATHUX CHMBOIIB (CUTHATYPA MOBH);
—mHoxuHa Core ={—,Vv,”, R}, 3x} cUMBOJIIB 0a30BUX KOMIO3HMILIH.
3agamo MHOKHHY Fr hopmys MoBu. Maemo Ps C Fr, 1aii 3a1a€MO iHIYKTHBHO:
DO, VYefFr=—0,vO¥, O,RID,IxD € Fr.
Posmmpena curaatypa Mmosu—1e £ = (V, Vry, Corc, Ps).
Tyt VrC V — MHOXKHHA TOTAQJIbHO HEICTOTHUX iMeH. MHOXHHY HEICTOTHHX Ul pePs iMeH

. v .
3a/1aMo BiOOpakeHHAM v : Ps—2", Toni V, = () v(p). Jlnst BUSHAYCHHS MHOXXMHU TapaHTOBAHO
pePs

HeictotHux it @ € Fr iMeH Taky v poaoBKyeMo [4] 1o v : Fi r—2"; nipu oMy v(~dD) =wv(D).

st nosinbHOT I' € Fr no3naunmo o(I") MHOKKHY BCiX pePs, sKi BXOIITh 10 ckiany Oel;
nozHaunmo nm(I") MHOXMHY BCix x€V, ski Qirypyrots y popmynax el Toai fu(I") = Vr\nm(T).

THTepnperyeMo MOBY Ha KOMITO3HMIIHHHX CI/ICTeMaX cs=("4,p"" , Corc). JAna uporo
3a/1aMO TOTaJIbHE OJJHO3HAYHE BifoOpaxkeHHs / : Ps—Pr’™ sixe TIPOJIOBXKUMO 10 / Fr—Pr™:

I(=@) = =(I(®)); I(vPY)=Vv({I(D), 1(‘{’)); 1CD)= ~(1(D));
[(RID) =R(I(®)); [(Gxd) = I((®)).

Inmepnpemayis MmoBu curHarypu X — ue J = (CS, X, I); CKOpoYeHO iHTepIpeTallii o3Ha4aeMo
(4, 1). Ilpenuxar J(O) nozHaunmo @ ;.

IToni6HuM ynHOM, OImycKarouH IyHKTH Juisi Jx, onucyemo Moy RLC. Ilpu omwmci mosu PLC
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OIlyCKAaeMO TIYHKTH /Ut Ry Ta 3X, a TAKOXK MOHSTTS, MOB’SI3aHi 3 HEICTOTHICTIO iMEH.
BuaiseHHs kimaciB MpeaMKaTiB BHIUILE BIAMNOBIAHI KiIacw iHTeprperaniif, sIki Ha3MBaOTh
[3,4] cemanTukamu. 30kpema, 1ie R-ceMaHTHKa, P-ceMaHTHKa, T-CeMaHTHKA.
Knac T-mpenukariB HezaMKHeHH# mono ~, Tomy i LC T-ceMaHTHKa MAIO3MICMOBHA.
3microBunmu it LC € R-cemanTrKa Ta P-ceMaHTHKa, iX mo3Ha4aeMo Rc ta Pc.
dikcyroun piBeHb PO3TIISLY, OTPUMYEMO CeMaHTHKH Rpc Ta Ppc, Rre Ta Pre, Roc 1a Poc.
BuactuBocti komnosutiit LC MOXHa 110aTH i3 BUKOPUCTAHHAM (OPMYIT MOBH.
Haseznemo juist npukiiaay OCHOBHI BIIACTHBOCTI, IIOB’s13aHi 3 pEHOMIHAILII€IO0.
R) R(®),=Dy;
z,V _ pV .
RI) RZ% (@) =Rz (D)3
z,v _ pv .
RU) Ry (@) =Ry (®), ne zev(P);
v v .
R—) Ry (—®); =—R: (D)
v v v .
Rv) R (®V YY), =Re (D), v R (Y),;

RR) Ry (R} (®)); = R} o5 (®);

R™) RI(T®), = TR (D),

Ren) Iy(P); =3z R (D), ne zev(D);

R3s) RY (3yd), =3IyRY (D), ne y & {v,x};

R3) RY (Fy®), =3z RY o) (®),, n1e z € fu(RY (3yP)).

2. Biqnomennsi Jjoriynoro Haciiaky B LC

Ha mHokuHax ¢opmyn MoBu LC MOKHA BH3HAYMTH HHU3KY BiJHOIICHB JIOTIYHOTO HACIIJIKY.
3okpema, Ha MoBy LC npuposimM diHOM mommpumo Bixomi [4] Biguomenns “=, “|=r, *|=r, =15,
R|=TF. Taki BizHomeHHs B LC Oyaemo mno3HayaTu P"\=,R, P"\ZT, P”|=F, P"\ZTF, R"\ZT, R"|=F, ‘|=rr. lpu
LBOMY iCTOTHI 0COOJIMBOCTI BHOCUTH HOBA KOMITO3HULIisl IIPEJUKATHOTO JIOMOBHEHHS.

Hexaii nesika I', A, X < Fr, nexaii J — intepnperartist. [{ani mo3Haqaemo:

NT@®,) s IT°E), NFEO,) mF (), NLE,) mL(EZ),
UT@,) s I7E), U F@O,) smF(E), UL@®,)xL7(E).

V Bumanky X = & Maemo: T7(2) = F/(Z) = 1Y) =@, T'E)=F(E)=1"E)="4.
A € T-nacnigkom I ipu inrepnperaii J (no3u. I' j=rA), sxmo 77(T)) < T7(A)).
A € F-nacmiakom I ipu inteprperanii J (nosu. T j=¢A), sxmo F(Ay) < F7(T)).
A € TF-nacnigkom I' ipu intepnperauii J (nosu. I' j=7r A), axmo I' j=rAT1aTl jJ=rA.
A e IR-nacnigxom I' npu intepnperanii J (no3n. ' = A), axmo T (T')) N F (A))=D.
BianoBiaHi BiIHOIIEHHS JIOTIYHOTO T-HACII/IKY B CEMAaHTHUIIl 0L 331a€MO 32 CXEMOIO:

@ Y=t W, ko O =t ¥ ws koxuoi Jea.
Teepkenns 1. Hexaii gopmyma B I’ 1a A He MatoTh BXOIKeHb ~ , Tomi I Xz A.
Bizememo JeR ¢ Taky, mo 9, = Y s Beix Sec(I"UA), Toui I jJ#r A, 3Biaku FR“#,R A.
3okpema, 3BiacH oTpuMyeMo napagokcansie 9 = 9 st koxkHOrO 9EPs.
Jns Beix D eFrraJeRc maemo F(T®,)=T(—"®,)=. 3Bigcu:
Mpukaax 1. Maemo T %= ~®, @ X|=7A, T ¥=p ~®, =0 *=}A.
s Beix @eFr, JeRcmaemo T(D) ¢ T(TD,)=L(D ), F(O)H)Z F(="P,)=1(D,). Tomy
Mpuxaag 2. Maemo @ PC\::T ~® ta =~ D PC\#p(D, Tomy it ® X ~® Ta D R‘\¢FCD.
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Taxum unnoM, B LC BigHOIIEHHS R"|=,R, =r, R"\=TF pi3Hi, BoJHOYAC B TpaauIiiHii
JIOTili KBa3iapHUX MpEANKaTiB R\:,R = Ta R|=r— = R|:TF4 ITpn usomy B LC R\=,R # J, npore
Mae JTy’Ke BHPOJDKCHHIT XapakTep: sIKIio B popmynax i3 I a A Hemae Bxomkerb ~ 10 I *z A,

BrtacTMBOCTI HOBHX BiTHOLIEHB JIOTIYHOTrO HachiaKy B LC, B sikux He (irypyroTs cuMBOIH ~,
AHAJIOTIYHI Bi/IMOBIHUM BJIACTHBOCTAM BiJIHOIIEHb P|:lR, P|:T, P|:F, p|:TF, R\:TF, onucaHuM B [3-5].

TTincymoBytouH, 3Be/1IeMO Pe3yJIbTaTH 010 HASBHOCTI JIOTYHOTO HACII/IKY B TAOJIMIIO.

Tabuuus. HasBHICTD BiJHOIICHHS JIOTTYHOTO HACIIIKY

P1 P2 P3 P4 Ps Do P7
Pe=p + + + + + +
P(" , _ + _ + + _
Pepey, _ _ + + + + —
PchTF _ _ _ + + _ _
Rel=pp - - - - - +
R(":T B B B B + _
RC|: _ _ B _ + + _
RC|=TF - - - - + - -

Tyt [UIst BIATIOBIZHOTO BiIHOIICHHS JIOTYHOIO HACIIIKY TaKi CKOPOYCHI TI03HAYCHHS:

91: DV (&9 =D & (Sv—-9) 02 D, O, T |=A,
3 ==Y, ¥, A @4 =D, 0, ==Y, ¥, A,
¢s: O, T'|=D,A @o: T, D [="D,A o7 I,2"D =D, A.

Teopema 1. Mix po3IISIHyTUMU BiTHOILIEHHAMH JIOTi4HOro Haciiaky B LC MaeMo Taki criB-
BiZIHOIICHHS (TYT 3aMiCTh C BXKHBAEMO CTPIIKY —>):

Rcl Pc‘

=r > Fr
/ / N
F=rp > M=rr R
N N e
Reiey, s Py

. Re .
Buposkene BiIHOLMICHHS *|=/ Jali pO3rIsaaTH He OyaeMo.

Hapaui, sKimo iHire He 3a3HadeHe OKpeMo, 0yIeMo BKUBATH TaKi MTO3HAUYCHHS:

=+ — OJIHC 3 Bi}IHOHJeHB PC‘:]R, pe =7, PC‘:F, PC|:T1:, Rcl:T,

J |7+ — OJHE 3 BiTHOWEHD J[=1R, J=T, JI=Fs J=1F;

P, — onne 3 "=, = Tlmr e "y — onne 3 T

[=r—onue 3 PC\=T, c|=T; |=r—oane 3 C\=F, Re= 3 [Frr—omue 3 P"\=TF, Rc|=TF-

BifHOIIEHHS JIOTYHOTr0 HACIIIKY IHYKYIOTh Bi/JHOIICHHS JIOT1YHOT €KBIBaJICHTHOCTI.

Hexaii @, 3 € Fr. BinHomeHHs eKBIBaJICHTHOCTI NpH iHTeprperanii J 3a1aeMo 3a CXeMOIO:
O~ WP, sikmo O =W Ta W = .

Oco061Be 3HAUSHHS MA€ BiJHOLICHHS j~77 CTPOTOl CKBIBAJCHTHOCTI:

Rey_  Rep_ .,
=r " Frr

Rclz Rclz
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(DJ~7‘F“P = T((I)J):T(“Fj) Ta F((I)J):F(“Pj) = q)‘]:q/‘].

3a1aeMo BigHOWICHHS |~z Ta Ko~y

() PC~TF‘I’, ko @ ;~7pW s koxnoi JePg;

DR W, ko @ ;~pp ¥ uist koxuoi JER .
3riano Pec Re uist Beix @, WeFr maemo @ Fonpp ¥ = @ Ponpp .
Boanouac (auB. Tabnuiro) HEBipHO, 0 O Py W = @R,
Teopema exBiBasieHTHOCTI 115t LC (hOpMyIIFOETBCS TaK:
Teopema 2. Hexait @' orpumana 3 ® 3aminoro gesikux Bxomkens @y, ..., ©, na W), ..., ¥, .
Skio (Dl *"TF “Pl 5 eees (Dn *"TF "}’n , T0 @ *“’TFCD‘ (TyT *"TF — e RC~TF qu PL’~T17).
Teopema eKBIBaJICHTHOCTI JJOBOAUTHCS 1HAYKLIEIO 3 00Y10BOIO (hopMyIIH.
Teopema 3 (3aminu exBiBasieHTHHX). Hexaii O “~rr P, Tomi:

O.T|F. A V,TEA; TRA® < TT =AW,

: - P P Pei_ P R Re_ R
Hocnimvo immomenns =, =1, "“[=r, "I=1r, =, V=R, Ere

BnactuBocTi, B skuX He (Irypye KOMIIO3MILsS MPEAMKATHOTO IOMOBHEHHS, B IIJIOMY
aHAJIOTI4HI BiJIOBIJHAM BIACTHBOCTSM [3, 4] BiTOMHX BiHOIICHD ? =g, P =7, P [=F, P [=1F R|:TF.

M)TcAtaAcX = (I'|=+A = A|=+Z) — MOHOTOHHICTb

BnactusocTi gexommosuii Gpopmyit:

—) =— D, T = A & O, T|=A.

—R) [=A,——D < T = A, O.

V) DWW, T|=A < O, T|=A1a W,T|=A.

VR) T A, OVY < T=A D, Y.

—vp) =(OVY), = A & =0, -V, T [=A.

—VR) I'[F A, =(PVY) & T=A, D tal |= A, Y.

Jlist = nomatkoBo Maemo:

) =@, T =g A & T =z A, ®.

—r) T =R A, @ < O, T = A

BuactuBocti — Ta —g Hesipai wist V=1, Y=r, Y= X =

Hosumu s BigHomens B LC € crienndiuti BIaCTUBOCTI JeKOMITO3ULIT B SkuX ¢irypye ~d .

Teopema 4. Jlns PC\:m HEMOXJIMBO KOPEKTHO 33/1aTH YMOBH JieKoMmo3uii popmya ~O .

Hexait @,V,3eFr; JePe. Maemo ~0,0 =¥ < L(0,)NT @, NF &, D <
< TO,)UFO,)NT(P,)NF(Y,)=C. Hexail npenuxar o. yTBOPEHO 3a JOMOMOT0I0 V Ta — i3
JeSKUX Oly,..., o, Tomi T(o) Ta F(0) mogaroThest uepe3 001acTi iCTHHHOCTI i XHOHOCTI IpeInKaTiB
Oli,..., Oy 3@ IOIIOMOTOIO JIUIIE M Ta \U.

IlykaemMo TeopeTHKO-MHOKHHHY (QyHKILI0 f{X, Y), OynoBaHy i3 M Ta U Taky, L0 32 YMOBH
XNY =3 maemo X UYNL=C < AX,Y)NL=. Mae BUKOHYBaTHCh YMOBA:

T(6,) UF(©,)NT(®)NF(¥,)=D = f(T(0,)FO,)NT()F(¥,)=2.

TIpote i3 X, Y Takux, mo XNY = &, 32 1010MOrow M Ta U MOXKHA OTPUMATH JHIIe 4 Pi3HHX
muOXHHK: &, X, Y, XUY. Tomy nas f(7(6,),F(0,)) maemo muwe 4 Bapiantu: &, 1(9,), F(9,)),
T(8,)UF(S,). )KozaeH 3 HUX HE BIAIITOBYE 3a3HAYECHY YMOBY.

Jlekomnosuttist popMys1 He0OXiiHa Ipy 100YI0BI CEKBEHIIHHOr0 YMCIeHHs, sike hopmalizye
BIJINIOBI/JHE BIHOILICHHS JIOTYHOrO Haciaky. s P"\Z,R TakKa JEKOMIIO3HULIis BUMArae siBHOrO BHJIi-
JIEHHs1 00J1aCTI HEBU3HAYEHOCTI, aJKE YMOBA ISl /=g HE J1a€ 3MOTHU M0JaTH 00JIaCTh HEBU3HAUYEHO-
cTi yepe3 00JacTi iICTHHHOCTI Ta XMOHOCTI 3a JIOIIOMOTOIO JIMIe M Ta \U. SIBHE BUJIUICHHS 001acTi



. . . P . . 1 .
HEBU3HAYEHOCTI 03HAYAE TEPEX il BiJ ' |=z /10 3arabHILIOTO BiIHOMIEHHS =z HECIIPOCTOBHICHOTO
JIOTIYHOTO HACIIJIKY 32 YMOB HEBU3HAYCHOCTI, 1110 3p00IieHo B [8].

. P . -

Binnommenns ' ‘|= maii 3a3suyaii po3risaary He Gyaemo.

PosrisiHeMO BiacTHBOCTI JeKoMo3uiii hopmyn ~@ s =r =r.

~® ta = @ MOXyTb OyTH B JIiBiil YaCTHHI Ta B [PaBiil YacTHHI BiJHOLICHHS TUITY |=7 Ta
TUIY |=F — BCbOr0 8 KOMOIHAIIH.

- LT) ~CD,1— ‘:TA < T |:TA,(D,‘\(D.

- RT) r ‘:TA, O & (D, T ‘:TA Ta ﬁ(D,l" ‘:TA.

—"rp) [=rA,="@ < T,0,-D=FA.

-~ LF) —\~(D, r |:FA < I |:FA, d Ta I |:FA, —.

Hacrtynni BnactuBocTi =~ g Ta ~ g (JAKTUYHO € BIACTUBOCTAMM CHPOLLCHHS.

") =ErA, =0 < Tl=rA.

~El) ~o,T ‘:[-‘A = |:FA.

Sanummncs 2 koMmOiHamii, SKi JAf0Th BIACTUBOCTI TapaHTOBAHO! HASBHOCTI BiIHOIICHHS
noriqHoro Hacuiaky. [ Beix JER¢e Maemo F(T®,)=T(="D,) = 3Bigku:

C™) T'l=."D,A.

C=") T, ®=rA.

3ayBakuMo, 110 aHajoriyna 10 C~ BIACTHBICTB JUIS [=7 — I1€ BAACTHUBICTh ~ Lt, AHAJIOTIIHA
1o C—~ BJIACTHBICTH ISl [=F — 1€ BIACTUBICTD —~ LF.

Pe_  Pc Re_  Re
|7Ta > IfT,

Ha Binminy Bia j|=mr, s =7 Ta j|=F 001aCTi HEBU3HAUYCHOCTI MOJICHA TIOAATH Yepe3 00nacTi
ICTHHHOCTI Ta XMOHOCTI 3a JOIMOMOIO0 JIMILIE M Ta \J, TOOTO ModicHa €NliMiHyBaTH 00JIaCTi HEBHU-
3Ha4yeHocTi. e 3acBiquyote ~ i, ~RT, 0 RE, T LFs T El Bl

Jliis BiHOIICHD RC|:TF Ta ” “|=rr cutyanis inma. Lle 3yMOBIEHO aCHMETPHYHOIO MOBEIIHKOO
KoMmo3uiii ~ o0 obnacTeii ictuHHOCTI i XMOHOCTI. /71 BiJHOIICHB THITY |=7 Ta TUITY |=F MaeMO
pi3Hi BJIACTHBOCTI AEKOMIO3MLil QopMyn Burisigy ~@, ski He MOXHA IOJATH SIK CIIJIbHY
BJIACTHBICTB /ISl BiIHOWICHD TUITY [=77. JIJIsl HUX MaeMo:

~®,T |FrrA < ~®O,T|=rA Ta ~®,T |=rA < [l=rA, @, —~® 1a T |=rA.

TlEmA,—~® < TlErA,—~® 1aT|FpA,—~® < Tl=rATal, ®,—@ |=£A.

T'FrA, "0 < I'FrA, "D 1al [FpA, "0 < O,I=rA ta—-®,I'|=rA.

—\~<D, I ‘:TFA = —|~(D, T ‘:TA Ta —|~q), I ‘:FA =0 |:FA, d ta I |:FA, —.

TakuM YUHOM, CEKBEHIIHE YHMCIICHHS JULS BiJHOMICHHS [=77 Ma€ OyTH HO€IHAHHSIM YHCICHb
quist BigHowens I [=7A ta I'|=rA: s BcranoBienus I' |=7-A Oyayemo Ba BHBEACHHS, Iepiie 3
HUX BcTaHOBIHOE ['[=7 A, a ipyre BUBeieHHs BCTaHOBIOE [ [=pA.

Po3risiHeMO BIaCTHBOCTI, SIKi TapaHTYIOTh HAsSBHICTh BiJIHOILLIEHHS JIOTYHOTO HACIIJIKY.

Jls yciX po3IJIssHyTHX BiTHOLIEHb JOTIYHOTO HACIIKY MA€EMO BIACTHBICT:

C)®,T|=. A, ©.

Jlo1aTKOBO IapaHTYIOTh HASIBHICTD BiJMOBITHOTO BiTHOLICHHS TaKi BiZIOMi BIaCTHBOCTI.

CL) ®, -, T ™|=rA.

CR) T =p A, ©, —.

CLR) ®,—®,T ¥=rp A, W, —W.

OTxe, MaEMO TaKi BIACTHBOCTI TapaHTOBAHOT HASIBHOCTI BiTHOILIEHHS JIOTIYHOTO HACIIIKY:

~C, CL, C=~ qa "=r;

~C,CR, C~ nna ™

—C,CLR nnsa PC|=TF;

- C, C=~ gna R"\Zr;

—C, C~ ™

s

Fs
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—C s Y=g

PosrisiHeMO 10B’s13aHi 3 PEHOMIHALIIEI0 BIACTUBOCTI €KBIBAJICHTHHUX MIEPETBOPEHB ISl BiJHO-
ieHs Jiorivynoro Hacuinky B LC. Koxna 3 HaBenenux Buiie Biactuocreid R, RI, RU, RR, R—, Ry,
R™, R3, R3s npoaykye 4 Bimnosigmi Bractusocti wis BigHomens l=r, "=p, *|=r, *|=¢, xomm
BujieHa Gpopmyra uu ii 3anepeyeHHs 3HaXOAUThCs Y JiBiil UM NpaBiil 4aCTHHI LLOTO BiJHOIIEHHS.

Hagenemo Tyt BractuBocTi, inykoBani R™, iHIII BIAaCTUBOCTI ()OPMYITFOIOTHCS AHAIOTTUHO
Biznosiguum Bractusoctam [4] s C=r, F=r, f=rr. ani |=. — omne 3 P=r, *=r, X=r, *=r

R™1) RI(CO),T=A < “RID),T=A.

R )T AR (D) < I'=A“R(D).

R~ —RI("D),T = A & —"R(D),[|=A

—RYR) TEA, R (TD) < T A, —"R(D).

JU71st BiIHOIICHD THITY |=77 BIACTHBOCTI CKBIBAJEHTHUX MEPETBOPEHb TEX BIpHi, MPOTE iX 3a-
JIAEMO 0nOCepeOK08aHo, Yepe3 BiANOBIIHI BIACTUBOCTI JUlsl BITHOLICHb THITY [=7 Ta THIY |=f. [Ipu
oMy BpaxoByeMo: I'[=rpA << T'f=rATal [=rA.

BrnactuBocTi enimMiHamii KBaHTOPiB, E-po3moainy Ta MepBICHOTO O3HAYCHHSI /Ul BiHOIICHB
RchT, P ‘I=r, R“\:p aHAJIOTIYHI BiJIMOBIIHUM BIACTHBOCTSIM [4] /IS BiTHOIICHB ? = P =r, R\:TF‘

Pc
=r.

Teopema 5. Hexait ®eFr; I', AC Fr; Toai:

31) 3a ymosu z&fu(T, A, 3x®)) maemo IxD,I'[=.A < RI (D), EzT = A;

3Ry) 3a ymoBu z € fu(l, A, RE (Ix®)) R (3x®),T = A < RET (D), EzT = A;
—3r) 3a ymosu z&fi(l', A, IxP)) maemo I'[=.—IxD,A < T, Ez[=.— R} (D),A
—3Rg) 32 yMOBH z € fu(l, A, RY (3x®)) T |=o— RE (@), A < T, Ez|=.— RIY (D), A
3ve) [, Ey[=. 3xD,A & < T, Ey|=3xd, RS (®),A.

IRvR) T, Ey =2 A, RE (Fx®) < & T, Ey = A, RE (Ix®), RE (D).

—3vp) =3P, Ey, = A & & —3x@, =R (D), Ey,T = A.

—3RvL) =R} (D), By, T[=:A & & =R (FxD),—RY (D), Ey, T|= A,
Teopema 6. [lns I, A € Fr maemo:

Ed)T [=A < T'|=AEy ta Ey,T'|=A.

Ev)T' =A< Ez, T [ A, ne zefu(T, A).

3. BinnomeHHs JIOTiYHOT0 HACTIAKY 32 YMOB HEeBH3HAYEHOCTI

Hasricts B LC HOBOi KOMMIO3HIIIT TPEMKATHOTO JOTIOBHEHHSI MOTUBYE JI0 PO3TIISTY HOBHX
BiZIHOILIEHb JIOTIYHOTO HACIIJIKY, SIKi BPaXOBYIOTh OCOOJIMBOCTI Li€i koMmo3uuii. Takumu € BifHO-
LICHHS JI02IYHO20 HACTIOKY 30 YMOBU HeBUSHAYEHOCNII.

Hexaii T',U,AcC Fr. A € HecipocTOBHICHMM HaciiakoMm I' 3a ymMOB HeBu3HadeHocTi U mpu
inTepnperauii J, mo nozuaunmo U /T =" A, skmo T(T) N L (U) N F (A)=2.

A € HeCTIPOCTOBHICHMM JIOTTYHUM HaciikoM I 3a yMOB HeBH3HaueHOCTI U, 1110 MO3HAYNMO
u/r \=,Rl A, sikuo U/ T J\=mi A juist koxkHoT inTepnperauii Je Pe.

Bignomenus \:,Rl nocripkene B [8]. Skmo U= J, To MaeMO BiioMe BiHOLICHHS P ISk -

Bupopkene BifHOMEHHS =z, K€ BIIOBI1a€ BUPOKEHOMY R"\=,R, TYT HE PO3IIILJa€EMO.

V3aranbHeHHsIMH BiIOMHX [3,4] BiIHOWIEHb TUNY |[=7, |=F Ta |[=7p WIS TPAJMLIHHUX JIOTIK
KBa3iapHHUX IIPEAMKATIB € MPOIOHOBaHI B Iiif poOOTI BiIHOIICHHS iCTUHHICHOTO XWOHICHOrO Ta
CTPOTOro JIONYHOr0 HACIIIKY 32 YMOB HEBU3HAUEHOCTI. MU BBOIMMO:
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— Bigromenns © |:rL Ta R|:Ti JIOTIYHOTrO 7-HACIiJIKY 32 YMOB HEBU3HAUCHOCTI;

— BiJIHOILIEHHS P|=Fl Ta R\=pi JIOTIYHOTO F-HACHiKy 32 YMOB HEBH3HAUYCHOCTI;

— gigomenns © |:TpL Ta R\:rﬁ noriudoro TF-nacninky B LPC 3a yMOB HeBU3HAUCHOCTI.

— BifIHOIIEHHS JoriyHoro 7-Haciiaky B LC 3a yMOB HEBU3HAYECHOCTI;

A e T-nacmigkom I' 3a ymoBu HeBm3HaudeHocti U mpu iHTepnperauii J, 1m0 MO3HAYNMO
U/T =" A, sxmo T7(T) N LUy < T9(A).

A e F-nacmiakom I' 3a ymoBu HeBu3Hauenocti U mpu inTepmperaiii J, 1Mo MO3HAYMMO
U/T =7 A, sxmo F7(A)NL"(U)cF(T)).

A € TF-nacmiakom I' 3a ymoBu HeBu3HaueHocTi U mpu iHTepmperauii J, 1m0 MO3HAYUMO
U/T = A, sxmo U/T =r*A ta U/T =" A.

Skuio U = &, To Mmaemo BusHaueHHs BigHowens I j=rA, T j|=rA, T =7 A B LC.

Bianosijui BiAHOIIEHHS JOTIYHOIO T-HACTIAKY 32 yMOBH HeBHM3HaueHOCTI U B ceMaHTHLI o
3a7[a€MO 3a TpaauLiiHoo cxemoo: U/T u\=$ A, sxmo U/T J|=rl A s xoxkHOl Jea.

A e noriyanm T-naciigkom I' 3a ymoBu HeBusHaueHocti U B cemanTHLi P, 1110 TTO3HAYNMO
skmo U/T J|:rl A i koxHoi JePe.

Sxmo U = &, To maemo Busnauenns =7, *=r, "=, “l=r, "= 1r.

Teepuenns 2. U/T *l="A < U/TP = AraU/T =7 A,

U/T = A & U/TR=FAta U/TR= A

s S C FrraJePemaemo T7(S)) N F(S))=@ ta F(S)) N T7(S,)=D. 3Biacu oTpumyemMo

Tepmxennst 3. st nosinerux I', U, A C Fr 1a Je Pc Maemo:

U/T=7"A = U/T j=x"A; U/T J=-*A = U/T =" A

Teepaxennsi 4. 1) U/T \=1RJ‘ Y,-%¥ 1a U/D,—D \=1RJ‘ A;

2) T P W, =¥ 1a @, =D " A, Tomy U/T Pl W, =¥ ta U/ D, —® "t A,

)U/D, -0 =¥, ¥ 1a U/D, -0 =W, -, tomy U/ 0, - |=r W, —W;

HU/D,—® *per ¥, -, U/ D, - "t ¥, - U/, ﬁcp Rl W, .

Rcl=

L P_L P 1
TeopeMa7 CriBBiIHOLIEHHS MIX BiJHOIIEHHSIMHU 71R 5 \7 =, TF 5 \* \*F 5
R Pe P P P R Re_ R
=7+ inenTnuHi criBBigHOmeHHIM Mixk =, F=r, PR, P=p, C—T, ‘I=r, =
R_ 1 P_ L
Frm = T
R_ L P_ L _ L
=rr = [Frr =IR

Ry Pt

CopMyITI0EMO TeopeMy 3aMiHH eKBIBAICHTHUX Ul BiTHOWEHD [=7", [=¢, [=77-.
Teopema 8. 1) Hexaii @ “~7 W, Toxi maemo (F|=. — ue Fl=r, Fl=r" un
U/0, T =AU/ T =A
U/TPE A @ o U/T =AY,
U, qa/r”\= AU Y/ T =A
2) Hexaii ® *~7 ¥, toxi maemo (¥ \: —ue R=rt, Rt an Rl=r):
U/®, TR = A= U/P, T = A,
U/TR= A, @ @U/FR\:*A, W,
U, ®/TR= A= U, ¥/ T =A
JIOC/IiAMMO BIACTHBOCTI BiHOLICHD | =, \* \:pL, R\:TFL‘
OcoOMUBOCT] IUX BiHONIECHB l'IpO}IBJ'I}IIOTLC}I BXKE Ha nponoanuiﬁHomy PpiBHi.
Jlnst MHO>KMHH popMyIt X C Fr BAKOPUCTAEMO TO3HaYeHHs 2 = {—® |DeX}.

|:TFL):

iP LPl
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Toxi nosnauaemo N T(—6,) ax 7Ly, N F(Y,) sk F7(Z), NL(=8,) ax L"),
0eX fex 0ex
eUXT(ﬁGJ) ax T7(°2)), BU):F(ﬁGJ) ax F7(TT), eUEJ_(ﬁGJ) ax LY(CZ)).

Maemo L (UJ)= N J~(GJ)= ﬂ (T(GJ)AF(QJ))z ﬂ T(BJ)m ﬂ F(ej)z U T(Qj)m U F(e./)'

Takum uuHOM, 115t R-penmkaris L™ (U,)= U T(0,)~ U T(=8,)= U F(O,) U F(-8,).
BeU 8eU 89U 8eU

3Bijic BU3HAYATBHE TBEPKCHHS:
Teopema 9. J|=TL MOYKHA 3BECTH J10 J|=T; j‘=FL MOYKHA 3BECTH 70 J|=F .

Maewmo U/T =" A & TOT)NL(U) = TU(A) & TOTHN U TO,) U T(-8,) = T7(A) <
)T AU U TE,) 0 UTEH,) < 17T W(Aj)urejfuf)um% & T =AU, U
U/TJ=+ A e f“(;)mﬂuj;g FAT) < F(A)n U F@,)n U F(=0,) cF(I) <
F(A)cFY(T)u eLEJU F(o,)v HJ F(=0,) & F(A) ;E;”(FJ)UFSE((;JJ)UF”CUJ) <TL,U, U =rA.

TToai6HUM criocOOOM OTPUMYEMO 3arajbHillll TBEPIKEHHS:
W, U/T j=*A < W/T =AU, U; W,U/T="A < W/I,U,"U J="A.
Mu oTpuManu GpyHIaMEHTAIBHY TeOpeMy PO eNiMiHAI[I0 YMOB HEBU3HAUCHOCTI:
Teopema 10. W, U/T =" A < W/T'f =AU, U;
W,U/T8=/"A & W/T =AU, U;
W,U/TP=4A © W/TL U, U= A
W, U/TR="A & W/T,U, U= A
Hacaizox 1. U/TY=/A o T'=A,U,7U; U/T8=/"A o T%%=A,U,7U;
U/T = A < U, U =eA; UITR=A A < TL,U, UR=pA.
TeopeMa 10 nae 3mory c)opMyIIFOBaTH BIACTHBOCTI €NiMiHALll YMOB HEBU3HAUEHOCTI Y
BiTHOIIIEHHSIX \ TL, P\—F{ R=Ti, R\—F
EIUT) W,U/T” \ T LA W/T =+AU,7U; W,U/TF \* AsW/TR=/FAUU;
ElUp) WU/T =" A < W/T, U, U =7 A; W, U/TR= A= W/T, U, U R =" A
Taxnm unrowm, Bin =74, =", K=", Rj=¢" Moxmna nepeiirn 1o *=r, *=r, “=r, “|=r.
Hacaigok 2. U/T \ A < T'P=AU,"U 1a I U, U=+ A
U/T =pt A & TR9=ra,U, UTarUﬁUR“\ pA
OTxe, BiTHOLICHHS THITY \7Tp MOKHA 3BECTH JIMIIE JI0 CYKYITHOCTI BiZIHOIIEHb THILY |=7 Ta
THUITY |=p, @ HE JI0 €IMHOTO BiJIHOIICHHS THITY |[=77. Te 5K came Oyio juist P ‘I=rr Ta Rc\:n:: TIPOBEICHHS
JIeKOMITO3HILii hopMyT BUMATae moanus =7z uepes = 1a™’|=p, a *|=rp — uepes “|=r ta *=p.
[TixcymoBytoun, OTpI/IMyeMO'

Lr LR_ L
TeopeMa 11. BIZ[HOI_[ICHHSI =7, F, | T, | p Ta \ZTF, |=7F MO’XHa IpOMOIEIIOBATH
P R Re :
3a onomoroio =7, *j=p, ®=r, ®|=p, ycynysim ymosn nepmsHauenocri.

BojHouAC TSt BiHONIEHHS =z HEMOJICIUG0 TAKMM CTIOCOBOM YCYHYTH YMOBH HEBH3HAUC-
HOCTI i THM CaMIM MPOMOMETIOBATH =z~ 3a 10moMoroio ~“[=j. Lle (aKTHUHO BXe BHIUTHBAE 3
TeopeMu 4; Oe3nocepesiHe JOBEACHHS aHaIOTuHEe JOBEICHHIO TeopeMu 4. TakuM 4nHOM:

Teopema 12. B LC BigHo1ICHHS \=mi HE MOHA 3BECTH JI0 BiJHOIIEHHS P"|=;R

VkakeMO OCHOBHI BJIACTUBOCTI BiJJHOLIEHb | TL, g = =, R| L R|f L7 = s \ -
Hanani, T(mo 1HI].I€PHC iaiHa'—lfHe OKpEeMO: \= - Su}:e 3l \—T ,LP —F{ R—Ti, R—Filé )
=7 —omne 3 7l=r", f=r |5t - onme 3 ‘,F’ [=rs [Fr - onmes Pleret, REret

M)Hexait F'c A, UcW, taAcCZ; toni U/T |—* A= W/A |—* Y — MOHOTOHHICTb.
MaeMmo Taki BIACTUBOCTI TapaHTOBAHOT HAsIBHOCTI JIOTIYHOTO HACIIIIKY.
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Cir) U/D,T|=1A, @

Cu) U,0/D,T |=5A;

Cur) U@ /T =5 A, ©;

C) U/="®, T = A

CT) U/T|=A"D .

Jlo1aTKOBO IapaHTYIOTh HAsIBHICTb BiJIMOBITHOTO BiTHOLIEHHS TaKi BJIACTHBOCTI.

CL)U/®,—®,T F|=/" A; ne pisrocunsie takomy: @, —®, T |=7A, U, "U;

CR) U/l"P|:pL A, @, —D; 1e piBHOcHiIbHE Takomy: I, U, U PC\:FA, D, —D.

Buacrusicts C copmyiboana sik Crg Ta posiuupena piaactusoctsimu Cyyz, Cug. Bractuocrti
C~, C—",CL, CR Tyt y3arajbHeHi s BIIHOIICHb JIOTYHOI0 HACIIAKY 3a YMOB HEBH3HAYCHOCTI.

BractuBocTi EKOMITO3MUIIT JIOTIYHUX 3B'I30K AHAIOTIYHI HABEACHHM BHIIE BiIMOBIIHUM
BIACTHBOCTAM ISt ' ‘=1, Pemp, Pol=pp, RC|:T, RC\:F, A= BoHN BHKOHYIOTCS JUISl YCIX BiZHOUIEHD
e e T

) U/—®,T|="A < U/D,T|=SA

) U/TETA, @ < U/TESA, 0.

V) U/OW,T=MA & U/D,T|=5A ta U/, T]=SA

VR U/TIESA, VY < U/T =LA, @, 0.

) U/=(@v), T A & U/—0, -, T = A

—vp) U/T|=FA, (VYY) < U/T|=5A,—® ta U/T =LA, Y.

Jost |=,Ri JIOZIATKOBO MaeMo [8] BIaCTUBOCTI —p, Ta —R.

Brnactusocti gexomnosuuii, B sikux ¢irypye ~D :

~ D U/~D.T =" A < U/T =A@, —0;

“r) U/TEFA,"® < U/®, TS A ta U/—®,T = A;

") U/TIEA "0 < U/T, 0, -0 = A,

") U/="0, T A < U/T = A,® ta U/T =7 A,—0;

" U/TEFA="0 < U/T A

@ U/~OT A o U/T = A

s Beix sigmomens “|=r4, “l=, {l=r+, %=+ moxna copmymopar:

C.HUO/TE A~

C-HU®/=®, = A

st |=[.‘L C., — okpemuii Bunagok C~ ; st \=TJ‘ C-. e noxigaoto Big ElUt, ~ gy, C. Jlns
\:TL C ., — oxpemuii Bunmagok C—~"; mist |:1:l C -, e noxinuoio Bixg EIUg, =~ 15, C.

BuactuBocTi iekoMmosuiii gopmyst BHrIsy ~® pisui AN BiIHOIIEHb THIY |=7° Ta THITY
\=Fi, TOMY /ISl BiJHOLLICHb TUITY \=TFi BJIACTUBOCTI JIEKOMIIO3HLIT ~@ He MOKHA IOJATH SIK CIIiIb-
Hy BJIACTHBICTb JUIS BiJHOLICHb THUIY |=77. TOMY BIACTMBOCTI JCKOMIIO3MLII Ta rapaHTOBAHOI
HASBHOCTI JIOMI4HOTO HACIIAKY JUIs BiXHOWIEHD THITY [=77 MOYHA 3aJaTH ONOCEPEAKOBAHO, Yepes
BI/IMTOBI/IHI BIIACTHBOCTI IS BITHOLICHD THUILY \=Ti Ta TUITY |=Fi.

TloB’s13aH1 3 peHOMIHAIIEI0 BIACTHBOCTI €KBIBAJCHTHUX [E€PETBOPEHb VISl BIJHOILICHb P \2#,
R=r*, Fl=¢", Rl=¢" noniGui 1o Bizmosinumx Biactusocreit ams *j=r, P=r, *=r, ®=r.. Koxua 3
BiactuBocreil R, RI, RU, RR, R—, Rv, R~ , R3, Ris nae 6 BiANOBIAHMX BIACTHBOCTEH s P \ZTL,
P |=pl, R\=TJ‘, R|=FJ‘, KoM BUiIeHa (opMyIta uu 11 3anepedeH st 3HaXOAUThCS y JTiBif 4M mpaBiii yac-
THHI [[OTO BiJJHOLICHHs a00 BXOIUTH O YMOBH HEBH3HaueHOCTi. BpaxoBytoun BiactuBocti EIUT
Ta EIUf eniMiHaIii yMOBH HEeBU3HAYECHOCTI, SIBHO BUITMCYBATH 2 BHUIAIKH, KOJIH BU/LICHA (hopMyia
4H i 3arepedeHHs BXOIHUTh 10 YMOBH HEBH3HAYEHOCTI, HEMae MoTpedu.

— L P

Jlist npukiafy Bactusocti, ingykosani, R~ (=" — omne 3 7=, Fl=r, Ri=r, f=r):

7 5
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R U/RI(C®),T = A < U/~RI(D), T =4,

R U/T=AR(TD) < U/TSARI(D);

“RY) U/=RI(CD),T = A < U/="RY(D),T =1 A;

—“R™R) U/T|="A, =R (T®) < U/T[="A,—"R(D).

BitactuBocTi eniMiHanii KBaHTOPIB, E-PO3HOJiNY Ta MEPBICHOrO O3HAYCHHS JUISl BiJJHOIICHB

P_ L R_ L P_ L R_ L S . . - Po_ R
=7, "F=r, " |=F, |=F momibHi Mo BiAMOBIMHMX BIACTMBOCTEH IS * |=7, |

Hagenemo juist ipukiagy BinactuBocti 3, Ta IRvg.
31) 3a ymosu zefu(U, T, A, 3x®)) maemo U/3x®,T =A< U/RY (D), Ez, T =1 A,
IRvg) U/T, Ey |=* AR (3x®) < U/T,Ey =t A, R (xD), jo(d)) .

Pe_  Re_
(O o O

BucHoBku

Jocnipkero neprronopsiakoBi LC — JTOTiKM 4aCTKOBUX MPEIUKATIB 3 KOMITO3MIIEIO MPE/IH-
KaTHOTO jonoBHeHHs ~ . ITofiOHI oneparlii BUKOPHCTOBYIOTBCS B Pi3HHX BapiaHTax jorik dioiiga-
Xoapa 3 4aCTKOBUMH TIepe]i- Ta Iicis-yMoBamMu. OnucaHo KOoMIo3uiiiiHi anredpu i mosu LC. 3a-
MPOIIOHOBAHO HU3KY BiJHOIIEHB JOTiyHOTrO Hackiaky B LC (THINB |=r, [=F, [Frr, [=z) Ta J0riyHOTO
HACTIZKY 32 yMOBH HEBH3HAUEHOCTI (THMIB [=7*, [=7", [=77). JIOCIiIKEHO BIACTHBOCT X BimHO-
IIeHb, BCTAHOBJICHO CITiBBiZHOMICHHS Mi>k HUMH. JIJ1 3aIpONIOHOBAHMX BiHOIICHD OIHCAHO YMOBH
X rapaHTOBaHOI HAasBHOCTI, HABEJIEHO BIACTUBOCTI JEKOMITO3UILT GOPMYJI Ta eiMiHalii KBAaHTOPIB.
JUi1st BiTHOIIICHB THITB [=7 Ta [=F JIOBEJICHO TEOPEMY PO eTiMiHAIIII0 YMOB HEBH3HAYEHOCTI, 1110 J[a€
smory seectu =1, Fl=t, =i, Bert mo PlErn Per R ®=r Boamouac =it HemokinBo
3BECTH JI0 PC|=,R. Tlonan e, 1u1st * “|=;r HEMOKIMBO KOPEKTHO 33/[aTH yMOBH JieKoMIo3uitii ~ @ .

Bce ne 3acBiguye ictrotHy BigMinHicTh LC Bia TpaanLiiHOT JOriKK KBa3iapHUX MPEIUKaTIB

J1st TOCHIDKEHUX BiJTHOIICHB JIOTYHOro Haciiaky B LC Ta BiJHOLIEHB JIOTIYHOTO HACTIAKY
3a yMOB HEBH3HAYEHOCTI IIIAHYETHCS MOOYI0BA MEPIIONOPSIKOBUX YHCICHb CeKBEHIIHOTO THITY.
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ON THE OPEN INDUCTION PRINCIPLE

Ievgen Ivanov

Key words: open induction, mathematical induction, ordered set.

In [1] a property (total predicate) P on a poset E is called inductive, if it satisfies
Vy(Vx(x >y = Px) = Py) and is called open, if for each chain X in E, if X is nonempty and
has the least upper bound x” and P(x") holds, then P(x) holds for some x € X.

Raoult’s open induction principle [1, Theorem 3.3], which generalizes in a certain way
the principle of Noetherian induction, states that on a (directed-)complete partial order an

inductive and open property is true everywhere. Some discussion and applications can be
found in [2-4].

In this talk we propose the following converse statement.

Theorem. A poset such that each inductive and open property on it is true everywhere
is a depo.

We show the relation of this statement and the open induction principle to some other
induction principles proposed in the literature, such as variants of real induction [5].
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CORRECTION FOR A-CONVERSION IN FUNCTIONAL LOGIC
Yaroslav Kokhan

As we know, the type-free (i. e., the richest) A-calculus is inconsistent [ 1] (Curry's paradox proves
this inconsistency). The cause of this situation is the incorrectness of the axiom (f), which is
following:

f(x)(a) = fla).

Here the one and the same object treated and designated as an individual, say, Axf(x)
(individuals have no arguments) and, at the same time, as a 1-ary function, which has values of
the form ...f...(a). This is an immediate contradiction: to have arguments as a function and to have
no arguments as an individual.

We can solve this problem, if we extent both predicate logic and set-theoretic theory of
functions to functional logic (or function logic [2]), in which functions treated as n-ary (as n = 0)
functions-in-intension that are ambiguous in general case (i. e., their graphs are partial multimaps).
The atomic formulas have in functional logic the form s = t, which is read "the object s is a value
(if they exist) of the function # with arguments (if it has them)". The logical relation ~ is called
representation and is the generalization of equality at the case of ambiguous functions. In formal
languages of functional logic, the i-th value of the function £ at arguments a1, ... , an is designated
by the term f' (a1, ... , an)' (if the value is unique, then i = 0) and the very function /™ with argument
places xi, ..., xu (the function /) with no arguments) is designated by the term 'f*1--*»" (the term
'fA': here ' A' denotes the empty list of arguments). A value of the function ¢ can be as well
designated by the term '(¢)".

In type-free functional logic, the incorrect formula (f) can be replaced by the following
correct—and more general—formula:
i\ J .
(r9) = r(g).

(where i, j = 0) or, in the case of 1-valued functions and individual variables, by the following
formula:

f9° = f(a).
Both these formulas are deduced (for any 7, j = 0) from the following theorem of the type-free
functional logic:
frr(gt)eof~g
So we can replace the type-free A-calculus by any one of calculi of type-free functional logic, which
contains no contradictions and paradoxes.
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NON-STATIONARY TIME-SERIES DISTANCE CLUSTERING FOR A SIMILARITY
ANALYSIS

Krukovets Dmytro

Keywords: time-series, clustering, Euclidean and non-euclidean distance, Dynamic Time Warping.

Time-Series analysis is a widely popular tool in different fields, starting from classical
Computer Science and applications such as sound recognition, to Economics, Biology and many
else. Sometimes, the question about the similarity of these series arise. For example, to estimate
whether the spoken text is the same regardless of the intonation or to find similar components in
terms of particular goods inflation throughout the time.

This is the case when clustering is very useful, because these algorithms are called to
extract the similarity. But this exercise is not that straightforward and thus will be described
further in details. There will be used distance-based algorithms in different metrics,
dimensionality reduction tools as an alternative way to create a map. Then, the clustering
algorithms are used to divide series into combinations by similarity. Tools are from simple K-
means to sophisticated fuzzy logic-based and other logical clustering algorithms.

The routine begins with creating the map of series in the point representation. There are
two main approaches to do so: using dimensionality reduction techniques to capture maximum
information from series and using a distance matrix between these series and its mapped
representation. First, the dimensionality reduction. From the general name of algorithms, it is
clear that a set of n-dimensional point (where n is some observations and the distance by k-axis
is a value in moment k) might be converted to the set of t-dimensional, where t is less than n (it is
2 often). A good way to start with dimensionality reduction algorithms is with the paper by
Sharma, 2019. It’s a general overview of the most basic algorithms in the area. As main
benchmarks in this field, I use Principal Component Analysis (described by Shlens, 2005), t-
distributed Stochastic Neighbor Embedding (t-SNE by Maaten and Hinton, 2008) and Unifold
Manifold Approximation and Projection (UMAP by Mclnnes et al., 2018). They represent the
field well as they’re general, but still quite sophisticated to be effective in such an exercise.

The second approach, which sounds like a more useful and appropriate, is to calculate
dynamics between component series to create a distance matrix. These distances might be
calculated in different spaces, Euclidean and non-Euclidean (Caiado et al, 2006), that capture
some data-related features, based on the series nature, to find the most appropriate distances and
realistic distances. Then from this matrix, there is a single representation of the map with a given
metric, that corresponds to the distance. A proof, as long as an idea overview, can be found in the
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paper by Dokmanic et al., 2019. Similar idea to measure distances between ARIMA modelled
time-series to cluster them by dynamics were made by Kalpakis et al. in 2002.

A modified way to find distances, which is closely related to non-Euclidean approaches, is
to use a Dynamic Time Warping algorithm (DTW, Berndt and Clifford, 1994). The general idea
is that component series might have similar dynamics, but more stretched or compressed, for
example throughout the year due to seasonal patterns and effects. Also, they might react to
similar shocks and events with a different lag. This algorithm makes it able to work with these
series. Izakian et al. make an exercise with DTW approach to map series and cluster them
between each other.

When the map is ready for the final stage, a question about which clustering approach is
the best to use in the particular exercise arise. Xu and Tian made a good overview of clustering
techniques in 2015, to find the most appropriate one. In the paper two classic algorithms are in
use: K-Means (MacQueen, 1967) and Density-Based Spatial Clustering of Applications with
Noise (DBSCAN, Ester et al., 1996). They and their combination are chosen due to the different
nature, simplicity and fundamentality. As a more advanced algorithm, logical clustering, that is
well described by Vazquez-Chanlatte et al., 2017, is used.

This exercise will result in a model that cluster components by similar dynamics. It can be
used as superior to the simple correlation analysis because it can also capture the very nature of
the data using different non-euclidean distances. Also, using the DTW algorithm will count the
shifts and distortions in the data.

A great use-case is an update for a CARMA model, used by the National Bank of Ukraine
and described in the forthcoming paper by Krukovets and Verchenko, 2019, which is based on
the paper for the Swiss National Bank by Huwiler and Kaufmann, 2013. It is a model that
predicts inflation components via ARMA approach and aggregates them into the total inflation
forecast. Usage of the tool will allow clustering these components into a few groups by their
dynamics, which will reduce model complexity and improve generalization. Also, it'll open a
huge field for the analysis of these series relationship nature and other macroeconomic series
influence that might work great in terms of particular series explanation (for example, exchange
rate change explains laptop and smartphone inflation well). All these possibilities support
forecasting performance.
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HOW TO COMPARE THE EXPRESSIVENESS OF CAUSALITY RELATIONSHIPS
SPECIFICATION LANGUAGES BASED ON THE CONCEPT OF LOGICAL
CLOCKS?

Grygoriy Zholtkevych, Arseniy Gromovoy

Abstract. In these theses, we consider the specification problem for causality
relationships. This problem is quite important for modern software engineering
due to expansion application sphere of distributed computing and distributed
technical systems. But this problem is a challenge for logic and mathematics. An
in this context, understanding the limit expressiveness for the corresponding
specification languages is one of the principal tasks.

Keywords: causality relationship, specification language, logical clock.
1. Motivation

A complex modern technical system is as a rule cyber-physical i.e. it is a complex of
interacted both physical and cybernetic components. The correct behaviour specification of
such a kind of systems includes constraints for distinguishing correct and incorrect system
operating schedules (sequences of system events). This distinguishing is determined by the
system of causality relationships specific to the system being considered. Thus, to provide
development processes for systems of this kind we need a tool for the specification and
analysing causality relationships.

Due to paper [1] of Leslie Lamport, the concept of logical clocks is the de-facto
standard for specifying causality relationships in distributed systems. This concept considers
sources of homogeneous time-ordered system events as logical clocks and system events as
ticks of the corresponding clocks. Such abstraction allows focusing our attention on the
consideration of causality relationships only.

The aim of this issue is to understand the decidability properties for the class of
languages fit for specifying causality constraints based on logical clocks concept.

2. Problem Formalisation

For more rigorous reasoning, let us introduce some finite set C, the elements of which
are considered as labels of logical clocks, then any nonempty subset of C is considered as a
notification and interpreted as the set of clocks ticked at the time-point. The set of notification
is below denoted by 7C. Now we can rigorously define schedule as a mapping from the set N
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of natural numbers into /C and denote the set of schedules (the schedule space) by 7C*.

In the context, some subset P of the schedule space can be considered as a schedule
property and the relation “a schedule o satisfies the property P’ (symbolically, o |= P) means
o € P in this case.

The main question is whether all properties fit for specifying some checkable constraint.
The answer, of course, is no.

Indeed, if for each notification n and natural NV, we consider the sequence of functioni

PRI B -
)=+ ;[a[k] n]

then the property “for any n, the limit (o) exists when N tends to ” is not checkable
because for checking it, we are needed in the complete (and, therefore, infinite) information

about schedule o

It is needed to remark that the engineering applications require a specification technique
for recognising violations of the constraints specified as design requirements. In this sense,
the mentioned property is not good because of any initial behaviour does not influent on the
limit behaviour constrained by this property.

The suitable class of properties that can be used for specifying the needed behavioural
constraints was informally described by L. Lamport [2] and formalised by B. Alpern and F.B.
Schneider [3].

The properties of this class are called safety properties and defined as follows:

a property P is called a safety property if for any o¢P there is a natural N that for any
schedule o’ such that o[0:N]=0" [0:N] the statement ¢’ P is also true.

In other words, for a safety property and a schedule that does not satisfy this property
the fact of property violation can be established during finite observing the system being
studied.

B. Alpern and F.B. Schneider found interesting interrelation between safety properties
and closed subsets of the schedule space equipped with Tikhonov topology. Taking into
account that the family of sets2

{a- I'C” | v is a finite sequenceof notifications},

one can understand that there is the correspondence between safety properties and prefix-free
sets of finite sequences of notifications. Each finite sequence of notifications that corresponds
to a safety property can be considered as evidence of the property violation.

1 Here and below we use the Python-like notation for finite and infinite sequences including the function len.

o
> Here, ¢~ T'C” refers to the set of schedules that have $\alpha$ as the common initial subsequence.
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This consideration demonstrates that we can use only specifications that represented by
some prefix-free recursive sets of finite sequences of notifications for computer analysing
specifications of causality relationships.

3. Self-delimiting Turing Machines as Detectors for Violations of Causality
Constraints

Let us remind [4] that a self-delimiting Turing machine is a Turing machine with one
input tape and one or more working ones. At before operating, the input tape contents the
special symbol “#” at the zero-position and the analysed sequence of notifications in others.

The current action of the machine determined by the contents of the observed cells of
the input and working tapes and the current state. When the current state became an accepted
state the machine is halted.

The schedule prefix that has been read before halting part of the input tape is considered
as recognised evidence of a violation for the constraint being defined by the machine.

It is evident that a self-delimiting Turing machine recognises some prefix-free and
recursive set of finite notification sequences. The inverse statement is also true (see, for
example, [4, Theorem 50]). It is also known, that there is a universal self-delimiting Turing
machine (see [4, Sec. 4.4]). Such a language can be considered as the most expressive
language for specifying causality relationships.

The universality of the most expressive language leads immediately to Rice Theorem
for our problem. Thus, a good solution to the problem is developing of a hierarchy of
decidable languages for specification of causality relationships.

4. Conclusion

The mentioned above reasoning demonstrates the complexity for solving the problem of
developing causality constraints specification languages satisfying the universality property.
More useful, at least from the applied point of view, to develop some technique for
constructing a hierarchy of specification languages with predictable properties. The similar
technique namely the technique of typed A-calculi and the corresponding languages is widely
used in theoretical programming.

Thus, we can pose the problem of developing a theoretical framework for constructing
different decidable languages for specifying causality constraints oriented on neediness arisen
in the specific domain.
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CTBOPEHHA MATEMATHAYHOI MOJIEJII CACTEMM NMIATPUMKHA
HABYAJIBHOT'O TIPOLECY

Jpiub C.C., Jlememko €.1.

Abstract: Educational process systems are a complex organizational part of specialized
institutions. Mathematical models of such systems allow explaining qualitatively the
educational system, to promote economic efficiency and potential. Due to the complex structure
of such training systems, mathematical models — both developed and future — can be
effectively used to explain the behavior of educational systems and to help them create, decide
on better system design and operation. These theses, above all, describe the prerequisites for
building an effective mathematical model of the educational process of secondary and high
school in Ukraine. The main purpose of this work is to create a system that can evaluate the
important criteria of the student in the process of learning at school and recommend the
direction of the future profession.

KurouoBi ciioBa: matemaTiniHa MOJEIb, HaBYAJIbHUN npormnec, MOTI/IBaLIiSI, SIKICTh HABYAHHS.

CucreMH HaBYAILHOTO TPOIIECy — IIe CKJIajJHa OpraHi3aliifHa CHCTeMa OCBITHIX 3aKiIajiB.
MaremaTHuHi MOJEII TaKUX CUCTEM JO03BOJISIOTH SIKICHO NMOSICHUTU OCBITHIO CUCTEMY, CIIPUSITH
IMIIBUIIEHHIO eKOHOMIYHOT e()eKTUBHOCTI Ta MOTEHIlany. Yepe3 CKIagHy CTPYKTYpY MOTIOHHX

HABYAIBHUX CHCTEM, MaTeMaTHYHI MOJEINI — SIK 1 BKe pO3poOJeHi, Tak i MaillOyTHI, — MOXHA

eeKTMBHO BHKOPHUCTOBYBAaTH, aOM MOSICHUTH IMOBEIIHKY OCBITHIX CHCTEM Ta JIONOMOITH B iX
CTBOPEHHI, PIlICHHS MI0J0 KPAUIOro AW3aifHy CHCTEMH Ta eKCIUTyaTauii. Y JaHux Te3ax
MPEJCTABICHO TEPEeayMOBU 10 MOOYHOBH e(pEeKTUBHOI MaTeMaTHYHOI CHCTEMH OCBITHBOTO
MPOIIECY CepelHbOi Ta CTapuIol MKoIH B Ykpaini. OCHOBHA MeTa poOOTH MOJSIrac y CTBOPEHHI
CHCTEMH, sSIKa 3MOXKE OL[HIOBATH CTYIIiHb CXWJIBHOCTI JI0 HPUPOJHUYMX a00 TyMaHITapHUX HAyK
Ta PEKOMEHIyBaTH HAMPSMOK MallOyTHBOTO (axy.

bararo aBTopiB y cdepi ocsitm (manpuknan, [1], [2]) nmocmimkysamun Mopmeni s
BH3HAUCHHS B3a€MO3B’A3KiB MDK YHHHHKAMH, IO BIUIMBAIOTH Ha SKiCTh HABYAJIBHOTO HPOIECY
30BHI Ta 3cepeauHu. ONHUM 3 €TamiB € NPOBEICHHS AHKETYBAHHS, MPO SIKE KOPOTKO Oyxne
OIMCAHO HIKYe. Ba)kIMBUM € Te, abl OTpUMaHa MOJIENb B Pe3yJbTaTi Malia 3MOTY PO3B'si3yBaTH
peanbHy npobiaeMy, TOOTO 3HAMIIIA CBOE MPUKIIATHE 3aCTOCYBAHHS.
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OueBUHNM € Te, IO TPH MO3UTHBHINA BIAMOBIAI HA LI NUTAHHS, MOKEMO MEPEXOUTH [0
eTanmy IMiAKIIOYCHHS MaTeMaTHYHUX Mojeineil. 3 iHmoro OOKy, mpH Xo4ya O YACTKOBHX
HETaTHBHHX BIAMOBIIIX HEOOXIAHO MEPErIITHYTH Ta JOOIPALFOBATH HASBHY CTPYKTYPY.

B omuryBanHI Hapa3i Mae B3STH y49acTb BCl oXoui y4Hi 31 mkin M. O6yxoBa KuiBcpkoi
obmacti, 8-11 kmacy HaB4yaHHs. PeCHOHIEHTH MaTUMYTh 3alOBHHTH, SIKY TEMAaTHYHO MOXKHA
PO30MTH HA HACTYIIHI CEKIii: HaBYAIBHUIT POLIEC, IPOBEIEHHS BUILHOTO Yacy, eMOLiiiHuil cTaH,
0aThkH. 3Ba)KAIOUM HA KJIAaC HABYaHHS, 10 BHOIPKH JOJaBaTHUMYTHCS JOJATKOBI JaHi MPO
MOTIepPEH] pe3yabTaTH HaBYAHHS. TaKoX, [UIsl HATIOBHEHHSI TECTOBOT BUOIPKH, /10/1aBATHMYThCS
naHi npo BCTymHHKIB 10 BH3 3i mikin-ydacHuips ekcriepuMeHTty. TakuMm 4uHOM, MOXKHa Oyne
copMyITIOBATH TECTOBI Ta KOHTPOJIBHI TPYITH 3 ONMHUTYBAHUX.

3ampomnoHoBaHa cucTeMa Mae BUIIILA puc. 1. B mpomeci mocmipkeHHS Ta BiIIIOBITHO 10
OTPUMAHUX AHUX CHCTEMa MOXKE 3MIHIOBATUCH. Hapasi miaHyeThest MPOTECTYBATH CUCTEMY Ha
MPOCTIi JTIHIHHII MaTeMaTUIHINA MOJIEN], [0 Ma€ BHIIISI:

Vu :f(xcep’yn_lJA) (eY]

Xcep— CEPEIHA OLIHKA 3a BCI IIPEIMETH, 110 BUBYAIMCH BIPOJOBXK POKY;
¥,_1— CEPEIHsl OlliHKA 32 HAIPAMKOM 32 NONepeHiil nepios;
A — 30BHILIHIN, NO3AIIKUIBHUN (akTOp.

Hasans it ik

PRaNbHa CepeaHa MparHozaBaHa

CBPEIHA piuHA
oLHkE s

Mogene 3 Budin

— nofanswara
CEPEAHEDI OUIHKOK HANPAMKY HABAHHA
Onimnia, y4acTs &

S CepeHa ouiuka AAREMIHI,
HABJANEHOM POk 2 120

paky (PMPOAHUIE, MMCTELEKHY
YMEHITADHHA, TEXHIGHAA) aKTHBHOCTAK

Puc. 1. Burnsz cucremu

Jlana cucremMa Moxke OyTH BHKOPHCTaHa B OyIb-sIKOMY HaBYaIbHOMY 3aKiani YKpaiHH.
Bona nonomoxe BUKJIazauaM HEYIEPEHKCHO OLIHUTH CXMWIBHICTh YYHIB JI0 TIEBHOTO IPEAMETY.
MaremaTndHa MOJENb MOSCHIOE JIOTiKy BHOOpY aOiTypi€HTIB TOTO HH IHIIOTO HAMpPAMKY.
Ockinbku BHOIp KOKHOTO HE € HAmepes HeBIIOMUM (hakTOM, MOMKIIUBO 3MO/ICTIOBATH JIOTTYHUH
3B’S130K MK pIBHEM OCBITH, MOTHBAIIIEIO Ta OCTATOYHHM BHOOPOM YUHSL.

1. Carl N. Brooks. Training System Evaluation Using Mathematical Models / C.N.
Brooks // Educational Technology — June, 1969. — P. 55-61.

2. Mohamed Z.G. Two Models of Describing Students’ Achievement in Mathematics: A
Comparative Study / Al-Agili M. Z. G., Mamat, M. B., Abdullah, L., Maad, H. A. // Australian
Journal of Basic and Applied Sciences. —2013. — P. 184-198.
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PO MOBHOTY KJTACHYHUX JIOTTYHUX YUCJIEHb

3ybenko B.B.

Kio4oBi ci1oBa: JoriuHe YnciaeHHsi, ceKBeHIifiHe YNCIeHHs], CeKBeHIifiHe 1epeBo.

A calculus is complete, if each its true formula is a theorem. The general method of construction
of complete classical calculus is considered. The method is illustrated by classical proposional calculus.

KnacuuHe 9ucIeHHs - TIOBHE, SKIIO BCi YCIOAW iCTHHHI Horo dopmynu € TeopeMamu. J[omoBias
IpHCcBsiueHa MOOY/IOBI IMOBHUX YHCICHb. SIK MpaBWiIo, Taka OOyZOBa IMPOBOJMUTHCS METOIOM
«3HU3y—BBepx». CrodyaTtky MEBHHM YHHOM BHOMPAIOTHCS aKCiOMH 1 mpaBmia BuBeAeHHs. IloTim
(hOopMasIbHO JTOBOJHUTHCS IIEBHA CYKYIHICTh B@XIMBUX JONOMDKHHX TEOPEMH 1 Ha 3aKIFOYHOMY
eTarli, CIMPAIoYNCh Ha HUX, BXKE OOIPYHTOBYEThCS CamMa IOBHOTA YKMCICHHS. ['0JI0BE MUTAaHHS - 5K
MPaBUJILHO BUOPATH aKCiOMH, ITPpaBHJIa BUBSICHHS Ta BIIHAWTH HEOOXITHI JTOIOMIXKHI TEOPEMH.

JlyaqbHUM TIXOZOM  JIO CKa3aHOrO €  METOJ «3BepXy-BHU3». BiH 3BOAWTBCS [0
TOTIEPETHHOTO  CEMAHTUYHOTO ~aHANi3y CTPYKTypH (GOpMyT 1 TONIYKY «TPHBIaJbHUX» IXHIX
MIJICTPYKTYpP TaKUX, IO iX JOCTATHBO JUI OTPUMAHHS (OPMYIH y SKOCTI JIOTIYHOTrO Hacmiaky. Tomi
y HAWIPOCTIMIOMY BHMNAIKY Li «TPUBIAIBHI» CTPYKTYpH MOXKYTh OyTH B3sTi y SIKOCTI akciom, a
MpaBWjia BHUBOAY MAalOTh NPOCTO 3adiKCyBaTH BIiINOBIJHI CXeMaM JIOTIYHHMX HAcHiiKiB. B iHmmX
BUMAKAX YHCICHHS Ma€ 3a0e3MeYMTH BUBEICHHS [UX HAWOPOCTIMIHMX CTPYKTYp 1 (opmanbhe
JIOBEJICHHSI BKA3aHUX JIOTIYHMX HaclijkiB. Ile Mae rapanTyBaTé MOBHOTY umcleHHs. s 3ailicHeHHS
CEeMaHTHYHOTO aHai3y (OpMyJ HPONOHYEThCS B3SATU CEKBEHLiifHe wmcieHHsa. Jlug  imoctpamii
METOJy BHOpaHO  KJIACH4YHY Ta CEKBEHLUIiHY nponosuuiini soriku [1]. Tyr pesymnbratu
CEMaHTHYHOTO aHawlizy (OpMyN 3aJaloThCs CEKBEHIIIWHMMM JIEpEBaMH, «TPUBIAIBHI CTPYKTYpH»
BI/INOBIIAIOTH JIMCTKAM JIEPEB, A JIOTTYHI HACIIIKH — BIHOLICHHSAM MK 0aTbKaMH Ta CHHAMH BEpLINH
JiepeB.

Januit minxig Moke OyTH KOPUCHHM y KypcaxX 3 MaTeMaTHYHOI JIOTiKH Ui IEeMOHCTpamii
TICHOTO 3B'SI3KY MIJK CEMAHTHKOIO 1 CHHTAKCHCOM JIOTTYHHUX CHCTEM.

1. Hikitaenko M.C. Maremarnuna norika Tta teopis anroput™iB. / H.C.HikiT4eHko,
C.C.Ikinbusk. — Kuis: BIIL «KuiBcbkuii yniBepeuter», 2008. — 528 c.
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MPO MPOLEIYPHY IJIAT®OPMY TEOPIi AJITOPUTMIB

3y6enko B.B.

The class of tabular algorithms as a general basis for classical algorithmic
systems are proposed. Algebraic properties of these algorithms are considered.

KuiouoBi ciioBa: nporenypa, aroputM, TaOIM4HUIT aNropuT™.

B [1] 3poGuiena cnpoba yroyHHTH 3arajbHe MOHATTS (YHKIIl K nporeaypu. B
JIOTIOBIIl BUAUIAETHCS MIiIKIAC, TaK 3BAHMX, TAOIMYHUX AJITOPUTMIB Ta OOUYHCITIOBAHHX
(GyHKLIH K 3aragbHa OCHOBA JUIS KIACHYHMX AITOPUTMIYHMX cHCTeM. Po3riusparorbes
anreOpaivHi BIACTUBOCTI JAaHUX AITOPUTMIB Ta (DYHKILIH.

Hexaii (T',<) — 10BinbHa JNIHIHHO BIOPSAAKOBAHA CYKYIHICTh, Ky OyIEMO TPaKTyBaTH K

yacoBuil npocrip. [To3HaunMo t* Ta 1t~ Oe3mocepesHbO HACTYIHUIL i HOMEPeHii MOMEHTH
Yacy Juisi MOMEHTY T. BBaKaerbcs, 110 B 4aCOBOMY MPOCTOPI HEMa€e HalMEHILIOro Ta
HaiOIbIIOro0 eaemMenTiB. [HpoOpMariiiHy CKIaJ0BY MPOIECIB 00YMCICHDb MMOJAIOTH CMIAHU.
Hexait S — noinmbHa MHOXHMHaA craHiB. [Tapa I1= <F ,S> Ha3UBAETBCH  OOUUCTIOBAILHUM

npocmopom. 3adikcyemMo neBHy CyKynHictb A={f;:S — S|i >0} eremenmapnux onepayiii
Ha CTaHax 1 BU3HAYUMO (DYHKYil0 KepyeawHs TpolecaMu sk &:T'xS — 28 Ocramna
NOB’s3y€ 3 KOXKHUM MOMEHTOM 4acy 004UCIIEHHS 0JiHE a00 KiIbKa MOXIIMBHUX €IEMEHTapHUX
MePETBOPEHD MIOTOYHOTO CTaHY.

Tpilika P =(I1,A,5) Ha3UBAE€TbCS O0OUUCTIOBATLHOIO NPOYEOypOI0 HAL IPOCTOpoM IT.

KoxHa o6uncioBanbHa Ipoleaypa IMOPOKye MEBHY CYKYITHICTh 00uncieHsb y npoctopi I1.
Hexaii tel’ Ta s€S — noBUIbHI MOMeHT uacy i craH. Obuucienna p:I'; —>S 3a

HpOLEAYPOI0 P 3 IO0YaTKOM Y MOMEHT 4acy T i IIOYaTKOBUM CTAHOM S, BH3HAUYAETBCS

PEKYPEHTHO: pt= Sy i s Beix ¢>t po= f.(ps ), ne f. €d(c,ps ). dna 3aBepuienns
nporecy OOYMCICHb Ta BM3HAYCHHs IXHIX PE3y/IbTATiB BHUAUISIOTH CYKYIHICTh BHXITHMX
cTaHiB ab0 3aCTOCOBYIOTH TEBHI 4acoBi (akropu. KoskHa mpoueaypa onucye (004YHCIIOE)
neBHy (yHKmilo. Km0 mpoueaypa OMUCYEThCS KOHCTPYKTHBHO, TO BOHA HA3UBAETHCS
a0CTPaKTHHM aJITOPUTMOM.

Cepen yciX aaropuTMiB BHIUIMMO —MiIKJIAC TAOJIMYHUX aITOPUTMIB SIK 3arallbHOi
OCHOBM I YCIX KIACMYHUX aIrOPUTMIYHMX cucteM. Hexail wacosmii mpocrip I -
JMCKPETHUH 1 30iraerbcs 3 HarypanbHuM psgoM N, P — JoBina mpoueaypa y HpocTopi
H=<N,S>. (Tabnuuni  anropuT™MHM — MOXYTh  OyTH  BH3HA4eHI y  Oyab-sKOMY

(hakTOpH30BaHOMY YaCOBOMY IPOCTOPI.)
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daxropuzyeMo (YHKIIIO Iepexomy J 3a YacOBUM apryMEHTOM 1 CTaHAMH.
Badikcyemo JesKy 4acoBy KOHCTAaHTYk >1 1 meBHE BITHOIICHHS EKBIBAJICHTHOCTI 77 Ha
cranax. OyHKIs Mepexoy O nepiognyHa 3a MOIYJIEM BifHOIICHHS 77 13 mepiogom k (k-
TepioiMdHa), SIKIO Ul Oy/Ab-sIKMX CKBiBaJICHTHHX CTAaHIB p Ta § i JOBUIGHOTO MOMEHTY
vacy ¢eZ BuKoHyetbes S, p)=S(t£k,s). SKmo exBiBaNeHTHICTD 7 Mae CKiHdeHHMil
iHJIeKC 1 pO3B’sI3HI KJIaCH, TO MpoLeIypa 3 NepioANIHOI0 (QYHKIIIEI0 epexoay Ha3UBAEThCs
MAGIUYHUM AT2OPUMMOM.

TpaauuiiiHi anropuTMiuHi CUCTEMH € TaOJIMYHMMM AIrOPUTMaMM, a TOYHiIIe
1-nepioAUYHUMK TaOJMYHUMH aIrOPUTMAMHU, TOMY ILHO IXHS (YHKIiS KepyBaHHS He
3aJIeKUTHh Bl 9aCOBOI KOMIOHEHTH (CKiHUYCHHI aBTOMATH, alropuTMH MapKoBa TOIIO).
Hanpuknazn, mammaa TeiopiHra € TaOnuuHUM 1— HEPiOANYHUM AITOPUTMOM: [IBa il CTaHM
eKBIBaJICHTHI, SKIIO IXHI BHYTPIIIHI CTaHM Ta CTaHH POOOYMX KOMIPOK Ha CTpivIli
30irafoThCs.

PosrispatrorbCss TEOpPEMH PO aHalli3  Ta CUHTE3, a TAKOX IHIII BIACTHUBOCTI
TaOIMYHUX aJITOPUTMIB.

Jlirepatypa.
1. 3ybenko B.B. Ilporpamysanns: Hapwaneuuii mnociouuk /B. B.3ybenko, JI. JL
Owmenbuyk.— K.: BITL «KuiBcbkuit yHiBepeuter», 2011. - 625 c.
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AJITEBPA MTOBEJTHOK TA ii 3ACTOCYBAHHS

Jlernuerchkmii O.0.

Kuro4oBi cioBa: anredpa NMoBeAiHOK, NPEAMKATHHII NMepeTBOprOBaY, 0a30Bi MPOTOKONH, BepH(ikaiis,
MO/IC/IbHE TECTYBAHHS, CHMBOJIBHE MO/ICIIOBAHHSL.

¥ 1997 poui [esin I'inGept i Onexcanap JletrnaeBchkuii (cTapmimii) BBEIM HOHATTS ajieebpu
nosedinok [1], mo npomonysangace i Gopmarizaiii (HYHKIIOHYBaHHS arcHTIiB y JACSKOMY
arpuOyTHOMY cepenoBuili. Bona Oyna peami3oBaHa SIK 4acTHHA TMAPAAUTMHU  IHCEPYIIHOO
Mmooemosanns 2], sxka nocaimkye @yuryio s3anypenns (insertion function) st B3aeMOIiF0OYHX
areHTiB Ta CePe/IOBHUIIL.

Anre6pa MOBEIIHOK - I1e ABOCOPTHA anredpa, sika BH3HAYAE BiIHOIICHHS Ta OHeparii Mk
MOBEIIHKOIO Ta JisiMu. AnreOpa Mae 1Bi onepanii, TpH TepMiHaJIbHI KOHCTAHTH Ta BiHOIICHHS
HabmwkeHHs. Onepauismu € npedikcinr a.u (ne a - ais, a u - NOBeAiHKa) Ta HeAeTepPMiHOBaHHUI
BHOIp MOBeMiHKH # + Vv (acoliaTUBHI, KOMyTaTHBHI Ta iJEMIIOTEHTHI OIlepalii Ha MHOXXHHI
noBeiHOK). KiHIIeBI KOHCTAHTH - Li¢ YCIIIIHE 3aKiHUCHHS ITOBEIHKM A, Tynuk () Ta HeBU3HAYCHA
noBefinka L. BigHomieHns anpokcimanii = 1ie 4aCTKOBHH MOPSAOK HA MHOXKHHI TOBEIIHOK 3
MiHIMaTbHUM elieMeHTOM L. AsreOpa MOBEIIHOK TakoK 30aradyeTbCsi IBOMA OINEpailisiMH:
napaiesbHUMH (||) Ta OCITiIOBHIMH (;) KOMITO3UIIISIMU MTOBEIIHOK.

Bzaemopnisi areHTiB Moxke OyTH pPEKypCHBHO NpEJICTaBICHA SIK MHOXHHA BHpPa3iB HaJ
noBeiHKaMu Ta JisMH. [lii BU3HA4aIOThCS Uepe3 JesKy MHOXKHHY aTpHOYTIB areHTiB Ta
CepelIoBHIIA, B SIKOMY BCI ar€HTH B3aEMO/IIIOTh OJIHH 3 OJHUM. ATEHT 3MIHIO€ CBiif CTaH 3a ISSIKHX
YMOB, YTBOPEHHX 3HaUCHHAMHU aTpuOyTiB. [lii KOXKHOr0 areHTa BU3HA4YAIOThCS Apoto: a = <P,§>,
ne P e nepeayMoBoro Jii, mpezacraBieHoi sk Gopmyia B Jeskiit 6a3oBii noriuniit MoBi, S — e
NOCTyMOBa. B sKOCTI OCHOBHOI JIOTIYHOI MOBM MM PO3IISAa€MO (POPMYJIM JIOTIKH IHEPIIOro
TIOPSIZIKY HaJ| MOTIHOMIaJIbHOIO apr(pMETHKOIO Ta JIesIKi CIeliani3oBaHi Teopii, sIK epeniayBaHui
tun. B minomy, cemanTuka aii 03Hayae, M0 areHT MOXKEe 3MIHUTHU CBill CTaH, SIKIO HepeyMoBa €
ICTHHOIO, 1 CTaH 3MIHHTBCS BIAMOBITHO IO MOCTYMOBH, IO TAKOX € (POPMYIIOIO JIOTIKH MEPIIOro
nopsaky. [TouaTkoBuil cTaH areHTIB MOKe OyTH HpeCTaBICHUH (HOPMYJIOK0, HOYNHAOYH 3 SIKOT,
MH MO’KEMO 3aCTOCYBaTH JIif0, BiIIIOBIIHY BHpa3y anreOpu moseminku. [lis 3acTOCOBHA, SKIIO ii
MONepeiHs yMOBA BUKOHYBaHa Ta BIAINOBiae IOTOYHOMY cTaHy. [lounnaroun 3 popmynu crany
areHra Sy 1 BiJl MOBEIIHKN By, MU BHOMPAaEMO [if0 i IEPEX0ANMO 10 HACTYIHOI MoBeAiHKH. Ha
TIepIIOMy KpOIli MM TIepeBipsieMO BUKOHYBaHICTh KOH FOHKIIT So /| Pas, Akmo By = al.B1, a Par €
nepeyMoBOIO Mii al.
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Hactymamit  cran cepemoBumia Oyzae OTpUMaHMiI 3a  JOTIOMOTOI0  MPEINKATHOTO
neperBoproBaya [3], To6To GyHKIIT HaJl TOTOYHMM CTAHOM areHTa, IIePeyMOBOIO Ta [IOCTYMOBOIO
PT (Si, Pai, Qui) = Si+1). 3acTOCOBYI0UHN (YHKIIFO TPETUKATHOTO IEPETBOPIOBAYA 10 Pi3HUX CTAHIB
areHTa, MU MOXKEMO OTPHMATHU TOCIIIOBHICTb Gopmyn Sy, Sy, ..., SKi BUPAKAIOTh 3MiHH CTaHY
areHTiB Bijl MOYAaTKOBOTrO CTaHy. Take pO3rOPTaHHS NMOBENIHKU BHU3HAYAETBCS SK CUMBOIbHE
MOOeNO8ansL.

[Mounnaroun i3 1999 poxy MeTomm Ta BIACTHBOCTI anreOpH MOBEAIHOK AKTUBHO
3aCTOCOBYBAIUCH Ta BIPOBAKYBAIKCh B PI3HUX O00JACTAX IHAYCTpIii, aKTHBHI JTOCIIIKECHHS
TPUBAIOTE 1 3apas.

Ilpu Bupimenni npobiiem Bepudikalii, MOJeT MPEACTABISUIUCH 32 TOMOMOIOI0 anredpu
TIOBE/IIHOK Ha pi3HUX piBHAX. Tak, y paMkax MpoekTy kommnasii Motorola, BAMOTH 10 TporpaMHNX
Ta anapaTHUX CUCTEM IIPECTABILUINCH K PIBHSHHS aareOpy MOBEAIHOK, a METOAU CHMBOJIBHOTO
MOJIENIOBAHHS JOCITIIKyBaNu Taki crenudikamii Ha BiICYTHICTH TYNWKIB, HEICTEPMiHI3MY,
BlacTuBOCTEil Oesmekn. B iHIIMX MHpoekTax, y pamkax IpoLecy pPO3pOOKH HPOrpaMHOro
3a0e3reueH s, 3aCTOCOBYBABCS MOJICTbHUIT CHOCIO TeCTyBaHHs, [ B SKOCTI MoJelnei
BHUKOPHUCTOBYBajmncs crenudikamnii anreOpn MoBeIiHOK, a Pi3HOBUIM PO3TOPTAHHS MOBEIIHOK Y
BUIJISAL IIPSIMOTO Ta 0OEPHEHOTO CHUMBOJIBHOTIO MO/IC/TIOBAHHS 3aCTOCOBYBAINCH SIK T€HEPaTOPU
TecToBUX HaOopiB. Meroan anreOpaiyHOrO 3iCTABICHHA BHKOPHUCTOBYIOTBCS B 3amadax
kibepOesneku, ne OiHApHMI KOJ Ta IIa0JOHM BPA3IMBOCTCH IPEICTABICHI K BHPa3d anredpu
TIOBEIIHOK, a 3iCTaBJICHHS BiIOYBA€THCS [IUISIXOM BHPILICHHS PIBHSHB.

IHIi Merozm, 1O peanizoBaHi B paMKax aireOpu MOBEIHOK — BH3HAYCHHsS TPAcoBOi Ta
OiciMyIIALIITHOT eKBIBaJICHTHOCTI, TPOOJIEMH MOHOTOHHOCTI CepEIOBHIIA, FCHEpAllis iIHBapiaHTiB,
OyJIH 3aCTOCOBAaHUMH ULt IIEBHUX KJIACIB MOJIEIICH, BIAMOBIHO /10 aATrOPUTMIYHOI CKIIAQJHOCTI.

1. A. Letichevsky, D. Gilbert. Interaction of agents and environments, in: Recent Trends
in Algebraic Development Technique, LNCS 1827 (D. Bert and C. Choppy, eds.), Springer-
Verlag, —1999.

2. A. Letichevsky, O. Letychevskyi, V. Peschanenko. Insertion Modeling and Its
Applications. Computer Science Journal of Moldova, Vol. 24, Issue 3. — 2016. — pp. 357-370.

3. JlernueBckuii A.An., JletmueBckuii A.A., TomneBckuii A.B., Ilecuanenko B.C.,
IMornenko C.B. CgoiictBa npenukatHoro Ttpanchopmepa cucrembl VRS Kubepnernka un
cucremublid aHanu3. — 2010. — Ne 4, — C. 3—16.
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PO BEYJOBYBAHHS B 3BOPOTHUI METO/I TEXHIKH POBOTH 3
PIBHICTIO

Jlsutenprmii O.B.

KarouoBi cjoBa: 380poTHHMI MeTOJ, KJIACHYHA JIOTiKa MEPIIOro MOPAAKY 3 PIiBHICTIO, CEKBEHIIiiHE
YHCIICHHS, BUBIIHICTh, PE30JIIOLIiHA TEXHIKa, CIPOCTYBAHHSI.

IpononyeTbest 1 ROCHIKYETbCS MiAXiA 10 BOYIOBYBaHHS B 3BOpOTHHH Meron [1]
TEXHIKM MOBOJUKEHHs 3 piBHICTIO. IlifXia crnupaeTbes Ha pesyibTaTd pobotH [2], B sKiii
3alPONOHOBAaHA CCKBCHIIHE TPAKTYBAaHHS 3BOPOTHOTO METOMY UL KIACHYHOI JIOTIKK
nepuioro mopsiaky 0e3 piBHocti. Came BOYHOBYBaHHs 3[iMCHIOETBCS JIOJaBaHHAM B
CEeKBEHI[Il{He TPAaKTyBaHHsI IEBHOTO IPAaBUIIA IOBODKEHHS 3 piBHiCTIO. OTpHMaHuUi pe3yabTaT
PO KOPEKTHICTh i MOBHOTY 3aIPONOHOBAHOIO PO3IIMPEHHS 3BOPOTHOTO METOLY Ha BUMAJOK
JOTIKM 3 pIiBHICTIO, sike MicTuTh Momubikauii npaeuwi A i b 3 [1], a Takox mnpaBuio
TTOBOJDKCHHS 3 PIBHICTIO, Ma€ HACTYITHUH BUIIISL.

TBEJIKEHHSI. BuxinHa cexBeHIliss BUBOIUTbCS B cekBeHLiitHOMY uncieHHi LKe [3]
TOJI 1 TUIBKM TOJI, KOJIM B 3alIPOIIOHOBAHOMY PO3ILIMPEHHI 3BOPOTHOTO METOJY Ha BHIAJI0K
KJIACHYHOT JIOTIKM 3 PIBHICTIO BHBOAMTHCS CEKBEHIIIS, B AHTELEACHTI SKOI 3yCTPIiYa€ThCs
nycra gopmyia.

Takox 3ayBakumo, mo B [4] OyJgo JaHO TpaKTyBaHHS 3BOPOTHOIO METOIY B
PE30IIOLIHUX TepMiHAX JUIS KIACHYHOI JIOTIKM NEpIIOro Hopsaky Oe3 pIBHOCTI Ipu
MIPKYBAaHHSIX 33 BHKOHYBAHICTIO, 1 Il¢ TPAaKTyBaHHs [OIYCKAa€ CBOE€ IapaMoIyisuiiiHe
PO3MIUPEHHs 31 30epeKeHHsIM KOPEKTHOCTI Ta IIOBHOTH HA BHMA0K MOIIYKY CHPOCTYBAHHS B
KJTACHYHOT JIOTILli MEPIIOTO MOPSIIKY 3 PIBHICTIO.
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OBIPYHTYBAHHS IPUHSTTS PIIIEHbD:
APTYMEHTAIIMHA CEMAHTHUKA

Bonoaumup HaBpoubkuii

OOrpyHTYBaHHS IPUIHATTA pillleHb Nepeadayae OLIHKY HE TUIbKH TBEPIUKCHb, aje it
MpaBuJI, IPUHLMIIB, LIHHOCTEH, npunucis abo komanz. [IpunucyBaHHsS 3HAY€Hb «ICTHHA»
200 «xuba» peyeHHsM, Ki IX BUPAXKAIOTh, € MpodieMaTHaHuM. J[o TOTo K, YMOBH IiaJoroBOi
apryMeHTaiii, B paMKax sKOi 3JIHCHIOETbCS OOIPYHTYBaHHSA, MOXYTb HE OyTH JOCTaTHBO
[OBHO BM3HAYEHHMH 3a3Jallerifb a00 MOXYTh 3MIHIOBATHCH IO XOAYy apryMEHTaTUBHOIO
mianory. lle cBimuMTh TPO OOMEKEHICTh 3aCTOCYBaHHS [EIYKTHBHOTO BHBOIY JUIS
OOI'PYHTYBaHHs IPUIHHATTA PillIeHb.

Jliist oOrpyHTYBaHHSI IPUUHSTTS pillieHb, 0 IPUHMAIOTHCS 33 HEUITKOT, HEMOBHOT a00
cynepewnBoi iHpopmarii, po3poOsieHi pi3Hi YnMCIOBI 1 HeuwcrnoBi Teopil. Y OaraTbox
YUCIIOBUX TEOPIAX 3aCTOCOBAHE YHCICHHS HMOBIpHOCTEeH. JI0 HEYMCIOBHX HaJle)kKaTh,
HaNpUKIaa, Teopil MOpiBHANBHOI HMOBIPHOCTI. A JesKi HEYMciIoBi Teopii B3arami He
CIMPAIOTHCS HA TIOHSTTS HMOBIPHOCTI.

3a JIOriYHOTO MHiIXOJY A0 HPUHHSATTS pilleHb 00'€KTOM aHalli3y € apryMeHT, 4uid
BHCHOBOK BHpaXka€ pillleHHs IWIoJo IepexdadyBaHoi nii. Y Bumagky aprymenrtanii y
HEBU3HAUCHUX YMOBAX 3aCHOBKM TAKOTO apryMEHTY, HOro BUCHOBOK i Iepexij BiJl 3aCHOBKIB
JI0 BUCHOBKY MOXKYTh KBallihikyBaTHCs K IpaBaonoaiOHi abo HMOBIpHI. A e 03Hayae, 10
MPUKIAJAHHS CXeMH BHMBOJY JI0 3aCHOBKIB apryMEHTY HE Bele HEOOXiAHO 10 iCTHHH #oro
BHCHOBKY. Y TaKOMY BHMIIAJKYy IPUIHATTS BUCHOBKY IPYHTYEThCSI HE Ha HOro iCTHHHOCTI, a,
HAINpPUKJIaJ, Ha CTIMKOCTI IO aTaK iHIIMMHM apryMeHTaMH.

Lle#l mMpUHIMI JIEKHUTH B OCHOBI MOOYIOBH (POpPMATBHHUX apryMEHTAIIHHHX CHCTEM,
L0 IPONOHYIOTh MEXaHi3M BHBOAY JUIS MIPKYBaHb 13 BHCHOBKAaMH, LIO IOTEHIIHHO
CKAaCOBYIOTBCS.. ApPryMeHTaM, sIKi BUTPHMAIIH aTaKd KOHTPapryMEHTIB, HAla€Thes IepeBara.
ApryMeHTH, sIKi ypaXaloThCsl HINUMH apryMEHTaMHU, aHYIIOIThHCS. e roBOpUTH Ipo Te, 1o
NPUIHATHICTE BUCHOBKY apryMEHTY 3yMOBIICHA HE TLUIBKHM CHJIOIO HOTO 3aCHOBKIB i cXemu
BHBOJY, @ W CHJOIO IHIIMX apryMEHTIB, IO MiATPUMYIOTH a00 aTaKyloThb BHUCYHYTHI
apryMEHT.

B oaHiit 3 aprymMeHTalifiHUX CEMaHTHK BBOISATHCSA IMOHSATTS CHJIM 3aCHOBKIB 1 CXeM
BHBOJY, @ TaKOX IOHSTTS OOIPYHTOBAHOCTI BMCHOBKIB. Lli cumim i 0OGIpyHTOBaHICTh
BHCHOBKIB IPE/ICTaBILIIOThCS cTymeHsMH. CeMaHTHKa, Ha TyMKy aBTOpa LBOIO IIXOZY,
MOBHHHA MAaTH BHIJIAM IIPaBUJI, BiAIIOBINHO JIO SIKHX OOUUCIIIOIOTHCS CTYHEHI OOIPYHTYBaHHS
BucHOBKiB [ITosutok 2010].

Ils cemanTHKa MoXe CTaTH 0a3010 IOOYNOBH CEMAHTHUKH MUISL OOIPYHTYBaHHS
NPHIHATTS pilleHb B YMOBaX HeBH3HaueHOCTi. OCTaHHS NOBMHHA MICTHTH, NpHHAIMHI,
BU3HAYCHHS IOHSATh NPUMHATHOCTI 3aCHOBKIB, YCIIIIHOCTI MEPEXOojay BiJ 3aCHOBKIB [0
BHCHOBKY, IOHSTTS CTyIICHS OOIDYHTOBAHOCTI BHCHOBKIB, IOHSTb HEPEBard i MPHITHATTSL
BHCHOBKY:
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1. 3acnoexu npuiinsmui, SIKIMO 1 TUIBKKM SIKIO BOHU € XOPOIIMMHM MiJCTaBAMU IS
NPUUAHATTS BHUCHOBKY. TakO IiACTaBOIO € iXHS OOIPYHTOBAHICTh. 3aCHOBKH
BB@KAIOTBCS XOPOIIUMH y TOMY CEHCi, L0 MalTh IOCHTb BHCOKHH CTYIIiHb
0OIPYHTOBAHOCTI.

2. Ilepexio 6i0 3acHOBKI6 00 BUCHOBKY € YCHiWHUM, SKIIO 1 TUIBKU SIKIIO BiH
JIETePMIHOBAHHIl JIOCTATHBOIO CHIIOI0 CXEMH BHBOAY. 3BICHO, CYyITEBHM TYT €
[UTAHHS, Ha SIKiif MMiJCTaBi CHIIi CXEMH BHBOJIY IIPUITUCAHE T€ YM iHIIE YUCIIO i Ha
YOMy IPYHTYETBCS 1i XapaKTEPUCTHKA SIK JOCTaTHBOI. J{iIst 3aCHOBKIB BI/IOBi/IB €
GiNbII-MEHII SICHOIO. IM CTyNeHi NpHUIHMCYIOTBCS Ha TICTaBi CBiTueHb —
iHdopmarii i3 30BHIIIHBOrO CBITY: CTYIiHb 3aCHOBKY € ()YHKII€IO CBiI4CHHS.
MosHa NPUITYCTHTH, IO, 3PEIITO), CHIA CXEMU BHBOJY 3aICKHTh Bil aTak
ApPryMEeHTY KOHTPapryMeHTaMH.

3. Cmyninb 06IpyHmosanocmi UCHOBKY apryMEHTY € 3Ha4eHHSIM (YHKLIi CTyNeHIB
HOT0 3aCHOBKIB 1 CXeMH BHBO/LY.

4. Tlicis Toro, SIK BUCHOBKAMH apryMEHTIB, 110 3MararoThcsi, IPUIUCAHI BiIOBIIHI
CTymeHi OBIPYyHTOBAHOCTI, nepesaza HANAETHCA BHUCHOBKY i3 OUIBII BHCOKHM
cryneneM. [Ipuiinsimms 6UCHOSKY apryMEHTy IPYHTYETbCS Ha mepeBasi i, B
KIHIIEBOMY PaxXyHKY, € QYHKIII€I0 0OIPYHTOBAHOCTI BUCHOBKY. 3 [[bOrO BHILIUBAE,
[0 BHCHOBOK IpUHMAeThCs y Hesikomy crymeni. [lepesara otpumye umcioBe
BUPaKEHHsI. BBEICHHSIM CTYIICHIB 3HIDKYETHCST HEBH3HAYCHICTD 1i BCTAHOBIICHHSI.

ITpoekT po3poOKH 4HCIOBOI apryMeHTAliifHOT CeMaHTHKH i1 OOIPyHTYBaHHS
NPHIHATTSA pillleHb B YMOBaX HEBH3HAUYEHOCTi IIPUBAOIMBHUIA THM, IO caMe BOHA IPHUPOIHAM
YUHOM Ja€ BIINOBiJb HAa NMHTAHHA, «JIK CXeMa apryMeHTalii, 0 MOTeHLIHHO BpaXKaeThCs,
MOJKE MiATPUMATH apryMeHT ... HaBiTh SKIIO MiATPHMKA 3aJIHIIAETHCS YACTKOBOIO abo
nonepeHboo» [3, 149]: cTymiHb OOIpYHTYBaHHS BHCHOBKY, IO JIETEPMIHOBaHHUH CXEMOIO
apryMeHrailii, 3aCTOCOBaHOi y BiJIOBITHOMY apryMEHTI, € BHIIOIO 3a CTYIiHb BHCHOBKY,
JIeTepMIHOBAHOIO CXEMOIO apryMeHTallil, 10 3aCTOCOBaHA y KOHTpaprymenrti. lleit mpoext
NpHBAONUBUIA IIe # THM, IIO BPAaXOBY€ CYITEBE 3ayBa)KCHHs IIONO HEYHCIOBUX TEOPiii:
«...0e3 Mip HMOBIPHOCTI MM HE 3/laTHi BCTAaHOBUTHU IPOLEIYPY Ui OHOBIICHHS CTYICHIB
panioHaIbHOro IepekoHanus» [1, 71].
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Abstract. Computer-aided verification of computer programs often uses SMT (satisfiability
modulo theories) solvers. The SMT-LIB Standard was created for forming a common
standard and library for solving SMT problems. In terms of the composition-nominative
approach, we can build a program verification system based on a unified conceptual basis.
The theory of nominative data is of interest for software modeling and verification, but
currently lacks support in the SMT-LIB format. We propose the declaration for the theory of
nominative data for the SMT-LIB Standard 2.6.

KurouoBi ci1oBa: koMIo3uiiiiHe nporpaMmyBaHHs, Teopis HomiHaTHBHUX AaHnX, SMT, SMT-LIB.

Kommnosuiiiine mporpamyBaHHS € PO3BUTKOM CTPYKTypoJjorignoro migxoxy I'. ®pere,
Akui OyB mepeHeceHmit Ha mporpamyBaHHA A.A. JlamynoBuM Ta possunenmii 10.1. SIHoBuM,
AL €pmosuym, JL.O. Kanyxuinum, B.M. InymkoBum Ta iHmMMH. B kommo3uiiiHOMY
MIPOrpaMyBaHHI JOCIHIUKYIOTBCS CHCTEMM Ha pI3HMX pIBHAX aOcTpakiii — abCcTpakTHOMY,
OyJIeBCbKOMY Ta HOMIHATHBHOMY (aTpuOyTHOMY) piBHsX. CHCTEMH OCTAaHBOI'O PIiBHS, 0a3yIOTHCS
Ha KOMIO3MIIHHO-HOMIHATUBHUX METOJaX, € JIOCHTb OaraTUMH JUlsi JOCTaHbO aJeKBAaTHOTO
3a[aHHs MOJICNCHl CTPYKTYp JAHHUX Ta mporpam. TakuM YHHOM, KOMIO3UI[IHHO-HOMIHATUBHHIA
MiIX1] HaJla€ €AMHY METOJI0JIOTIYHY OCHOBY JUIs (popMaitizamii MOHATTS crenudikaiii mporpam,
JTOBEJICHHS 1X BIACTUBOCTEH, a TAKOX ISl MIPOBEACHHS iX MOMANBINOI KOHKPETU3AIlii 10 MOB
MporpaMyBaHHs OUTBII HU3BKOTO piBHA [1].

Ha HomiHaTHBHOMY piBHi JaHi TPAaKTYIOThCS K HOMIHAaTHBHI JaHi. Kiac HOMiHaTMBHMX
naanx ND noOynoBaHuil iHIyKTHBHO Ha OCHOBI MHOXWH iMeH V' Ta 3HaueHs W:

1) NDO=w,
2) ND“P =NDPU(V SNDY) i€ w.
Toxi ND = Uje,, ND®.
]_[e iHI[yKTI/IBHe BU3HAYCHHS KJIacy HOMiHaTI/IBHI/IX JaHUX MOXKE 6yI‘I/I MOIaHO HACTYIMHUM
PEKYPCUBHMM  BHU3Ha4YeHHsAM: ND =W U (V T—n>ND ), ne Vv zl>ND — KJIac YaCTKOBUX

OaraTto3HauHKX (HEACTEPMIHOBAHHX) (PYHKIIH.
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Jlnst mpencTaBiCHHS HOMIHATHBHHMX JIAaHMX MOJKHA BHKOPHCTOBYyBaTH (opmy d =
[v; » a;| i €1], ne I nesxwii HaOip iHAeKciB. CHcTeMa JaHWX HOMIHATHBHOTO PIBHS MOXKE OyTH
3agaHa sik koptexx NDS = (V,W,D), ne DEND. KoxeH i3 piBHIB pO3TIsIly MHOKUHU JaHUX D
IHIYKYy€e BiIIMOBiIHI oMy (QYHKLIT Ta KOMIO3UIIi, sIKi OynemMo no3Hadatu iHaekcoMm D. OyHKIil
MaloTh THI D T»D, a KOMIIO3HLIT TPaKTYIOThCA SIK n-apHi komnosuii. B [1, 2] nobynosaHo ta
JMOCHI/DKEHO  TEOpil0  HOMIHATHBHUX  JaHHX. 30KpeMa, JOCHIHKEHO  HOMIHATHBHY
O0YHCITIOBAHICTE Ta MPOJAEMOHCTPOBaHO, 10 Oyzab-ska YPD moxe Oyru mpejacraBieHa
HOMIHATHBHO OOYHCIIOBAHMMH  (DYHKIISIMH HaJ MHOXHHOIO HATYypalbHHX YHCET Y
HOMIHATHBHHX JaHUX [2].

Jlns moGynoBu MeToaiB BepudiKariii mporpaM BaKIMBHM 3aBJaHHAM € BUPIICHHS 3a1adi
PO3B’SI3HOCTI JUisi JIOTIYHHX (OpMyn 3 ypaxyBaHHSIM TeOpidd, IO JIekKaTh B iX OCHOBI
(Satisfiability Modulo Theories (SMT)). Benuka xinekicte SMT-BupinryBadis BUKOPHCTOBYIOTb
yHi(ikoBaHy MOBy onucy 3azad SMT-LIB, mo m03Boisie 1O0CTaTHHO MPOCTO 3aMIHUTH OJAUH
SMT-BupimyBau Ha iHmwmi. SMT-LIB — me MibkHaponHa iHimiaTuBa, 3amodaTkoBana B 2003
PpOLIi, CIIPSIMOBaHA Ha CIIPUSIHHS HAYKOBO-IOCIIIHAM po3poOKam Ta pociimpkeHHsM SMT-teopiit
[3]. HasiBHicTh 3aranpHHX craHmapTiB 1 6i0mioTex it SMT monermmio OmiHKy i MOpiBHSHHS
SMT-cucrem, a TakoX CTHUMYJIIOE iX mojanbiuii po3Butok. ¥ SMT-LIB teopis Bu3HauaeTscs
AK KJIAC CTPYKTYpP 3 OJHAKOBOIO CHTHATYpOIO. X-TE€opisd - e Kiac X-cTpykTyp. KokHa 3 mmx
CcTpykTyp € Mozemnto teopii. Tumosi Teopii SMT-LIB ckmagarorecs 3 eamHol Mogeni
(HanmpuKIaA, OUTMX YUCeN, AICHUX uucen) abo 3 KJIAcy BCIX CTPYKTYp, sKi BINIOBIJAIOTH
aKkciomMaM Teopii.

HesBakarounn Ha Te, MmO TEOpis HOMIHATUBHHUX JAHUX MPEACTABISE IHTEpeC Ui
MOJICITIOBaHHsI Ta Bepudikaiii mporpamuoro 3abe3mnedeHss [1, 2] Hapasi BincyTHs i miaTpuMka y
¢dopmari SMT-LIB. Tomy B [2] 3anponoOHOBaHO Ta JOCITIKCHO TEOPIF0 HOMIHATHBHHX JaHHUX
i cragpapra SMT-LIB 2.6. Teopiss HOMIHATHBHHX [IaHUX MOXeE OYTH IpEICTaBlIeHa SIK
noenHanHs 6azoBux Teopiil. Ilpote, B [2] 3amponoHOBaHO BM3HAYMTH IO TEOPilO SK 0a30BY,
OCKUIbKM BOHA MICTHTh CHEIU(IKY, IKY HEMOXIIMBO OTPUMATH MOJYJIbHHUM IIO€THAHHSAM TCOPIH,
a OTKEe BHUKOPHCTaHHs creuianbHo 100ynoBanoi SMT-teopii 103BoMHMTH eeKTHBHIIIE
3M1IICHIOBATH MeEpPEeBIPKY BHKOHYBaHOCTI ¢opmyn. B [2] moOymoBano Ta mocmimkeno SMT-
TEOPil0 HOMIHATUBHHX JAaHHX SIK TeOpil HOMIHATHBHUX Map Ta HOMIHATHBHUX MHOJKHH.
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®OPMAJIBAIIS PEYEHDB ITPUPOIHOI MOBU MOBOIO JIOTTKH
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Abstract. The problem of mathematical logic teaching to the students of educational
program "Applied Linguistics" is investigated. Formalizing sentences in the language of
utterance logic should improve students' understanding of the concepts of mathematical
logic.

Kuio4oBi ci1oBa: jorika BHCIOBIICHb, IPHPOHA MOBA, (hopMmaltizalis peueHb, GpopmanibHa MOBa.

IpupoHa MOBa BUpaKae Hallll TyMKH, a TakoX (iKkcye 3B'130Kk MK HUMH. OnHHUM i3
3aBlaHb Kypcy «MaremaruuHa JIOTiKa» Ui CTYIEHTIB OCBiTHBOI mporpamu «IIpukianHa
JIHTBICTHKa» € HABYUTU iX €(EKTHBHO BUKOPHCTOBYBATH JIOTT4HI 3aKOHHM Ta omepauii Ha
HPaKTHI MiJ] yac NPUIHATTS pillleHb, a TAKOX, y MpoLeci cninkyBanHs. [Ipouec MipkyBaHHs
Ta CHHTE3y JAHUX I[PUBOAUTH JO OOIPYHTOBaHOCTI BHMCHOBKIB. Ha Hamy nymky, came
MIPKYBAaHHSl CTYIEHTIB B Oyab-iKii TpeAMEeTHiii 001acTi NPU3BOJUTH JO TOBHIIIOTO
PO3YMIHHSI IIPEIMETY BUBUCHHSL.

Jlo hopMaabHUX MOB BiTHOCHTBCS MOBA JIOTIKM BUCJIOBIICHB, SIKA € OJHICIO 3 TEM, IO
BUBYAIOTECA B Kypci «MarTeMaTH4Ha JOTiKa» [ CTYAEHTIB cmeriambHocTi «lIpuxmagna
niHreictuka» KuiBcbkoro HauioHanbHOro yHiBepcurtery imeni Tapaca IlleBuenka [3].
TluraHHAM HaBYaHHS CTYACHTIB MaTeMaTHuHil Jorini mpucesideHi poGotu [1-2], ame
crenudika BUKIAJAHHS i€l AUCHMIUIIHM CTyAeHTaM-(ilojJoraM He JIOCTaTHBOIO MIpOIO
BucBiTiIeHa. CTyaeHTH (LIONOTIYHMX CIeLialbHOCTEl 3BHKIH MaTH CIPaBy 3 3BUYAHHUME
peueHHsMH. ToMy, OJIHI€IO 3 LIIEH MOBH JIOTIKM BHCIOBJIEHb € aHAJI3 3MICTY BHUCIOBIICHb
MPUPOJTHOT MOBH.

MoBa JOTiKM BHCJIOBJICHb — CIICI[iaIbHO CTBOPEHa 3HAKOBA CHCTEMa il TOYHOTO
aHaNi3y NEBHUX MMCICHHEBUX IPOLEAYP — BMBIIHOCTI OJHMX BHCIOBJCHb 3 IHIIMX, 1X
JIOBEICHOCTI YM CIIPOCTOBAHOCTI TOMIO [4].

Y 2017-2019 pokax Ha NPaKTUYHMX B3aHATTSAX 3 Kypcy «MareMaTH4yHa JIOTiKa»
ocBiTHbOT mnporpamu «[Ipukinagsa JiHrBicTMKa» HaMu Oylno NpPOBEIEHE IearoriuxHe
JIOCTI/DKEHHSI, SIKe MOKa3alo, IO CHPUIHSATTS CTyAeHTaMH-(iTog0raMu JoriaHux Gopmyi,
0e3 HaBeJIeHHs! IPUKIIAIIB IPUPOIHBOIO MOBOIO, CIIpUiIMaeThCs ripie (auB. puc. 1).
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Pucynoxk. 1. OriHka SKOCTi CIPUAHATTS JIOTIYHAX BHCIOBICHb CTYACHTaMH-()iT0I0raMu

135



ToMmy mmst Kpamioro 3acBOEHHsS Marepialy CTyAeHTaM-(ilooraM Ha MPaKTUYHHX
3aHATTAX, IPOIOHYETHCS TOUMHATH MOSICHEHHS 3HAKOBHX 3aCO0IB MOBH JIOTiKH BHCIIOBJICHb —
HPUPOTHOIO MOBOIO.

IMosicHeHHst crygeHtaM, o Qopmamisaiis pedeHb BiOYBA€ThCS 3a CTPOrO
BH3HAYEHHMH TIPaBUIaMH, HAJaCTh 3MOTY HaJiali BUKOPHCTOBYBATH JIOTIUHI 3aKOHM caMe Ha
MPAKTUL, HAIPUKIIA, ISl CTBOPEHHS IPOrPAMHHX IPOIYKTIB I aHAIIi3y IIPUPOJHOT MOBH.

Jlns ToGy10BH peUYeHb HPHPOIHOI MOBH MOBOIO JIOTiKH BHCIIOBICHb CKOPHCTA€EMOCH
TAaKHM aJIFOPUTMOM:

- BHOKPEMIIIOEMO BCI IIPOCTI BHCIOBJICHHS Ta MHO3HAYAEMO IX HPONO3HIIifHHMU
3MIHHUMH;

- 3B’S13y€MO MPOCTI BUCIIOBJICHHSI JIOTTYHUMH CIIOJIyYHHKAMH;

- 3aIIHCYEMO OTPHMaHy GopMyITy.

Burmesraianuii anropuT™ BHKOPHCTOBYEMO [Tl BUKOHAHHS TPAKTHYHOTO 3aBJAHHS.

Hagenemo npukiaau popmanisaiii pedeHb Juisl CTyAEHTIB (LT0I0TiYHNX (HaKyIbTETIB.

IMpuxnazx 1. 3amuumiTe MOBOIO JIOTiKM BHCIOBJIEHb Take peueHHs: «CBuie Bitep i
HAKpAIae JOII aJie CBITUTb COHLIE».

3a CTPYKTypoOIO0 — IIe PEeUeHHs CKIaJHe. BOHO CKIazaeThest 3 JEKLIBKOX MPOCTHX
BHCJIOBJICHb: «CBHILE BITEP» - MO3HAUMMO (a); «HAKpanae Aoy - mo3HaduMo (b); «CBITHTH
COHIIE» - TO3HAYMMO (C).

TakoX B IIbOMY PEYCHHI € MOBHI 3B’I3KH (IpPaMaTH4HI CIIONyYHUKH): «i», «aney, sKi
MMO3HAYMUMO BiIMOBIIHO KOH IOHKIIIEIO «A». B pe3ynprari aHamizy pedeHHs GopmanizoBaHuii
BHJ] JaHOTO BHCIIOBJIEHHs Oyzne: a Ab A c.

Ipuknan 2. PopmaizyiiTe BUCIOBICHHS MOBOIO JIOTIKH BHCIIOBJICHbB: «SIKIO CTYACHT
BUKOHA€ BCi HAaBYAJbHI 3aBJaHHs 1 CTYACHT MatuMme Oan He Hipkue 60 To BiH Ha iCrUTi
OTPHMAE MO3HTUBHY OIHKYY.

3a CTpyKTYpOIO — ILi¢ PeueHHsS CKiajHe. BOHO CKiIafaeThesi 3 JACKUIBKOX MPOCTHX
BHUCIIOBIICHB, @ CaMe: «CTYJCHT BUKOHAE BCI HABYAJIbHI 3aBJAHHA» - HO3HAYMMO (a); «CTYICHT
MatuMe Gan He Hik4e 60» - no3Haunmo (b); «BiH Ha iCIUTI OTPUMAE HO3UTHBHY OLIHKY» (C).
BusiBiIsieM0 rpaMaTHYHI CIOTYYHUKN: <SIKINO, ... TOY - «—»; «a» - € CHHOHIMOM CIIOJTyqHHKA
«» - «/A». [licis npoBeaEHOro aHai3y 3aMUCYEMO PEUeHHs 3ac00aMU JIOTIKH BUCJIOBJICHD: (a
Ab) —c.

SIK BHCHOBOK, JOPEYHO 3a3HAa4uTH, 10 QopMmaiizalis pedeHb MOBOK JIOTIKH
BHCIIOBIICHb MOBHHHA IIOCHIHTH PO3YMIHHS CTYAEHTaMHU-(iT0NOraMH MOHATh MaTeMaTHIHO1
JIOTiKH, 30KpeMa JIOTIYHUX 3aKOHIB Ta OTeparliii.
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